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Summary. We deal with the stability of the orthogonal additivity equation, present-
ing a new approach to the proof of a 1995 result of R, Ger and the second author. We
sharpen the estimate obtained there. Moreover, we work in more general settings, provid-
ing an axiomatic framework which covers much more cases than considered before by other
authors.

1. Introduction. The concept of orthogonal additivity appeared at the
beginning of the 20th century. For a comprehensive survey the reader is
referred to the paper of L. Paganoni and J. Rétz [10]. Let us mention here
the most important steps (from our point of view). G. Birkhoff and R. C.
James introduced an orthogonality relation in normed linear spaces called the
Birkhoff-James orthogonality, which generalizes the orthogonality in inner
product spaces (see [2, [7]). Simultaneously, other types of orthogonality on
linear spaces were introduced (see [0]). In 1975, S. Gudder and D. Strawther
[5] proposed an axiomatic framework for the orthogonality relation. This
idea was later developed by J. Rétz and Gy. Szabo [11-14]. They proposed
the following axioms. Let K be a field with characteristic different from 2
and let X be a linear space of dimension greater than or equal to 2. Further,
let 1 be a binary relation defined on X with the properties:

(i) # L0 and 0 L z for all z € X;
(i) if z,y € X \ {0} and = L y, then x and y are linearly independent;
(iii) if z,y € X and = L y, then for all a, 8 € K we have ax L [y;
(iv) for any two-dimensional subspace P of X and for every x € P, there
existsay € Psuchthatz Lyandz+y Lz —y.
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The pair (X, 1) is usually called an orthogonality space in the sense of
Rétz; we will call it simply a Rdtz space. However, in a number of papers
such a space is supposed to satisfy different, usually stronger assumptions.
A Rétz space covers the case of the classical orthogonality on an inner prod-
uct space as well as the Birkhoff-James orthogonality (z L y < |z] <
lx + Ay|| for all A € R with X being an arbitrary normed linear space).
However, there are known orthogonality relations on normed linear spaces
which do not satisfy these axioms (e.g., the isosceles, or James orthogo-
nality: * L y < |lz 4+ y|| = ||z — y|| and the Pythagorean orthogonality:
v Ly e lz+yl® =z + [yl

In [11-14], J. Rétz and Gy. Szabo6 studied the functional equation of
orthogonal additivity:

(1) x Ly implies f(z+y)=f(z)+ f(y)

In particular, it was proved that in a Rétz space every odd orthogonally
additive mapping having values in an Abelian group is additive, whereas
every even orthogonally additive mapping is quadratic.

In 2002 these results were further generalized in [I] by K. Baron and
P. Volkmann, who proposed the following (much weaker) axioms of orthog-
onality. Let X be a uniquely 2-divisible Abelian group. Further, let | be a
binary relation defined on X with the properties:

(a) 0L0O;

(b) ifz,y € X and « Ly, then —x L —y and & L ¥;

(c) every odd orthogonally additive mapping having values in an Abelian
group is additive and every even orthogonally additive mapping is
quadratic.

They have obtained the following representation of an orthogonally additive
mapping f: X — G having values in an arbitrary Abelian group:

f(2) = a(@) + bw,z), @€ X,
with a being additive and b being biadditive, symmetric and such that
b(x,y) = 0 whenever z L y.

In [4] R. Ger and the second author proved the stability of , showing

that if f: X — Y, where (X, L) is a Rtz space and (Y, || -||) is a real Banach
space, satisfies the conditional inequality

x Ly implies [|f(z+y)—f(z) - fly)ll<e
for some nonnegative €, then there exists a unique orthogonally additive
function g: X — Y such that | f(z) — g(z)|| < & for each z € X. It was
also observed that the target space can be easily generalized to be a real
sequentially complete Hausdorff linear topological space (see also [15]).
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Even though a normed linear space with the James orthogonality does
not fulfill the conditions of a Rétz space, similar results are valid in that case
(see [15-18]).

In the present paper we improve the result from [4] in two directions.
Firstly, we work in a more general framework, so that we cover several cases
which have not been discussed so far. Moreover, we diminish the constant
13—6. We apply a new approach to this stability problem—instead of discussing
the odd and even case separately, as in [4], we use a single approximating
sequence. However, we do not know whether the new approximating constant
is optimal.

Some related results for various stability problems which were obtained
thanks to the use of a single approximating sequence instead of split-
ting the unknown mapping into odd and even parts can be found in [3]
and [§].

2. Main result. Let X be an Abelian group and let | be a binary
relation defined on X with the properties:

() ifz,y € X and © L y, then x L —y, —x L y and 2z L 2y;
(B) for every z € X, there exists a y € X such that x L y and x +y L

T —y.

Further, let (Y,]| - ||) be a (real or complex) Banach space.

Our main result is the following.

THEOREM. Given an € > 0, let f: X — Y be a mapping such that for
all x,y € X one has

(2) v Ly implies ||f(x+y)—f@)—FW)l < e

Then there exists a mapping g: X — Y such that

(3) x Ly implies g(z+y)=g(x)+9g(y),
and
(4) 1f(x) — g(z)|| < 5¢

for all x € 2X = {2z : © € X}. Moreover, the mapping g is unique on the
set 2X.

Proof. Fix x € X. By (f) there exists a y € X such that z 1 y and
r+y L x—y. By (o) we also have £2x 1 +2y, +(z +y) L +(z — y) and
we can write
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13f (42) =8 (22) — f(—4x))|| < 3||f(4x) — f(2x + 2y) — (22 — 2y)|
+ [1f (=22 + 2y) + f(=22 — 2y)— f(—42)|
+3[f (22 + 2y) — f(22) — f(2y) ||
+3[[f 2z — 2y) — f(22) — f(=2y)|l
+ 1 (=22) + f(2y) — f(=2z + 2y
+ [ (=22) + f(=2y) — f(—22 — 2|

+2[|f(2y) — fly —2) — f(y + o)
+2[[f(=2y) = f(~y —z) = f(~y +2)|
+2[|f(y —2) + f(—y — ) — f(—22)|
+ 2| f(y + x) + f(—y + 2)— f(22)]| <20e,
whence
(5) Hf(2x)—gf(4x)+;f(—4x) Sgs, z e X.

By induction we will prove that for all n € N,

2" +1
2.4n

2n -1
2.4n

f(—2n+1CL’)

5
< (5—)5, x e X.
271

Indeed, for n = 1 we have (5)), and by the induction hypothesis and
applied for 2"x and —2"z we obtain

Hf(2 F2 ) +

|2 - T sy + 2 )|
flar) ~ 2 ety + 2L f(-2 )
# 2 @) = 2 per) + ¢ f(-2 )
D [ O R (L DR § [

s 5 2HL 5 215\ (5
= on " g.qn 2 " g.gn 2)f 7 gnt1 )&

The next step is to prove that for each x € X the sequence

om 41 om _ 1
2y —
SR TRA A o

gn(x) = f(=2"z), mneN,
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is convergent in Y. Since Y is a Banach space, it suffices to show that
(gn(2))nen is a Cauchy sequence for every x € X. Employing estimate
twice we obtain

2”+1

lgn () = gnt1 ()] = <f(2”x) - gf(gn-i-lx) " % f(_2n+1x)>

2" —1

24"

< 2"4—1.?64_2"—1

- 2-4n 2 2.-4n

for each n € N. This easily implies that (g,(z))nen is a Cauchy sequence.
Therefore we may define

)
2n+1 €

(-2 - § s-2ia) 4 g rsia) )|
)
¢

g(z) := lim gp(x), =ze€X.

n—oo
On account of @ we have

[f(2z) — g(2z)|| < 5e, x€ X,

In order to prove that g is orthogonally additive observe first that for
z,y € X such that x 1 y and n € N, n > 1 we have

lgn(z +y) = gn(x) — gn (V)|

- |5 e - 5 e )
_ 2;1:”1 f(2nz) + 2;;”1 f(=2"2) — 2;2,} f(2%y) + 2;;”1 f(—2”y)H
— ‘ 2;27} [f2"(x+y)) — f(2"z) — f(2"y)]
_ 22";: 2"~z —y)) — F(=2"2) — f(~2"y)] H
< S IS ) - 1) - f(2)]
+ 2@ e — ) — f(-2"0) — (-2

< 2n+15~|—2n_16:i5
T~ 2.4n 2 - 4n 2n
By letting n — oo we get .
To prove the uniqueness of g assume that g and ¢’ satisfy and .
Then obviously

lg(z) = g' @)l < llg(=) = f@)I + llg'(z) — f(2)]| < 10¢
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for z € 2X. On the other hand, the mapping g — ¢’ satisfies and thus, in
particular, with € = 0. By applying @ to g — g’ we see that

/ 2"+1 n+1 ! (on+1
o(20) — g'(20) = T [g(2" ) — ¢/ (2" )
2" —1 n+1 / n+1
— g W2 a) — g (=27 )]
and therefore
lg(22) — ¢'(2z)| < 5 4n || (2"a) — g (2" )|
2n n+1 / n+1
o g2 ) — g/ (2|
2"+ 1 2" —1 10
< 5 an 105+2 n 105—2—715

for z € X. From this we easily see that g =¢'. =

In case X is uniquely 2-divisible, we get approximation (4)) on the whole
of X; however, there are examples of non-trivial groups with 2X = {0} for
which our assertion does not bring much information.

Applying parts of the foregoing proof for e = 0 we infer that each solution
f of satisfies

(7) f(er) = 3 fax) - ¢ f(—4z), wEX.

Moreover, an inspection of the proof shows that if € = 0 then no additional
linear or topological structure is needed. Therefore, we derive the following
corollary.

COROLLARY. If X is an Abelian group and L satisfies (o) and (f3),

and if (Y,+) is an Abelian uniquely 2-divisible group, then each solution
f: X=Y of satisfies . In particular, odd solutions satisfy f(2x) =
2f(x) whereas even solutions satisfy f(2x) = 4f(z) for each v € 2X.

REMARK 1. The above results can be applied both in a Ratz space and in
a normed space with the James orthogonality. However, the problem remains
open in the case of the Pythagorean orthogonality.

Now, we will provide an example of a binary relation which seems to be
far from any known orthogonality relations but satisfies («) and (/).

EXAMPLE 1. Take X = R and define 1g C R? in the following way:
xloy © z-yeR\Qorz- -y=0.

We will check that conditions («) and (3) are fulfilled. Indeed, () is quite
obvious; to check () observe that z +vy Lo  — y is equivalent to

22—y e R\ QuU{0}.
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Fix an z € R and observe that if x = 0 it is enough to take y = 0, whereas if
x # 0 then we have two cases. If 2 is rational then we may take e.g. y = 7,
otherwise x cannot be rational and it suffices to put y = 0.

The foregoing example can be easily generalized to more general struc-
tures.

ExaMpPLE 2. Consider an arbitrary ring R and a subring S C R for
which there exists an element v € R\ S such that v2 ¢ S and define

rliy & z-yeR\Sorz-y=0.
As before, one can verify that L; satisfies («) and ().

One can check that neither 1y nor 1; satisfy the axioms of a Rétz space,
whence («) and () are considerably weaker than axioms (i)—(iv) defining a
Rétz space.

REMARK 2. The norm structure of the target space Y in the Theorem
is not necessary. A careful inspection of the proof yields the following more
abstract version of the Theorem:

Let Y be a real sequentially complete Hausdorff linear topological space.
Assume that a bounded convex set V- C Y, symmetric with respect to zero,
and a mapping f: X — Y are given such that for every x,y € X,

r Ly implies f(x+y)— f(z)— fly) eV
Then on 2X there is exactly one mapping g: X — Y satisfying and such
that
f(z) —g(x) € 5seqcl V
for allx € 2X.

References

[1] K. Baron and P. Volkmann, On orthogonally additive functions, Publ. Math. De-
brecen 52 (1998), 291-297.

[2] G. Birkhoff, Orthogonality in linear metric spaces, Duke Math. J. 1 (1935), 169-172.

[3] W. Fechner, On the Hyers—Ulam stability of functional equations connected with
additive and quadratic mappings, J. Math. Anal. Appl. 322 (2006), 774-786.

[4] R. Ger and J. Sikorska, Stability of the orthogonal additivity, Bull. Polish Acad. Sci.
Math. 43 (1995), 143-151.

[5] S. Gudder and D. Strawther, Orthogonally additive and orthogonally increasing
functions on vector spaces, Pacific J. Math. 58 (1975), 427-436.

[6] R. C.James, Orthogonality in normed linear spaces, Duke Math. J. 12 (1945), 291—
302.

|7]] —, Orthogonality and linear functionals in normed linear spaces, Trans. Amer.
Math. Soc. 61 (1947), 265-292.

[8] S.-M. Jung, On the Hyers—Ulam stability of the functional equations that have the
quadratic property, J. Math. Anal. Appl. 222 (1998), 126-137.


http://dx.doi.org/10.1215/S0012-7094-35-00115-6
http://dx.doi.org/10.1016/j.jmaa.2005.09.054
http://dx.doi.org/10.1215/S0012-7094-45-01223-3
http://dx.doi.org/10.2307/1990220
http://dx.doi.org/10.1006/jmaa.1998.5916

30

W. Fechner and J. Sikorska

9
[10]

[11]
[12]

[13]
[14]
[15]
[16]
[17]

18]

J. Lawrence, Orthogonality and additive functions on normed linear spaces, Colloq.
Math. 49 (1985), 253-255.

L. Paganoni and J. Ratz, Conditional functional equations and orthogonal additivity,
Aequationes Math. 50 (1995), 135-142.

J. Réatz, On orthogonally additive mappings, ibid. 28 (1985), 35-49.

—, On orthogonally additive mappings. II, Publ. Math. Debrecen 35 (1988), 241—
249.

—, On orthogonally additive mappings. III, Abh. Math. Sem. Univ. Hamburg 59
(1989), 23-33.

J. Ratz and Gy. Szab6, On orthogonally additive mappings. IV, Aequationes Math.
38 (1989), 73-85.

J. Sikorska, Orthogonal stability of some functional equations, PhD Thesis, Silesian
Univ., Katowice, 1997 (in Polish).

—, Generalized orthogonal stability of some functional equations, J. Inequal. Appl.
2006, Art. ID 12404, 23 pp.

Gy. Szabo, A conditional Cauchy equation on normed spaces, Publ. Math. Debrecen
42 (1993), 256-271.

—, Isosceles orthogonally additive mappings and inner product spaces, ibid. 46
(1995), 373-384.

Wtlodzimierz Fechner, Justyna Sikorska
Institute of Mathematics

Silesian University

Bankowa 14

40-007 Katowice, Poland

E-mail: fechner@math.us.edu.pl

sikorska@math.us.edu.pl

Received November 25, 2009;
received in final form January 26, 2010 (7734)


http://dx.doi.org/10.1007/BF01831116
http://dx.doi.org/10.1007/BF02189390
http://dx.doi.org/10.1007/BF02942312
http://dx.doi.org/10.1007/BF01839496

	Introduction
	Main result

