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Summary. We consider the problem of valuation of American (call and put) options
written on a dividend paying stock governed by the geometric Brownian motion. We
show that the value function has two different but related representations: by means of
a solution of some nonlinear backward stochastic differential equation, and by a weak
solution to some semilinear partial differential equation.

1. Introduction. We consider a financial market model in which the
price dynamics of a dividend paying stock X*% evolves (under the equiva-
lent martingale measure P) according to the stochastic differential equation
(SDE) of the form

t ¢
(1.1) X" ::17+S(r—d)Xg’z d@—{—SO'Xg’I dWy, te[s,T].

Here x > 0, W is a standard Wiener process, d > 0 is the dividend rate on
the stock, » > 0 is the risk-free interest rate and o > 0 is the volatility.

It is well known (see, e.g., [8, Section 2.5]) that the arbitrage-free value
of an American option with payoff function g : R — [0,00) and expiration
time T is given by
(1.2) V(s,z) = sup Ee "7 g(X5%),

s<r<T
where F denotes the expectation with respect to P and the supremum is
taken over all stopping times with respect to the standard augmentation
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{F:} of the filtration generated by W. From [6] we also know that the optimal
stopping problem and, a fortiori, the value function V are related to the
solution (Y*% Z%% K*%%) of the reflected backward stochastic differential
equation (RBSDE)

(1.3)
T T
Vo = g(X3%) = \ Yt do + K3° — KT =\ 2% dWy,  te[s,T),
t t

Vi 2 g(X0), te s,
T
K*7 is increasing, continuous, K" = 0, S (YF — g(X)")dK)™" =0,

s

via the equality
(1.4) V(s,z) =Y>" (s,2) € Qr=[0,T] x R.

Formula when combined with general results on connections between
RBSDEs and parabolic PDEs proved in [4] provides a probabilistic proof of
the fact that V- = {V (s,x) : (s,z) € Qr} with V(s,z) given by is a
viscosity solution of the obstacle problem (or, in another terminology, the
variational inequality)

min(u(s,z) — g(x), —Lpsu(s,x) + ru(s,x)) =0, (s,z) € Qr,
(15) {u(T, x) = g(x), x € R,

where Lpg is the Black and Scholes differential operator defined by
1
Lpsu = 0su+ (r — d)xdyu + 502x28§xu.

In the present paper we concentrate on the American call and put options
with exercise price K > 0 for which the payoff function is given by

oz) = { (x — K)T, call option,
(K —z)", put option.

We prove that in that case the process K*% has the form

(dX;’w - TK)+1{Y05’m:g(X;’Z)} df, call option,
(1.6) K)* =
(rK — dX;’x)Jrl{y;@:g(X;@)} df, put option,

[ e L I B

for t € [s,T], i.e. the first two components (Y**, Z*%) of the solution of
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(1.3]) solve the usual (nonreflected) BSDE

T
(1.7) YT = g(X37) 4 | (—rYp " 4 q(X57, Y,T)) db
t
T
—\zpraw,, tels 1),

t
where

(doe — 1K) 1 (oo g(x))(y), call option,

q(z,y) =

(rK — dz)*1(_o g(x)(y), put option,
for x,y € R. The above result is in fact a reformulation of the representation
for the Snell envelope of the discounted payoff process & = e~ "= g( X7,
t € [s,T] (see Section [3). Therefore our contribution here consists in pro-
viding a new proof of the last statement and clarifying relations between
and . We also hope that our proof of the representation for the
Snell envelope for £ will be of interest, because in contrast to other proofs
known to us it avoids considering the parabolic free-boundary value problem
associated with the optimal stopping problem .

Formula has an analytical counterpart. Let o(z) = (1 + |z|?)~¢,

z € R, where « is chosen so that {; 0*(z)2? dz < co. By a solution of
we understand a pair (u, ) consisting of a measurable function u : Q7 — R
with some regularity properties and a Radon measure . on @ such that

Lpsu=r1u— W,

(1.8) uT)=g, u>g, |(u—g)*du=0
Qr

(see Section [2| for details). We prove that (1.8 has a unique solution (u, )
such that p is absolutely continuous with respect to the Lebesgue measure
and
(1.9) du(t,x) = q(x,u(t,z)) dt dz.
Moreover, for each (s,z) € Qr such that x # 0,
(1.10) (Y%, Z)") = (u(t, X;""), 0x0,u(t, X;")), t€[s,T], P-as.,
i.e. (1.3)) provides a probabilistic representation for the first component u

of a solution of (1.8). In particular, V' = u. Formula (1.9)) is an analytical

analogue of ([1.6)).
From (|L.8)), (1.9) it follows that V is a solution of the semilinear Cauchy
problem

(1.11) Lpsu=ru—q(-,u), uwT,)=g.
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The above problem was considered in [2, [3] as an alternative to the obstacle
problem formulation and the free boundary problem formulation (see,
e.g., [8, Section 2.7]). In [2] it is shown that has a unique viscosity
solution (since ¢ is discontinuous, the standard definition of a viscosity solu-
tion is modified appropriately) and V' = u. Our approach to via
shows that in fact results from a better understanding of the nature

of solutions of (|1.5).

2. Obstacle problem for the Black and Scholes equation. In this
section we prove existence, uniqueness and stochastic representation of so-
lutions of the obstacle problem (|1.8)). We begin with the precise definition

of solutions of .

Let Qg = [s,t] xR, Q¢ = Qot, and let R denote the space of all functions
0: R — R of the form o(x) = (1+ |z|>)™%, z € R, for some a > 0 such that
(g 0% (x)2? dx < oo.

Given p € R we denote by Ly ,(IR) the Hilbert space of functions v on R
such that up € La(R) equipped with the inner product (u,v)s , = SR wve® dx.
Similarly, by LLa ,(Qs) we denote the Hilbert space of functions u on Qg
such that up € La(Qs:) with the inner product (u,v)2 54+ = SQst wvo? dx dt.
If s =0 we drop the subscript s in the notation. Set H, = {n € Ly ,(R) :
20 (x) € Lo o(R)}, W, = {n € Lao(0,T; Hy,) : 0y € Lo(0,T5 Hy ')}, where
H;l is the space dual to H,. By (-, ), we denote the duality pairing
between Lo (0, T; H,) and Lo(0,T; H, '). Finally, V = W, N C(Qr).

We say that a pair (u,p), where v € V and p is a Radon measure on
@, is a solution of the obstacle problem if

(2.1) wWT)=g, u>g, |(u—g)odu=0
Qr

and the equation

(2.2) Lpsu=ru—

is satisfied in the strong sense, i.e. for every n € C§°(Qr),

<atu7 77>.Q,T + <£BSU7 n>Q,T = T’<U, 7]>2,Q,T - S TIQ2 d:“?
Qr

where
1
(Lpsu, )1 = ((r — d)x0su,m)2,07 — 502@%7 Ou(z?10%)) 2,7

We say that a pair (u, p) satisfies (2.2)) in the weak sense if 1 is a Radon
measure on Qr, u € Lo(0,7; Hy) N C([0,7T],L2,(R)) and for every n €
C(C)X)(QT)a
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(u, Om) o, — (LBsu, Mo, = (M(T),1(T))2,0 — (u(0),7(0))2,0
—r{u,n)aer + | no*dp.
Qr
Let {F;} denote the standard augmentation of the natural filtration
generated by W. By a solution of RBSDE we understand a triple
(Yor Zz5% K% of {F;}-progressively measurable processes on [s,T] such
that

< 00

tels,T)

and is satisfied P-a.s. A pair (Y% Z5%) of {F;}-progressively measur-
able processes is a solution of BSDE if holds P-a.s. and Y*% Z%%
satisfy the integrability conditions ({2.3)).

From the general results proved in [4] it follows that has a unique
solution. We shall prove that the third component K*7% of the solution is
absolutely continuous.

PRrROPOSITION 2.1. If (Y*% Z5% K*%) is a solution of RBSDE (|1.3)
then

T
(2.3) E sup [V < oo, ES| Z)%)Pdt < oo, E|KF"|?
S

t
(24) K" = K3* <\lyse_g (dXp7 —rK)Ydf, s<7<t<T
T
Proof. We prove the theorem in the case of call option. The proof for
put option is similar and therefore left to the reader.
Suppose that (Y% Z%% K*%) is a solution of (1.3) and u is a viscosity
solution of (1.5)). By [4, Theorem 8.5],

(2.5) Y =w(t, X)), telsT).

Set S; = g(X;®), t € [5,T], and denote by {LY(¢) : t > 0} the local time
at 0 of a continuous semimartingale £. By the Tanaka—Meyer formula, for
t € [s,T] we have
t
(26) (X7 = )T = 15,00 (X57) (r — d) X" dO
t

+ V1 ooy (X570 X5 AWy + LO(X” — K)

and
t

27) 0= (¥ =) = =10 (¥s" — Sp) dY;™
t 1
+§ 1o (Y™ = Sp) dSg + Z LYY — )

S
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t
=\ Lpypo g (—rYy™" df + dKG" — Zp" dWy)
t

+ Lk o0y (X ) Ly sy ((r = ) X7 dO + 0 X" dWy)

»

t
L 1
+ 9 S 1{Y93,x=59} dLg(XS,:L‘ ~K)+ §L?(Ys,:c —9).

s

Write I = {u = g} and observe that (t,K) ¢ I for all t € [0,T), because
u =V by [, Proposition 2.3] and hence u is strictly positive. Consequently,

t

1y _s,y dLG(X*" — K) = 0.

S
Furthermore, from (2.6) and Proposition 4.2 and Remark 4.3 in [4] it fol-
lows that 0 X 1 (x o0)(X;) = 27" P-as. on {Y;"" = Si}. From (2.7) we
therefore get

1 1
K — K37 4 SL(YS® = 8) = SIY(Y** - S)
t

T]‘{YQS’IZSQ}SG d0 - S l{YGS’I:SQ}l(K,OO) (Xg’x)(r — d)X;’x d9

T

=\ 1yso_g L ,o0) (X ) (r = d) X" — r(Xg™ — K)*)™ d6.

0

N e Y e -

Hence

(2.8)

Kf’x — Kﬁ’x g S 1{Y9‘”:S(,}1(K,oo)(Xes’r)(("” - d)Xes’z — T(X;’m — K)+)_ d@
T

Since, by (2.5), Y% is strictly positive, {V;”* = g(X;"")} C {X;" > K}

and hence K*% increases only on the set {X;"* > K}. Therefore (2.8) forces

2. »

PROPOSITION 2.2. There exists at most one solution of the problem

3.

Proof. Suppose that (u1, 1), (ug, p2) are two solutions of (1.8]). Write
w = up —ug, bt = p1 — po. Then (u, ) satisfies (2.2)) in the strong sense.
Since by standard regularization arguments we can take u as a test function
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in (2.2)) and obviously (12.2) is satisfied on Qup for any t € [0,T), we have

1
lu(®), + 50 2dyu

b0t = (1 — D)0, w)e o 1.1 + 0% (Dpu, w)2 1 7

+ 0’2(8xu, $2U5xé’a Q>2,t,T + 1"||UH%’Q7,57T + S u dyt.
QT

From the above, the fact that SQtT udp <0, |00 < Co and the elementary
inequality ab < ea® + e~ 1b? we get
T
lu(®)ll5,, < C | llus)ll5,,ds,  t€[0,T).
t

By Gronwall’s lemma, v = 0, and in consequence, = 0. =

Given 6 > 0 write Dy = (0,T) x (8, +00), Dy = (0,T) x (—00,8) and
DT =DJ,D™ =Dy, D = D"UD. Note that from the well known explicit
formula for X% it follows that X;”* € DT, ¢ € [s,T], P-a.s. if z > 0, and
X" e D™, tes,T)], P-as. if x < 0. Note also that if z # 0 and ¢ > s then
the distribution density of the random variable X;"* is given by the formula

(2.9)  p(s,z,t,y)

B 1 —(In(y/z) + (62/2 —r +d)(t — 5))?
oy exp( i >1{y/x>0}'

It follows in particular that for fixed s € [0,T"), x # 0 and ¢ € (0,7 — s| the
function p(s, z,-,-) is bounded on Qsys57.

THEOREM 2.3.

(i) There exists a unique solution (u, p) of the problem (1.8]).
(ii) Let © # 0 and let (Y>, Z5% K*%) be a solution of RBSDE (1.3)).
Then

(Y27, 20%) = (u(t, X;7), 00,u(t, X)), t€ [s.T], P
and for any n € Co(Qsr),

T
(2.10) E\n(t, X)) dk;" =\ n(t,y)p(s, z,t,y) du(t,y).
S QST

Proof. By [12, Theorem 2.2] for each n € N there exists a unique viscosity
solution u,, of the penalized problem
ou

(2.11) aTn + Lpsun, =ruy —n(u, —g)~, up(T)=g.
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Let (Y®®", Z%%™) denote a solution of the BSDE

T T T
VIO = g(Xp) = \ Yo do + | n(Yyo" — g(Xp0)) ™ do — | Zg™" dWy.
t t t

Using standard arguments one can show that x — EY:*" is Lipschitz

continuous uniformly in s. Therefore u,, has the same regularity, because
by [12, Theorem 2.2], Y,>*" = wu,(t,X;”"), t € [s,T], P-a.s., and hence
un(s,x) = EYy™". Since the operator Lpg is uniformly elliptic on each
domain Dgr, for each § > 0 there is a unique weak solution vs of the terminal-
boundary value problem

0
%—FLBS% =rvg—n(vs—g)~, vs(T) = g, vs(t,z) = up(t,z) on [0,T]x{d}

(see [10, Theorem V.6.1]). Since vs is a viscosity solution of the above prob-
lem as well, v5 = Up| DF by uniqueness. Using this, Lipschitz continuity of u,,

and [7, Theorem 1.5.9] we conclude that u,, € C*?(D). Hence, by Proposi-
tion 1.2.3 and Theorem 2.2.1 in [11], Y,>*" € D2 for every (s, x) € Q7 such
that x # 0, where D2 is the domain of the derivative operator in Ly ()
(see 11l Section 1.2] for a precise definition). Consequently, applying once
again Proposition 1.2.3 and Theorem 2.2.1 in [I1] and using the fact that g
and x — x~ are Lipschitz continuous functions we conclude that if  # 0
then g(X7"), StT rY, " do, StT n(Y,"" — g(X,"))” df € DY2. Moreover, by
[11, Proposition 1.2.3] and [5, Lemma 5.1], there exists an adapted bounded
process A such that for every s < 7 < t,

t t
DTyvtsmf,n _ Z;s_,ac,n + S DTZ;,r,n do + TSDT}/QS,IJL do
T T

t
—n | 4D, (Y — g(Xy)) db,

where D, denotes the derivative operator. From this it follows in particular
that

DY ™" = 755 P,
for every t € [s,T]. On the other hand, by the remarks following the proof

of Proposition and the remark following the proof of [II, Proposition
1.2.3],

D Y™™ = 0pun (t, X, ") D X", P-as.

for every r,t € [s,T]. Moreover, by [11, Theorem 2.2.1], D:X;"* = o X;*".
Thus, if x # 0, then

Z70" = o X" 0pun(t, Xy), P-as.
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By the results of Section 6 in [4] and standard estimates for diffusions we
have

T
(2.12)  E sup |un(t, X%))? + ES |0 X, Opun (t, X7 [? dt

s<t<T s

< CE sup |g(X;")]> < Olzf”.
s<t<T
By the above and [I, Proposition 5.1] it follows that w, € La(0,7;H,).
Accordingly, u,, is a weak solution of (2.11)). Furthermore, from the results
proved in [4, Section 6] it follows that for every (s,z) € Qr,

T
(2.13)  E sup |(un — um)(t, X)) >+ E S |0 X 00 (g, — wm)(t, X377)|? dt

s<t<T s

+E sup |[K)"" - K"™P -0
s<t<T

as m,n — oo. From (2.12), and [I Proposition 5.1] we conclude that
there exists u € C(Qr) NL2(0,T; H,) such that u,, — w uniformly on com-
pact subsets of Q7, uy, — uin Ly(0,T; H,) and u, — win C([0,T], L ,(R)).
Moreover, using and once again [I, Proposition 5.1] we see that
|unllL,0,1;m,) < C. Therefore from it follows that the sequence {u,}
of measures defined by du, = n(u, — g)~ d\, n € N, where X is the 2-
dimensional Lebesgue measure, is tight. If u, — p weakly, which we may
assume, then letting n — oo in we conclude that the pair (u,p)
satisfies equation in the weak sense and that

u(t, X;°) =Y t € [s,T)], P-as., Z" =0X,"0,u(t,X;"), dt ® P-a.s.

because in [4, Section 6] it is proved that Y,>™" — Y;>* t € [s,T], P-as.
and F SST | Z;"" — Z"|? dt — 0. In particular, it follows from the above that
u > g. Let n € Cyp(Qr). Since u, — u uniformly,

| (un = g)ndpn — | (uw—g)ndu >o0.
Qr Qr
On the other hand,

| (un = gmdpn = — | n((un—g)7)?dr <0.
Qr Qr
From this we get . Furthermore, if x # 0 then for any § € (0,7 — s)
and n € Co(Qs4s,1) We have
T
(2.14) E\n(t, X7")dK;™" =\ nt,y)p(s, 2, t,y) dun(t, ).
s QsT
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$,T,Mm

Since it is known that K" — K;** uniformly int € s, T] in probability

(see 4, Section 6]), lettlng n — oo in and using (2.9), ([2.13) we
get (2.10) for n € Co(Qs4s,7), and hence for any 7 € CO(QST) In order to
complete the proof we have to show that v € W,. Since p(s, z, -, -) is positive

for every (s,z) € Qp such that = # 0, it follows from ([2.10|) and Proposition
that dy < 1g,_gy(t,2)(dz — rK)* d), ie. for every n € Cf (Qr),

S n(t,z) du(t,x) < S n(t, 2)1u—g) (t, ) (dr — rK) " dxdt.
Qr Qr

Hence there exists a measurable function v on Q7 such that 0 < a <1 and

dp
dA

This implies that u € W, and u satisfies (2.2]) in the strong sense, i.e. (u, 1)
is a solution of (1.8]). m

(2.15) —(t, ) = a(t, ) 1i—g (t, z)(dz — rK)t.

REMARK 2.4. It is known that {u = g} = {(t,z) € Qr : x > s(t)} for
some nonincreasing function s in the case of call option and {u = g} =
{(t,z) € Qr : 0 < x < s(t)} for some nondecreasing s in the case of put
option (see, e.g., [8, Proposition 2.7.6]). It follows that in both cases the
2-dimensional Lebesgue measure of the boundary of {u = g} equals zero.

3. Linear RBSDEs and nonlinear BSDEs. We begin by proving
the key formulas (1.6]), (1.9)). As a first application we will show the semi-
martingale representation for the Snell envelope of the discounted payoff
process and the early exercise premium representation for V.

THEOREM 3.1.
(i) If (u,p) is a solution of the obstacle problem (1.8)), then u is given
by (L9).

(ii) If (Yo", Z5% K*%) is a solution of (1.3)), then K% is given by (1.6).

Proof. We prove the theorem in the case of call option. The proof for
put option requires only some obvious changes and is left to the reader.

Suppose that (Y%, Z%% K*%) is a solution of (1.3) and (u, u) is a solu-
tion of (|1.8). By (2.15)), u solves the equation

(3.1) O+ (r—d)xdzu+ 3021728:;3’& = ru—a(t, )1 g (¢, 2)(dz —rK)"

in the strong sense. Let I = {u = g} and Iy = Int I. If Iy # () then by (3.1)),
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for any n € C§°(Ip) we have

S u(t, z)om(t, z) dt de — % S 022202 u(t, x)n(t, x) dt do
Qr Qr
— S (r — d)zoyu(t, z)n(t, z) dt de
Qr
= S (—ru(t, ) + alt,2)1ep (@) (doe — rK))n(t, x) dt de
Qr
+ S g(x)n(T, x) dx — S u(0,2)n(0, z) dz.
R R
Since suppn C Iy and g is regular on Iy, we deduce from the above that

S (r — d)al g o) (z)n(t, ) dt dz = S rg(x)n(t, x) dt dx
Io I
— S a(t, )1y (t, @) (de — rK) ¥ n(t, z) dt da.
I
Equivalently, we have

S flt,x)n(t,x) dtdx
Iy
= | alt,2)1 gy (t, 2)1 g oo () (dz — 7K) T(t, z) dt d,
I
where f(t,x) = (r — d)21[g o0y (x) — 7(x — K)t = (—dz + )1k o) (2).
Since

on Iy, it follows that

S fit,x)n(t,x)dtde = — S alt,x)f~ (t,x)n(t,z) dt de

Iy 1o
for any n € C§°(Ip). Hence f(t,x) = —a(t,x)f (t,x) a.e. on Iy. Since
f=f"—f", wehave ft(t,z) = (1 — a(t,z))f (t,x), and consequently
(1 —a(t,z))f(t,z) = 0 a.e. on Iy, ie. a(t,x)(dx — rK)" = (do — rK)*
a.e. on Iy. Since by Remark the Lebesgue measure of 1 equals zero, the
above equality holds a.e. on I, which in view of completes the proof
of (i).

In case z = 0 part (ii) is trivial since in that case X" = K;* = 0,

t € [s,T]. In case z # 0 part (ii) follows from part (i) and results proved
in [9). To see this, let us denote by X the canonical process on the space
C(]0,T];R) of continuous functions on [0,T], and by P, the law of X*%,



286 T. Klimsiak and A. Rozkosz

i.e. Psy = Po(X*%)7l. We may and will assume that X;* =z, t € [0, s,
and hence that Ps, is a measure on C([0,T];R). Write

t t
Mgy =Xy — X, —\(r—d)Xgdf, By, S—dMsg, 0<s<t<T,
S S

and observe that if z # 0 then under P,, the process B, . is a standard
Wiener process on [s,T] with respect to the natural filtration generated
by X. Furthermore, for 0 < s <t < 7T set

t t
Koy = u(s, X,) —u(t, X¢) + | ru(0, Xo) do + | 00,u(0, Xy) dBs g

and .
Koy = (dXo = 1K) Lu(o.xp)—g(x0) 40
S
Let (Y%, Z%% K*®%) be a solution of (i and let K% denote the process
defined by the right hand side of (L.6). By Theorem for every (s,x) €
0,7) x R,
t
KT — K3% = u(s, X57) —u(t, X)) + \ ru(0, X;") do
S
t
+\o0,u(0, X" dWy, 0<s<t<T, Pas.
S
From this and the fact that the law of (X, B.) under P;, is equal to the
law of (X*% W. — W) under P we conclude that the law of K. under
P, ; is equal to the law of K** under P. Consequently, by , for every
s€[0,T), z#0,
T
(3.2) Eoo \n(t, X1)dKoy = | n(t,y)p(s, 2, t,y) du(t,y)
s QsT
for all n € Cy(Qs7), where E; , denotes the expectation with respect to Ps ;.
Thus, the additive functional K = {K,; : 0 < s <t < T} of the Markov
family {(X, Ps ) : (s,z) € [0,T) x R} corresponds to the measure p in the
sense defined in [9]. Similarly, for every s € [0,T), x # 0 the law of K,.
under P ; is equal to the law of K*% under P, and hence, by part 1.'
is satisfied with K replaced by K i.e. the additive functional K = {K P
0 < s <t < T} corresponds to p, too. By [9, Corollary 6.6], Ps 5 (Ks; = =K, it
€ [s,T]) = 1 for every s € [0,T), = # 0. Hence P(K;" = K", t € [s,T])
=1for s € [0,T), x # 0, which completes the proof. m
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COROLLARY 3.2. If (Y*% Z%% K*%) is a solution of then
(Y%, Z5%) is a solution of (LT)). Conversely, if (Y**, Z*%) is a solution
of then (Y%, Z9% K5%) with K% defined by is a solution of
(3.

Proof. The first part follows immediately from Theorem [3.1] The second
part is a consequence of the first one and the fact that the solution of
is unique, because for every = € R the function y — ¢(z,y) is decreasing. m

Let & denote the discounted payoff process for the American option, i.e.
& =e TN g(XPT),  tels,T)

By (L.7),
T

er(tfs)Y;SJ _ efr(Tfs)g(X%I) + S 677“(975)(]()(5@,%8@) do

t
T

— Ve 0= z5% aw,.
t
From this and the fact that V (¢, X;"") = u(t, X;"") = Y,>*, t € [s,T], we
obtain
COROLLARY 3.3. The Snell envelope ny = e "9V (¢, X77), t € [s,T],
of & admits the representation

T
(3.3) e = E(e’T(T’S) g(X57) + [ e O )q(X5, V") db ’ ]—“t).
t

From (3.3) we immediately get the early exercise premium representation
for V. For instance, for American put option,
(3.4) V(s,z) = Be"T*)g(X7")
T
+E\ e (K — dXP) T Loy (8, X77) dt.
S
Representations (3.3)), (3.4)) are known (see [8, Corollary 2.7.11]). To our
knowledge our proof is new. Let us stress, however, that we were influenced
by the results of [2].
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