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FUNCTIONAL ANALYSIS

Real Interpolation between Row and Column Spaces
by
Gilles PISIER

Summary. We give an equivalent expression for the K-functional associated to the pair
of operator spaces (R, C') formed by the rows and columns respectively. This yields a de-
scription of the real interpolation spaces for the pair (M, (R), M, (C)) (uniformly over n).
More generally, the same result is valid when M, (or B({2)) is replaced by any semi-finite
von Neumann algebra. We prove a version of the non-commutative Khintchine inequalities
(originally due to Lust-Piquard) that is valid for the Lorentz spaces L, 4(7) associated to
a non-commutative measure 7, simultaneously for the whole range 1 < p, ¢ < oo, regard-
less of whether p < 2 or p > 2. Actually, the main novelty is the case p = 2, ¢ # 2. We
also prove a certain simultaneous decomposition property for the operator norm and the
Hilbert—Schmidt norm.

1. Introduction. Let B({3) denote the space of all bounded operators
on ly. Let R C B({2) (resp. C C B({2)) be the row (resp. column) operator
spaces, defined by R = spanfey; | j > 1] (resp. C' = spanle;; | @ > 1]). The
couple (R, C') plays an important role in operator space theory. In particular,
it is known that the complex interpolation space (R, C'); /2 coincides with the
(self-dual) operator space OH. See [24] for details. We refer to [30] for the
real interpolation method in the operator space framework. In particular,
Xu proved in [30] that (R,C);/29 is completely isomorphic to OH.

This paper studies three problems concerning real interpolation for sev-
eral pairs of Banach spaces associated to (R, C).

In §3, we consider the pair (M (R), M(C)) when M = B({3). The space
M (R) consists of those x = (z,) with z, € B({2) such that ) z,z} con-
verges in the weak operator topology (w.o.t. for short) and || g) =
(3> zp2%)/2||. Then M(C) consists of those z = (x,) such that (z) €
M (R) with nomm [l2] ¢y = (X #5a) 2]
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The main result of §3 is an equivalent expression for the K-functional
for this pair (M (R), M(C)). Our result extends to more general (semi-finite)
von Neumann algebras. As an application we can describe the interpolation
space X () = (M(R), M(C))p,00 for 0 < § < 1. We find that if z is in the lat-
ter space, then ||xH_2X(9) is equivalent to the norm of the associated completely
positive map T, : T +— > x, Tz} as an operator of “very weak type (p,p)”
on the Ly,-space associated to the trace of M with p = 1/0. The analogous
result for the complex interpolation method was obtained in our previous
works (see [20} 21]). Our result can be interpreted as a description of the
operator space structure of (R, C)g o in the sense of [30]. Our approach is
based on a non-commutative version of a lemma originally due to Varopou-
los, which we extended with a different proof in a separate paper [25].

In §4, we present a version of the non-commutative Khintchine inequali-
ties (originally due to Lust-Piquard [14]) that is valid for the Lorentz spaces
L, 4(7) associated to (M, 7). This provides an equivalent for the average over
all signs of the norm in L, 4(7) of a series of the form )+, (2, € Ly 4(7)).
The main interest of our result is the case of Lg,(7) which seemed out
of reach of previous works (see [9]). Here again our study concentrates
on a pair of Banach spaces, but this time it is the pair (Ap, A1) where
Ao = M(R)NM(C) and where A; is the natural predual of M(R)NM(C),
which we describe as the sum of the preduals of M (R) and M (C) and denote

In §5, we study another pair, namely (Ao, A2) where Az = (Ao, A1)1/2,2-
When M = B({3), the space Ay is nothing but ¢2(S2) where So is the
Hilbert—Schmidt class. We formulate our result using the notions of “K-
closed” and “J-closed” introduced in [I8], which are isomorphic versions
of Peetre’s notion of “subcouple”. To give a more concrete statement, the
following can be viewed as the main point of §5:

There is a constant ¢ such that for any x in (M(R) + M(C)) N £2(S2)
there is a decomposition x = x7 + x2 such that we have simultaneously

(1.1) lz1llarr) + llz2llarcy < cll@llarry+rrc)s
(1.2) 1Z11le2(50) + 1720l 02(50) < llTley(s2)-

In our more abstract terminology, this says that the pair (Ag, Ag) is J-
closed when viewed as sitting inside (via the diagonal embedding) the pair
(M(R)®M (C), l3(S2)Dla(S2)). This is analogous to what was proved in [11]
(resp. [18]) for the pair (H®°, H?) inside (L°°, L?) (resp. (H*®(B({3)), H?(S2))
inside (L°°(B(f3)), L*(S2))).

In §6, we include a brief comparative discussion of what the non-commu-
tative Khintchine inequalities become in free probability and how it relates
to our interpolation problems.
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2. Notation and background. We will use the real interpolation
method. We refer to [1] for all undefined terms. We just recall that if (Ao, A1)
is a compatible couple of Banach spaces, then for any z € Ay + A; the
K-functional is defined for all ¢ > 0 by

K(z; Ao, A1) = inf{||xo|| 4, + tl|z1]|4, | = 20 + 21, 0 € Ao, x1 € A1}

Recall that the (“real” or “Lions—Peetre” interpolation) space (Ao, A1)g,q is
defined, for 0 < # <1 and 1 < ¢ < oo, as the space of all x in Ayg + Ay such
that ||z[/g, < co where

Il = (§ 0 Kele, Ao, A0 atfe) "

with the usual convention when ¢ = oco.

Let M be a von Neumann algebra equipped with a semi-finite faith-
ful normal trace 7. The basic example is M = B({3), equipped with the
usual trace, and, to improve readability, we will present most of our results
in this special case with mere indications for the extension to the general
case.

Let M, be the predual of M. As is well known (see e.g. [26]), M, can
be identified with the non-commutative Li-space associated to 7, usually
denoted by Li(7). When M = B({3), M, is the classical “trace class” S;.
More generally, for any 1 < p < oo we denote by L,(7) the associated
non-commutative Ly-space. By convention we set Loo(7) = M. When M =
B(l), M, (resp. L,(7)) is the classical “trace class” S (resp. the Schatten
class Sp). See e.g. [4] or [26] for more information on non-commutative L,-
spaces. We will first mainly use the case p = 2 and we denote its norm
simply by || - [|2-

We always denote by p’ the conjugate of 1 < p < oo defined by p~t +
plfl =1.

We denote by P(M) or simply P the set of all (self-adjoint) projections
in M.

We denote by M (R) (resp. M(C)) the space of sequences = = (x,) with
z, € M such that (320°, z,25)1/2 € M (vesp. (320°, wkx,)t/% € M). Here
we implicitly assume that the series > 2 | w7} (vesp. > -2, x}x,) converge
in (say) the w.o.t. We equip M (R) (resp. M (C)) with the natural norm

el = [ (Can) | (resp ety = [[ (S wiea) ).

Note that M (R) (resp. M(C)) can be identified with M ® R (resp. M @ ('),
i.e. the weak-* closure of M ® R (resp. M ® C') in the (von Neumann sense)
tensor product M ® B({2).

We will consider (M (R), M(C')) as an interpolation couple in the obvious
way using the inclusions M (R) ¢ MY, M(C) ¢ MN.



240 G. Pisier

Similarly, we denote by M,(R) (resp. M,(C)) the space of sequen-
ces © = (v,) with z, € M, such that (3°°, x,2%)/2 € M, (resp.
(3200 atw,)'/? € M, ). Here we assume that the sequence (Zf:[:l Tprk)l/?
(resp. (27]:[:1 x*2,)"?) norm-converges in M, as N — oo. We equip M, (R)

(resp. M,(C)) with the natural norm
(2.1)

el = | (S anat) . (resp- ey = | (i) )

Note that M(R) = M,(C)* and M(C) = M,(R)* isometrically with
respect to the duality defined by (z,y) = > 7(znyn). (Equivalently, M (R) =
M. (R)* and M (C) = M.(C)* with respect to the duality defined by (z,7) =
> 7(zny}), with the bar denoting complex conjugation.)

3. K-functional between R and C. Our main result is:
THEOREM 3.1. For any a = (a,) € M(R) + M(C) we have
Vi >0 ki(a) < Ki(a; M(R), M(C)) < 2ki(a)

where

bi(a) = sup{ (3 1Pan@I) * max(r(P) /2. 77(@)) ! | P.@ € P).

REMARK. The following was pointed out by Q. Xu (by a modification
of the proof of Lemma below). Let Et(a) be the same as ki(a) except
that when ¢ > 1 (resp. t < 1) we restrict to pairs of projections P, such
that P < @ (resp. @ < P), and when ¢t = 1 we restrict to pairs such that
P =(@Q. Then

ki(a) < ki(a) < 2Y%ky(a).
We merely indicate a quick argument for ¢ > 1. Let Q' = PV Q. Then
P < @ and 7(Q") < 7(P) 4+ 7(Q). With the above notation we have
(X 1Pan@3)'? < (X |1PanQ'|3)/? and also m(P)Y* v t~17(Q)'/? <
T(P)'2vit= 1 (r(P)+7(Q)V? < (t 2+ 1)V2(r(P)'/2vt—17(Q)Y/? and since
(t=2 4 1)1/2 < 21/2 we obtain k;(a) < 21/2?5,5(&). We leave the other cases to
the reader.

First part of the proof of Theorem . Consider a’ € M(R) and P,Q € P.
We have

> I1PaSQI3 = D" 7(PalQalyP) < " 7(PajalP) < |3 abat;

and hence

7(P)

1/2
(D 1PasQI3) ™ < llallasmyr(P)M2
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Similarly for any a! € M(C) we have

1/2
(D 1PabQI3) ™ < lla llaey (@)
Therefore if a = a® + a! we find by the triangle inequality

1/2
(3 1Pan@I3) ™ < allasemyT(P)2 + lla sy 7(@)

< (Ia°|arcry + tllat | ae(cy) max{r(P)/?, 17 7(Q)/?}.
So we obtain
ki(a) < Ki(a; M(R),M(C)). =

To prove the converse we will use duality, via the following lemma.
LEMMA 3.2. Let v € M. (R) N M.(C) be such that

st | (i), (St} <1

Let C; be the subset of M.(R) N M, (C) consisting of all sequences x = (xn)
of the form

Xn = QunP - (T(P) +727(Q))™"/?
with > |lynll3 < 1 and where P,Q are commuting projections. Then x €
2¢conv(Cy) where the closure is in M, (R) N M, (C).

We will need the following simple

LEMMA 3.3. Let ¢ :[1,...,N]?> = R, be defined by ¢(i,7) = g(i) A f(5)
where g > 0 and f > 0 satisfy >_ f(j) < 1 and >_g(i) < t2. Then ¢ €
2 conv(P) where D is the set of functions on [1,...,N|? of the form

legxr
3.1 —_—
3.1) t-2]B| + |F|

where E, F C [1,...,N] are arbitrary subsets.
Proof. We may write

00 [e’e] o0 ]_ c c
o= Lgpoayde= | Ligogpxissp de = | m(c)%dc
0 0 0

where m(c) = t72[{g > c}|+ [{f > ¢}|. But since {"m(c)dc =123 g(i) +
> f(4) <2, Lemma 3.3 follows. =

REMARK. A simple verification shows that if a function ¢ € @ is of the
form (3.1), we have sup; ¢(i, j) = 1p(i)(t 2| E] +|F|)~! and sup; ¢(i, j) =
17(5)(t2|E| 4+ |F|)~!. Therefore we find

(3.2) 72 supp(i, ) + Y supep(i, j) < 1.
i i
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REMARK. Let (£2, 1) and ({2, /) be measure spaces. Let f : 2/ — R
and g : 2 — R, be step functions. Assume that { fdy' <1 and {gdu < ¢2
(t > 0). Let p(w,w') = g(w) A f(') on 2 x 2. Then ¢ € 2conv(P) where
@ is the set of functions of the form

_ lgxr
7T u(E) + W (F)

where E C 2 and F' C (2’ are arbitrary measurable subsets.

Proof of Lemma [3.9 As is well known, if we truncate the sequence
(zn) and replace it by x(N) defined by x,(N) = 2,1{,<ny, then we have
|2(N) — z||ar,(ry — 0 and similarly for M. (C'). Indeed, since for all N <m
the norms in M, (R) and M, (R) both satisfy

lz(N) = 2(m)|* + [la(N)[* < [la(m)]]?,

and since ||z(m)|| — |||, this fact follows easily.

Thus it suffices to prove the lemma for finite sequences z = (z1,...,ZN).
Let us first assume that M = B({2), M, = S; (trace class) and 7 is the
ordinary trace on Si. Assume Jy(z) < 1. Let f = (Y a¥2,)/? and g =
t(3 zpx)/2. We have tr f < 1, trg < t? and moreover if a,, = g~ 'z, and
by = xnf ! then Y anal = g7t 2¢%g~! = t72, and similarly > b%b, = 1,
so we have

09 (o)< [

with z, = ga, = b, f.

Note that by a simple perturbation argument we may assume f > 0 and
g > 0 so that f and g are invertible.

Let us now consider the matrix representation of x, with respect to the
bases that diagonalize respectively f (for the column index) and g (for the
row index). We then have

1/2
<1

)

Moreover we know from (3.3) that for all £ € /5,
> llangl® < t7%lg]® and Y oug)* < i€l
and hence taking for £ either the ith or the jth basis vector we find

(3.4) sup E g |an(i,j)|2 <t™? and sup E E |bn(i,j)|2 < 1.
i , P -
n o j no g

Let yn(i,5) = goag@n(isg). Then [y (i, )| < max{lan(i, )], [ba(i, )]} <
lan (%, 7)| + |bn(3,7)] and 2, (i,5) = (g9: A fj)(i,7). By Lemma since
xn(%,5) = i N fj (i, J), we know that z/2 is in the convex hull of

(0(i, 3)1 (3, 5)) = (0, 5) (0, 5) *li, §))
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where ¢ € @. We then note that if
yn(i3) = (i, 3P, )
then using (3.4)) and (3.2)) we have, since |y, (7, 7)| < |an (i, J)| V |bn(3, 5)],
D lynllz =D 166 NI <D0 D (i i) (lan(i 1)1 + [bali, 5)I)
n n,%,] noij
<Y sup (i, )+ Y supep(i, j) < 1.
i j "
Thus we find that z/2 can be written as a convex combination of elements

of the form
(2(i, )" ?yn)

with ¢ € @ and 3 |lyn |3 < 1. Let @, P be the projections associated to 1g
and 1p. Then

(i, 9)2yal = (7200 Q + tr P)"H2Qu P.

This completes the proof in the case M = B(H). The case of a general
semi-finite von Neumann algebra M C B(H) can easily be reduced (by
density) to the case when M is finite. In that case, the densities f and g
in the preceding argument can be replaced by f. = f+¢l and g. = g + €1
in order to obtain f, g invertible. We are thus left with a finite sequence
Z1,...,xny in M and f,g > 0 in M, invertible such that 7(f) < 1 and
7(g9) < t* and moreover

(3.5) Tn = gap =byf (n<N)

with ay,,b, € M such that holds. Just like we do for functions and
step functions we may approximate f, g by elements of the form Zle fiP;
and Z;?:l 9jQ; where P; (resp. ();) are orthogonal projections in M with
> P, =) Q; = 1. This modification leads by to a perturbation of x,
so it suffices to complete the proof for this special case. If we then denote
xn(1,J) = PixpQ;, and similarly for a,, and b, we can essentially repeat the
preceding argument using the remark following the above lemma with the

measures u = y_ g;7(Q;)d; and p/ =3 fit(F;)d;. w
End of the proof of Theorem [3.1 Assume k¢(a) < 1, so that for all
P,QcP,

Y IIPanQl3 < 7(P) vV 7(Q).
This implies by Cauchy—Schwarz

3 (PanQu)| < ((P) v 2 (@) 23 )
< (72(@Q) + (PN (X Iwal2)
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and hence by Lemma [3.2]

‘Z T(anzy)

Then by duality we conclude
Ki(a; M(R),M(C)) <2. u

REMARK. The preceding proof reveals the following slightly surprising
fact: Consider a sequence x = (z,,) of operators z, € B(H), with say
H = l3. Assume that for any pair of orthonormal bases (e;), (f;) in H
the matrix a;; = (e;, z f;) belongs to £ (i;l2(n, j)) + oo (j; l2(n,4)). Then
r = (x,) € M(R)+ M (C) with M = B({3). Indeed, if E (resp. F) is a finite
subset of N, and if P (resp. @) is the orthogonal projection into span(FE)
(resp. span(F')), then

(3 1Pa@I?) " max(r(P)/2,7(Q) /2)!

= (Z Z |an (i, 5)|? max{| E|, |F|}_1) 1/2.

ExF
So Theorem (compare with the Varopoulos Lemma in [28]) implies the
preceding fact. Moreover the converse implication also holds since 2z € M (R)
(resp. M(C)) implies a € £ (5 02(n, j)) (resp. loo(J; L2(n,1)).

REMARK. Let N C M be a von Neumann subalgebra such that 7y is
still semi-finite, so that the conditional expectation E : M — N is well
defined. It is easy to check that the main result remains valid if we replace
the norms of M(R) (resp. M(C)) by their conditional versions:

ZE(IEMUZ) is (resp. HZE(:}:ZQM) 1/2).

The formula for k¢ has now to be modified by restricting p, g to lie in V.

To put the next corollary in a proper perspective, recall that, ac-
cording to [20], the elements a = (a,) in the complex interpolation space
(M(R), M(C))? are precisely those such that the operator

. *
T, :x+— g anTay,

is bounded on Ly(7), where p =1/6.

In the commutative case, a bounded operator T : Ly,(21, 1) — Lp(§22, p12)
is called of strong type p, and the classical Riesz interpolation theorem says
that, in the complex case, if 1 < py < p;1 < oo and T is of strong type
pj for 7 = 0,1 then T' is of strong type p for any intermediate p such that
po < p < p1. The latter theorem is the founding result for the “complex
interpolation method” (see [I]), while the classical Marcinkiewicz theorem is
the basis for the “real method”. In that context, an operator that is bounded
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from Lp1(p1) to Lpoeo(p2) is called of very weak type p. The generalized
version of the Marcinkiewicz theorem then says that, if T" is of very weak
type p; for j = 0,1, then T is of strong type p for any pg < p < p1.

Let (£2, 1) be a measure space. Recall that the “weak L,,” space Ly (1)
consists of all measurable functions f : {2 — R such that

I7llpoe = sup (epud| £] > )P < cc.

When p > 1, the quasi-norm || - ||p.o0 is equivalent to the norm

(3.6) ||f||[p,oo}=sup{§\f| | Eeal

When p > 1, Ly o (i) is the dual of the “Lorentz space” L, 1(u) that can
be defined (see e.g. [1]) as consisting of those f such that
o0
(3.7) [floa = § 1{|f] > e}'/Pde < oo
0

Using the generalized s-numbers from [4], it is easy to define the spaces
Ly oo(7) and L, 1(7) (or more generally L,,(7) for 1 < ¢ < o0) associ-
ated to (M, 7). The simplest way to describe those is as follows. Given a
T-measurable operator z (in the sense of [4]), let M), C M denote the
von Neumann subalgebra generated by the spectral projections of |x|. Then
M3 =~ Loo(£24); f1yg)) for some measure space (§2),, pt|,|) in such a way that
the restriction of 7 to M), coincides with p,| in this identification. More-
over the space Lo({2)|, it|z|) of scalar valued measurable functions (that are
bounded outside a set of finite measure) can be identified with that of 7-
measurable operators affiliated with My. The space Ly «(7) (resp. Ly 4(7)
for 1 < ¢ < o) then consists of those x such that, in the latter identifica-
tion, |x| € Ly co(tyz)) (resp. Ly q(ijz(). The duality extends to this setting:
we have Ly o (7) = Lp1(7)* for any 1 < p < oo (see [4, 26]).

The following two statements appear as analogues for real interpolation
of the complex case already treated in [22] 20].

COROLLARY 3.4. Let 0 < 6 < 1. An element a = (a,) (x, € M) belongs
to the space (M (R), M(C))p. iff the mapping

. *
T, :x+— E anTa,,

is bounded from Ly1(T) to Ly~ (T) where % = L0 40 jep=1/0.
Moreover, the norm in (M(R),M(C))gcc is equivalent to a — [T,
Lpa (1) = Lpoo(T)[/2.

Proof. Recall
(3.8) Yag,a1 >0 ap%af = 1nf{(1— 0)aot’ + a1},
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By definition
allg.0o = iugt_eKt(a; M(R), M(C)).
>

By Theorem [3.1| this is equivalent to sup, ¢ ?k;(a). Note that (1—0)¢+6n
< max(¢,m) < max{0~1, (1—0)"1}((1—0)¢ +6n) for all £,1 > 0. Therefore
supt™? (maX(T(P)1/2, t_lT(Q)l/Q)) -t

t>0
is equivalent to

. B -1/2
<%§£(1 — 0)t207(P) + 01 2T(Q))

or equivalently (by (3:8)) to infyo ((1 — 0)s%7(P) + 959_17(Q))_1/2 =
(7(P)*=97(Q)?)~/2. Thus we find that Ha||§’Oo is equivalent to

sup{ 3 1Pa QI3 (r(P)' *7(Q)") ™! | P,Q € P}
—sup{ " 7(PanQa;)(r(P)' (@) | P.Q € P}
=sup{(T.(Q7(Q)™"), Pr(P)"""") | P,Q € P}.

This last expression is equivalent to
sup{(Tu(z),y) | © € By, ,(r), ¥y € Br, ,(n}-

Indeed, using convex combinations of elements of the form Q7(Q)~ yields
the case of >0 in By, (7); then the decomposition z=z1 —z + i(x3—m4)
yields the general case up to a factor of 4. The same reasoning applies to y.
So we conclude that Ha||§’oo is equivalent to ||Tg : Lp1(7) — Lpoo(T)[]. =

REMARK. In particular, when M = B({3) or M, with n arbitrary, the
preceding corollary yields a description of the operator space structure of
(R, C)p,00 according to Xu'’s definition in [30].

Let 1 < p < oo. When p = oo, by convention we identify L, ~(T)
with M. Let M(R;p,00) denote the space of sequences a = (a,) with a, €
Ly o (7) such that (3 a,a%)'/? € L, (1), equipped with the “norm” ||a|| =
(32 anat)?|poo. Similarly, we define M(C;p,00) = {a = (an) | (a%) €
M(R;p, OO)} with HGHM(C;p,oo) = H(Z a:uan)l/QHROO'

Using a simple non-commutative adaptation of the results in [25] along
the lines of the proof of Theorem we find

THEOREM 3.5. Let 2 < pg,p1 < oo. Let a = (ay) be a sequence with
an € Lpy.oo(T) + Lp, oo(T) for all n. To abbreviate, set

Ki(a) = Ki(a; M(R; po, ), M(C; p1,00)),
kila) = sup{ (32 1Pa,QI3) " max{r(P)™. 17 7@} | P.Q € P
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where ag = 1/2—1/py and oy = 1/2—1/py. Then there are positive constants
¢ and C (depending only on py,p1) such that

(3.9) V>0 cki(a) < Ki(a) < Cky(a).

Proof. Let (£2, 1) be any measure space. For any measurable f : 2 — R

2 . .
boo = IIf2IP/2 . Therefore, using (B6), | flpoc is

we have obviously || f
equivalent to

1/2 B
sup ([ If[2du) (B2,
Eef E
Thus we may use on M (R;pp, o) the following equivalent norm:

Sup{ (7‘ (Z xnx;‘lP> ) I/QT(P)—O«)

Similarly, we may equip M (C';p;, 0c0) with the equivalent norm

Sup{ <7’ (Z x:‘La:nQ))l/QT(Q)_al Qe 73}.

Using these norms we find ki(a) < K;(a) by the same reasoning as for
Theorem To prove the converse, we use duality again and mimic the
proof of Theorem using as a model the results presented in [25] for the
commutative case. m

PeP}

COROLLARY 3.6. Consider 2 < pg,p1 < o0 and 0 < 6 < 1. Let
a = (an) be a sequence in Ly, oo(T) where é = 1});00 + p%. Then a = (ay)
belongs to the space (M(R;pg,o0), M(C;p1,0))e,00 iff the operator Ty is
1

bounded from Ly 1(T) to Lsoo(T) where r,s are determined by % + pi, =
1

(i.e. r = p}/0) and 1]);09 + % =1 (ie. s=po(1—6+06py)~"). Moreover the
norm of a in that space is equivalent to | T, : Ly1(T) — Lgoo(T)||Y/2.

Proof. Using the equivalent of K; found in Theorem we obtain
1/2
supt U K;(a) ~ sup{( E ||PanQH§) T(P)—ao(l—Q)T(Q)—Oﬂ@}‘

The unit ball for this last norm is characterized by
S r(PanQay) < r(PP0U-0r(Q) < (P)/rr (@)
or equivalently
(Ta(Q), P) < 7(@Q)V"r ()%
As before, this implies that for all x,y > 0,
(Ta(@), y)| < llzllr1llylls

and then using © = x1 —xo+i(r3—x4) we can extend it to arbitrary elements
up to an extra factor 4. Thus we conclude by homogeneity

supt~Ky(a) = [Ty : Ly (1) = Luo(r)]'/. »
>
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REMARK 3.7. By [16] for any interpolation pair (By, B1) we have

BogNBi_gg if6<1/2,
{B9q+Bl 0, 1f60>1/2
where By = (Bo, B1)g,q- If we apply this to the specific pair

By = Sx[R], Bi = Sx[C],

the result can be interpreted in terms of operator space interpolation in Xu’s
sense (see [30]). This shows that we have completely isomorphically
C@,oo ﬂRg’oo, 0 < 1/2,
Cooo + Rpoo, 02>1/2,

where Cg, = (R,C)g4 and Ry, = (C,R)pq = C1_g4. Note that in particu-
lar, we have

(BoN By,By + Bi)gg

(RﬂC,R—I—C)g’OOZ{

(RNC,R+C)1/2,00 =~ Rij2.00 = Crya00
as operator spaces, and similarly, by duality (see [30} §4]), for (1/2,1).

4. Non-commutative Khintchine inequality in Ly, (1 < ¢ < c0).
This section is motivated by [9]. In [9], martingale inequalities extending
those of [26] are proved for the non-commutative Lorentz spaces Ly ,(7)
associated to a semi-finite trace with p # 2. However, the case p = 2,q # 2
cannot be treated by the interpolation arguments used in [9]. In fact, even
the simpler case of the Khintchine inequality is open. The problem is to
find a “nice” (similarly to the case of L,(7) presumably involving row and
column norms) equivalent of the average over all signs €, = +1 of

(4.1) HZenxn ;

when z,, € Lg 4(7). In this section we present a partial solution, which has
the advantage of being indeed a deterministic equivalent of (4.1)). We call
it partial because there may be a more explicitly computable equivalent

for .

NOTATION. Recall that S, denotes the Schatten p-class (1 < p < 00),
Sso the space of compact operators on Hilbert space, and S the trace class.
We will denote by Soo(R) (resp. S (C')) the space of all sequences r = (xn)
with z,, € S such that the series Y 7 | x,x} (resp. Y -7, zhxy,) converges
in norm, and we equip it with the norm ||z||r = [|(O] xjxjr)l/QH (resp.
lz|lc =102 :U;fmj)l/QH). We then define

AO = SOO(R) N Soo(c)
and we equip it with the norm ||z|| 4, = max{||z| g, ||z|c}-

We denote by S1(R) (resp. S1(C)) the space that was already introduced

as M, (R) (resp. M,(C)) when M, = S1, M = B(¥{2) (see (2.1])).
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We then define
A1 = S1(R) + 51(C)
and we equip it with the norm ||z|| 4, = ||33||51(R)+Sl(c) = iﬂfa;:y-s-z(Hstl(R)
+ llzlls1(c))-
Clearly, the couple (Ap, A1) forms a compatible couple in the sense of
interpolation. We denote, for any 1 < p < oo, 1 < ¢ < 00,

1- 6 1
Izl = l12lla0.41)0,,  Where 6= —"=+73 ="
Note that A; = Ajj isometrically (in the usual duality defined by (x,y) =
S~ tr(zntyn)) and by a well known result (see [2] and references there) this
implies (Ao, A1)1/22 = £2(S2) isomorphically. Moreover, the couple (A, A7)
can be clearly viewed as compatible and we have (see [I], p. 54]), for 0 < 6 < 1
and 1 < ¢ < o0,

(4.2) (Ao, A1)y 4 = (Ap, AT)o,
with equivalent norms.

THEOREM 4.1. Let (g,,) be the usual independent +1 valued random vari-
ables ( “Rademacher functions”). Then for any 1 < p < 0o and 1 < ¢ < oo
and for any finite sequence x = (xy,) of operators in Sy 4,

(4.3) P> enan|, din= lalln
p,q

and also

4.4 H En X Ty ~ |z

(4.4) ) e

where i is the usual probability on {—1,1}N. Moreover, [&.4) remains valid
for ¢ = co. Here A ~ B means there are positive constants cpq and Cp 4
such that ¢y A < B < C), 4A.

REMARK. It is not difficult to extend this theorem to the case when the
trace on B(f3)) is replaced by any semi-finite faithful normal trace on a von
Neumann algebra, but we choose for simplicity to present the details only
in the case of B({2). Indeed, all the ingredients for this extension now exist
in the literature (see [260]).

REMARK 4.2. Note that the space M(R) N M (C) with M = B(¢3) con-
sidered in §3|is nothing but the bidual A§* of Ay. Using this (and truncation
of matrices in the most usual way), one can check that, for any x € Ag+ A;
and any ¢ > 0, we have K;(x; A", A1) = K¢(z; Ao, A1) and hence the norms
of the spaces (Ao, A1)p,q and (Aj*, A1)g4 coincide on any such z for any
0<f<land1l<q< .
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REMARK 4.3. Note that by interpolation for any 1 < p < oo (and 1 <
g < o0) the orthogonal projection onto Span[e,] is bounded on Ly 4(x x tr).
Indeed, we know that it is bounded on Ly, (p % tr) and Ly, (p x tr) for
1 < pg < p < p1, and then we can use interpolation, together with the
classical reiteration theorem (see [II, p. 48]).

REMARK 4.4. The equivalence between [e,,] and Sidon lacunary sequen-
ces such as [22"] proved in [I7] implies that, for any 1 < p < oo and 1 < ¢ < o0,

HZ&n@mn HZz (S 7%

where m is normalized Haar measure on the unit circle T. Again this is true
by [17] on Ly,, po < p < p1 (with simultaneous complementation), so this
follows by interpolation.

REMARK 4.5. Let F be any Banach space. When 1 < p < oo, we denote
by L,(E) the space of E-valued functions p-integrable on the unit circle T,
in Bochner’s sense, with the usual norm. We denote by HP(E) the subspace

Ly q(pxtr) Ly q(mxtr)

of all functions f with Fourier transform f supported on the non-negative
integers. The case p = oo is slightly different. We denote by Lo (B(¢2)) the
space of essentially bounded weak-* measurable functions on the unit circle
with values in B(f2)), equipped with the sup-norm. We again denote by
(B(ls)) (resp. H*(B(f2)) ) the subspace consisting of all functions with
Fourier transform supported on the non-negative (resp. negative) integers.
By [18, Cor. 3.4] we know that the pair (H*°(B(¢2)), H(S1)) is K-closed

in (Loo(B(¢2)), L1(S1)). It follows that

HZZ%”H(HM B(ta))H(51))o.q = [ (Loo (B(E2)), H(S1))0 4

~ HZ zgn X Ty, .
Ly q(mxtr)

REMARK 4.6. From [15] we know that the mapping T : H!(S1) — A;
defined by Tf = (f(2")) is a bounded surjection from H!(S;) to A; =
S1(R) + S1(C). Moreover, the (adjoint) map taking x = (z,) to . 22"z, is
bounded from A; = S1(R)+S1(C) to H'(S1). Using the identity H'(S1)* =
Loo(B(£2))/H (B(f2)), by duality, this implies that

T is bounded from Lo, (B(¢2))/H (B(f2)) = H1(S1)* onto A},
By interpolating, we find

T : (Loo(B(£2))/Hg*(B(£2)), H(S1))p.g — (AT, A1)aq.
Note that the natural “inclusion” H*®(B({2)) — Loo/H(B(ls)) trivially
has norm < 1. Therefore

T : (H*®(B(£)), H'(S1))g,q — (AF, A1)o,q
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Note that A7 = A§*. Using Remark it is now easy to check that for any
finite sequence x = (z,,) with x,, € S, 4 C S, the norms of (A}, A1)p, and
(Ao, A1)pq coincide on z for any 1 < p < 00,1 < ¢ < oo (here § = 1/p).

Thus, invoking again [I8, Cor. 3.4], by the preceding two remarks we
find

LEMMA 4.7. Let 1 <p < oo and 1 < g < oo. Then T is bounded from
the subspace of all analytic polynomials in Ly, 4(m X tr) into (Ao, A1)gq. In
particular, for some c, for all analytic polynomials f with coefficients in

Spq = Lp,q(tr)’ -
ICF R N lpg < el fll Ly qmxtr)-

First part of the proof of Theorem . Taking f = > 2"z, in the
preceding lemma we get

< 2"
Il < [ 32",
By duality we get (using Remark and (4.2))

} Z ¥z,

and since this holds for all 1 < p < coand 1 < ¢ < oo (the case ¢ = 00,¢' =1
requires a minor adjustment, see [I, Remark, p. 55]), we deduce

lallpg = |3 "

<
oy S Bl

Ly q(mxtr)
and hence by Remark
~ £ :
el =~ | S enan,

This proves . "
To complete the proof we use the following rather standard
LEMMA 4.8. Foranyl <p<oo and1l < q < oo, any f € Ly (1 X tr)
of the form f =) epa, with x, € Spq = Ly 4(tr) and any r < oo we have
1f2r(Spg) S NN Ly g(uxtn)-

Proof. We will repeatedly use Kahane’s inequality for which we refer to
[17] or [12, p. 100]. By K-convexity, the mapping P : Ly, ,(uxtr) — L,(u; Sp)
defined by (projection onto spanle,])

Pf=> (fen)en

is bounded for any value of 1 < p < 0o and (by Kahane’s inequality) 1 <
r < 0o. By interpolation, it follows that P is bounded as a map

(Lpo,po (1t X 1), Ly py (1 X 1)) esg — (L (Spo )y Li-(Spy ) v
forany0<a<1,1<g< 00
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We may choose py < p < pl,% = 1;—()“4-1% and r > ¢ (here we use ¢ < 00)
to get
P Lpg(p X tr) — (Ly(Spy), Lr(S1))ayg
but now r > ¢ guarantees that L,(L,) C L,(Ly) and hence
(Lr(spo)v Lr(Sm))oc,q - Lr((Spov Sp1)a,q) = Lr(an)-
Thus Lemma follows by restricting to f = > epzy,. =

End of proof of Theorem[{.1. By Lemma [1.8] we get

|3 enan

and hence again by duality

<
/N H§ :gnxn
Lr/(p;Sp/,q/)

Then we conclude since Kahane’s inequality allows us to replace both r and
r’ by, say, 2. m

< ||z
sy S Tolag

[l]

REMARK. Using Fernique’s inequality in place of Kahane’s (see [12]) it
is easy to see that the preceding proof of and extends to the
case when (&,) is replaced by a sequence of i.i.d. Gaussian normal random
variables. This implies and ([4.4). Note however (see [12 p. 253]) that
the Gaussian and Rademacher averages are not equivalent when g = co.

REMARK 4.9. Let Ap = (Ao, A1)g. Let us denote by Rad(.Sp) the closure
in L, (pxtr) of the set of finite sums ) | e,z with x,, € Sp. By the description

of Ay obtained in [24] (see also [3]), we know that if we define p by 11” -
1=6 4 0 then by Th [
=046 y Theorem
AgNA_y if0< 1/27
Ao, A1)o, = Rad(S,) =
( 0 1)9717 & ( p) {A0+A19 1f921/27

and in particular

(Ao, A1)op ~ (Ao, A1)e-

But this can also be seen using (6.1]) and the identity L,, = L, relative to
@ X tr (and a simultaneous complementation argument) where (M, ¢) is the
free group II; factor.

From Theorem it is natural to search for an equivalent of the K-
functional for (Ag, A1):

PROBLEM. Find an explicit description of Ki(x; Ag, A1) (presumably in
terms of z, R and C).

5. Remarks on real interpolation. We need more notation about
the Lorentz space version of the Schatten classes.
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NortaTioN. We denote by X7 (resp. X7 ) the space of all sequences x =
() with z,, € S, 4 such that the series Y x}zy, (resp. Y z,z}) (assumed to
be w.o.t. convergent) satisfies (3. % x,)'/2 € Sy 4 (resp. (X znxl)Y? € S,4).
We equip these spaces with the norms

e, = (i),

Lastly, we set

and H(I/Un)HX;q = ||(3’3Z)HX,€Q

P»q

X, =X,, and X) =X} .

Recall the following facts and terminology from [I8]. Consider a com-
patible couple (Xp, X;) of Banach (or quasi-Banach) spaces. Assume S C
Xo + X is a closed subspace and let

Sp = SN X, S1=8SnNX;.

Let Qo = X0/Sp and Q1 = X1/S1 be the associated quotient spaces. Clearly
(Qo, Q1) is a compatible couple since there are natural inclusion maps

QO — (X() +X1)/8 and Ql — (X() +X1)/S

We say that the couple (Sp, S1) is K-closed (relative to (Xo, X1)) if there is
a constant c¢ such that

(5.1) Vit>0VeeSy+ 8 Kt(l‘;SO,Sl) < CKt(QT; Xo,Xl).

In the terminology of [18], (Qo, Q1) is called J-closed if, for some constant c,
any element x € Qo N Q1 admits a simultaneous lifting & satisfying

VE>0  Ji(2; Xo, X1) < edi(z;Qo, Q1).

In the present paper we say that (Sp,S1) is J-closed when (Qo, Q1) is
J-closed in the above sense.

Equivalently, we will say that (Sy,Si1) is J-closed if there is a constant
¢ such that for any x € Xy N X7 there is a single T € Sy N Sy satisfying
distx;(7,7) < cdistx, (v, S;) for both j = 0 and j = 1. The basic (simple
but useful) fact on which [I8] rests is that, with our new terminology, K-
closed is equivalent to J-closed (this statement should not be confused with
the more obvious fact associated to the duality between the K and J norms
or between subspaces and quotients). Note also that this is valid for quasi-
normed spaces.

ExXAMPLE. Consider 1 < pg,p1 < oo. Let X]‘? = X;j, XJ’T = X;j7 for
j=0,1. Let X; = X{® X and S; C X, S; := {(z, —z)}. Then

Sj~X;NX; and X;/S;~Xj+ X].
Note also the special case: if p; = 2, then X;/81 ~ 81 ~ £5(S2).
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PROPOSITION 5.1. The above pair (So,S1) is J-closed (and hence K-
closed) in the following cases:

(i) 0 <po <2 andp; =2.

(i) 2 < po < 00 and p; = 2.
Consequently, in both cases, for any p strictly between py and p1 = 2 and
any 1 < q < oo, with 0 defined by 1/p = (1 —0)/po + 0/2, we have (with
equivalent norms)

(So, 51)97[1 = X;,q N X;’q and (Xo/So, Xl/Sl)gﬂ = X;,q + X;’q.
Proof. To show (Sp,S7) is J-closed is the same as showing the following
CLAIM. There ezists ¢ > 0 such that the following holds. Given x = (x,,),

Ty € Sp,, there are y = (yn) and z = (zy,) such that x =y + z and we have
simultaneously, for j =0 and j =1,

Iy, + l12llxg, < ellellxg x;,

To prove this, we fix £ > 0 and choose 3°, 20 such that z = 3° + 2% and
Il + 11155, < el x5, +2

Let then & = (3. 4%(n)y°(n)* )1/2 and n = (3 2%(n)*2°(n))"/2. We have

1€llpe = IIy° Ixz, and |[nllp, = [|2° Ixg,- We can assume (by perturbation)
that £ > 0 and 7] > (0 so that &, n are invertible. We introduce the states

f=er(rE)™  g=n((n™)) "
Let a be defined by 1/a = 1/pg — 1/2. We use the decomposition

x—(HéHpofl/“)y + 2% (€llpog™*)

where g0 = ([[¢]lpo f*/*)7"y" and 20 = 20 - ([|¢|lpg"/*)~". Noting that f =
(€l1€llp o we have

S I3 =t > 50 mF m)" = e (el D o )y ) £
= tr(/ 1/“<s/usupo> 1) = r(fAIm2e) = tr(f) =1

Similarly " [|2°(n)||3 =

To simplify notation let a = ||€]lpof/* and B = ||€]|lpyg™/*. We have
v =a- -y°+2%- 3. Let T be the map (Schur multiplier with respect to
the bases in which «, 3 are diagonal) defined by T'(t) = at + t3, t € S
Consider the decomposition

=TT Yz)) =T Yz)+ T ()8

We set y, = oT 1(x,) and 2, = T7(x,)B. Clearly (since 0 <
we have

+ﬁg <1

[Ynllsy < llznllsy,  llznlls, < llznlls,
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and hence [[ylley(s,) < [2llea(so)s [2lleasa) < 7 lleais,)- But also 2 = aj®(n)

+2%~n)B and

1T~ (a)lls, =

as

(S Ir@niz)” < (S iemiz) " + (S Itmig,) "~ <2

Therefore we conclude that (we set t,, = T (z,,))

lyllxg, = @~ (@a)llxg _H (Ztn >1/2‘

< 2[|alls, < 2[|€llp, = 2llyollxy,

<[7°m)lls2 +112°(n) s

Sa

(i g% (n)ij + 2° ()i )]

Ozi-f-,Bj

and similarly
I2llxg, < 2llz0llxg, -
This proves our claim, whence (i) and (ii) follow by duality. =

COROLLARY 5.2. Recall that Ay = Seo(R) N Sxo(C) and A1 = Si(R)
+ 51(C). We have

(Ao, A1)gq = Xp, N Xy, if 0<1/2,
(AO, Al)Q,q = X;’q + X;,q Zf 0 > 1/2

Proof. As already mentioned, by a well known self-duality result (note
Ay ~ Af) we have

(Ao, A1)1/2,20 = 02(S2) = X5 N X559 = X590+ X5 5.
So the corollary follows immediately by reiteration (see [Il p. 48]). =

REMARK. The complex analogue of the preceding statement was proved
n [23] p. 109] (see also [3]).

REMARK. It is known (see e.g. [8] or [10]) that maps of the form ¢t —
T~ L(t), t — T71(t)3 (corresponding to the Schur multipliers [a; (c;;+5;) ]
and [3j(a; + 3;)71]) are c.b. on Sg for any 1 < @ < co. In particular, in the
preceding proof, we have, for some constant cg,

lyllxy < collzlixy,  llzllxg < collzllxg,

and hence ||yHX£2 + ||Z||X(5 < CQH:UHXE?F]X(C?- Now fix 2 < @ < oo. Using

this simultaneous selection for the pair (1,@), one can show that for any
l<p<Qandl<g<oo,

||$||XT ot X5 e S < llfl XT+X¢,X0HNX,

Q Q)

and hence (reiteration again)

el rxg, S ll2lla,,
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where
Ap7q = (Ao,Al)g,q, Ay = X{ + ch, A = Xgo N Xgo
By duality, we also have
lallay, < lallx; oxs,-

REMARK. In particular we recover a result claimed in [I3, remark after
Corollary 4.3] (see also [3]),

2l xg +x5, S lollas, S l2lxg nxs, -
Exchanging the roles of 1 and oo, we obtain
COROLLARY 5.3. Let Bg = X7 N XY{ and By = X, + X5,. Then
X' AXC if 0<1/2,
(Bo, B1)o.q = { v e g /
X7, 4 XS, if 0>1/2.

REMARK. It is not difficult to extend the results of this section to a gen-
eral non-commutative L,-space (associated to a semi-finite faithful normal
trace) in place of S,.

REMARK. I do not know whether Proposition [5.1] is valid for arbitrary
Po 7 p1-

6. Connection with free probability. We refer to [29] for all unde-
fined notions in this section. Let (M, ) be a “non-commutative probability
space”, i.e. (M, ) is as (M, 7) before but we impose ¢(1) = 1.

Let (&,) be a free family in M. In what follows we assume that (&,) is
either a free semi-circular (sometimes called “free Gaussian”) family, or a
free circular one (this corresponds to complex valued Gaussians) or a (free)
family of Haar unitaries. The latter are the free analogues of Steinhaus ran-
dom variables. They can be realized as the free generators of the free group
F in the associated von Neumann algebra (the so-called “free group fac-
tor”). We could also include the free analogue of the Rademacher functions,
i.e. a free family of copies of a single random choice of sign £ = £1. See [27]
for a discussion of more general free families. Consider now a finite sequence
x = (zp) with x,, € Ly, (M, T).

The free analogue of Khintchine’s inequality is the following fact that
was (essentially) observed in [5]. There are absolute positive constants ¢, C
such that for any 1 < p,q < o0,

< Cllzflp.q-

6.1) Aol < [ enom|,

In [5] only the cases p =1 and p = oo are considered, but it is also pointed
out there that the orthogonal projection onto span[¢,,] is completely bounded
on L,(p) for both p =1 and p = co. From that simultaneous complementa-
tion, it is then routine to deduce .
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REMARK. In particular, [|z]l2,, =~ [[>°& ® ZnllL, ,(oxr)- Perhaps our
problem to compute ||z|2,, more explicitly can be tackled by a more detailed
study of the distribution of the “non-commutative variable” 3" &, ® x,,. But
while, in Voiculescu’s theory of the free Gaussian case, the “R-transform”
(free analogue of the Fourier transform) can be calculated, it is not clear
(even in case ,, x, and hence ) &, ® x, are all self-adjoint) how to use it
to estimate the spectral distribution of ) &, ® z,, or, say, its L 4 norm.

Combining this with Theorem (with a general M in place of B(H))
we find:

PROPOSITION. Foranyl <p < oo andl < g < oo and for any sequence
x = (zp) of operators in Ly ,(T) we have

(6.2) HZen®xn ~ HZ{n@)xn

Note that this clearly fails for p = oo since span;,__(,){en} =~ ¢1 while
spaan(@){fn} ~ L.

We refer the reader to [6] for far reaching extensions of or
involving random matrices. It is tempting to look for a direct, more con-
ceptual proof of but this has always eluded us (see however [3]). Note
also that analogues of and (as well as (4.3))) are entirely open for
O0<p<l

Lp,q(pxT)

Lp,q(pxT)

REMARK 6.1. Proposition [5.1fii) yields some information on the distri-
bution function of sums such as S = > &, ® z,,. Since the spans of the
variables (&,) are completely complemented simultaneously in L;(p) and
Loo(p) (a fortiori they form a K-closed pair), it is easy to check that, if we
set S=> ¢, ®xy or S =Y A(gn) ® xp, then uniformly over ¢,

t
Ki(z; A1, Ao) ~ K(S; Li(T X tr), Loo (T X tr)) = SST(S) ds,
0

where ST(s) denotes the generalized s-number of S in the sense of [4]. Sim-
ilarly, by a well known fact (see [1, p. 109]), we have, uniformly over ¢,
2 1/2
Ki(w5 Ay /2.9, Ao) = Ki(S; La(T X t1), Loo(T X t1)) = (S ST(s)? ds) .
0
The fact that the pair (X7, NXS, X5 N X§) is K-closed seems to yield some
further information. Indeed, the K;-functional for that pair can be estimated

simply from the corresponding result for the (easy) pairs (X1, X7)) and
(XS, XS). So we have

(6.3) Ki(x; X5 N X5, X2 NXS) ~ max{K(x; X5, X)), Ki(x; X5, X))}
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and by a well known fact (see [I] p. 109])

Ko(z; X3, X7,) (S (> wnas ) ds)w,
Ky(z; X5, X5,)} ~ (S <Zx :L'n) ds)l/z.

0

Therefore, we ﬁnd both (| and

(6.4)

1/2
(5 st(s) ds) ~ max{ K (5 X3, X1), K (w5 X5, X&)},
0

where, of course, the equivalences are meant with constants independent

of t.
However, a very short and direct proof was recently given in [3] that

there is a constant ¢ such that

vt >0 St(ct) ((Z Tn )1/2)T(t) + ((Z :nflmn> 1/2)T(t)7

from which (6.4) (and hence (6.3)) follows easily.
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