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FUNCTIONAL ANALYSIS

The Dual of a Non-reflexive L-embedded Banach Space
Contains [*° Isometrically
by
Hermann PFITZNER

Presented by Stanistaw KWAPIEN

Summary. A Banach space is said to be L-embedded if it is complemented in its bidual
in such a way that the norm between the two complementary subspaces is additive. We
prove that the dual of a non-reflexive L-embedded Banach space contains [*° isometri-
cally.

This note is an afterthought to a result of Dowling [2] according to which
a dual Banach space contains an isometric copy of ¢g if it contains an asymp-
totic one. (For definitions see below.) It is known ([7] or [4, Th. IV.2.7]) that
the dual of a non-reflexive L-embedded Banach space contains ¢y isomorphi-
cally. For a special class of L-embedded Banach spaces the construction of
the ¢g-copy has been improved so as to yield an asymptotic one (|8, Prop. 6])
and it turns out that this improvement is possible in the general case, which
together with Dowling’s result yields isometric copies of ¢y in the dual of an
L-embedded Banach space. As in [7], we will prove a bit more by construct-
ing the c¢g-copy within the context of Pelczynski’s property (V*), that is, the
co-basis will be constructed so as to behave approximately like biorthogonal
functionals on the basis of a given I!'-basis in X; see and below where
in particular the value ¢;(z,) in is optimal. (For the definition and some
basic results on Pelczyniski’s property (V*) see [4].)

Preliminaries. A projection P on a Banach space Z is called an L-
projection if ||Pz| + ||z — Pz|| = ||z|| for all z € Z. A Banach space X is
called L-embedded (or an L-summand in its bidual) if it is the image of an
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L-projection on its bidual. In this case we write X** = X &; X5. Among
classical Banach spaces, the Hardy space H&, L'-spaces and, more generally,
the preduals of von Neumann algebras or of JBW*-triples serve as examples
of L-embedded spaces. A sequence (z,,) in a Banach space X is said to span
co asymptotically isometrically (or just to span ¢y asymptotically) if there is
a null sequence (d,) in [0, 1 such that

sup (1 — op)|an| < HZ anTnp

for all (ay,) € ¢p. X is said to contain ¢y asymptotically if it contains such
a sequence (). Recall the routine fact that if (z}) in X* is equivalent to
the canonical basis of ¢y then ) ay,z) makes sense for all () € [*° in the
w*-topology of X*, and by lower w*-semicontinuity of the norm an estimate
| > anzl]| < M sup |a,| that holds for all («v,) € cg extends to all (av,) € I*°.
The Banach spaces we consider in this note are real or complex; the set N

starts at 1.

< sup (1 4+ 6,)|an]

To a bounded sequence (x,,) in a Banach space X we associate its James
constant

cj(xy) =supcy,, where ¢, = inf H Z n Ty,

n>m |a’"«‘ 1

(the sequence (¢y,) is increasing). If (z,) is equivalent to the canonical
basis of I! then c;j(x,) > 0; more specifically, c;j(x,) > 0 if and only if
there is an integer m such that (x,),>m is equivalent to the canonical ba-
sis of I'. (Roughly speaking, the number c;(z,) may be thought of as the
“approximately best I!-basis constant” of (x,); more precisely, there is a
null sequence (7,,) in [0, 1] (determined by ¢, = (1 — 7, )cs(zy)) such that
550 anxn|l = (1 — 7m)es(zn) D02 |ay| for all (ay,) € 1Y and m € N,
and cj(zy) cannot be replaced by a strictly greater constant.) It is imme-
diate from the definition of the James constant of an I!-sequence (x,,) that
there are pairwise disjoint finite sets A; C N and a sequence (A,) of scalars
such that Zk;eAl Ak = 1 and 2Z; — cj(z,) where Z; = ZkeAl AT, James’
I*-distortion theorem states that an appropriate subsequence of the sequence
(%) defined by 2z = 7/||%|| spans ' almost isometrically in the sense that

(1) (1-27m Z]a1]< HZamH (1+27™) Zm

for all m € N and all (a;,) € I'. We will need the fact that if (;) spans
I' almost isometrically in an L-embedded space X and if ** € X** is a
w*-accumulation point of the z; then #** € X and ||«**|| = 1. This follows
from the proof of 8, Lem. 1] (or from a more elementary argument proving
that dist(z™*, X) = ||zs|]| = 1 where ™ = x + x5).
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If one passes to a subsequence (xy, ) of (z,) then cj(xy,) > cj(zy); hence
it makes sense to define

Cr(xn) = sup cj(zn, ).
ng

The standard reference for L-embedded Banach spaces is the monograph [4]
Chap. IV]. For general Banach space theory and undefined notation we refer
to 11, [5], or [6]

The main result of this note is

THEOREM 1. Let X be an L-embedded Banach space and let (x,) be
equivalent to the canonical basis of 1*. Then there is a sequence (z}) in X*
that generates I isometrically, more precisely

@ |3 ana,

and there is a strictly increasing sequence (py) in N such that

=sup|a,| for all (ay,) €1,

(3) lim [z, (2p,, )| = €7 (2m),
(4) xy(zp) =0 ifl<n.

In particular, the dual of a non-reflexive L-embedded Banach space contains
an isometric copy of [*°.

In order to prove the theorem we first state and prove Dowling’s result
in a way which fits our purpose.

PROPOSITION 2. Let (g5,) be a null sequence in [0, 1], let (Ny,) be a se-
quence of pairwise disjoint infinite subsets of N and let (y.) in the dual of a
Banach space Y span cy such that

(5) 1> s

for all (ay,) € co. Then the elements

. Yy,

kENR,

<sup (1 +ep)|an| and |yl —1

generate 1 isometrically (as in (2)).
Proof. Clearly, ||z}|| < 1 for all n € N by the first half of (5]). For the

inverse inequality we have

*

A vm T Y
Hl+€m KN o © T

| > 1 by the second half of , which proves

lymll

*
>
31 > o

1

5 Y ‘
1+e,

for all m € N,, hence ||z
[zl = 1.

nl
n
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Similarly we show : First, “<” of follows from the first half of ;
second, by the inequality just shown we have

> 2|agy| — Hamxfn — Z ant;,
n#m

| — sup [on,|

for all m € N, giving “>” of . n

Proof of the Theorem. Let (6,) be a sequence in ]0, 1] converging to 0.
Suppose (z,,) is an [*-basis and write ¢ = ¢(x,,) for short.

Observation. Given 7 > 0 there is a subsequence (xy,) of (x,) such
that |¢ — cj(zn, )| < 7. By James’ [!-distortion theorem, as described above,
there are pairwise disjoint finite sets A; C {ng | £ € N} and a sequence
(An) of scalars such that holds with A, Z, z; as above; furthermore
|Zill = cs(zn, ), whence the existence of I’ such that |¢é — ||Zy] | < 7.

By induction over n € N we will construct finite sequences (yi(n)*)?:1
in X* a sequence (g,) in X, pairwise disjoint finite sets C;,, C N and a scalar

sequence (i) such that, with the notation y, = 9n/||9nll,

<7> Z ’Mk‘ = 17 gn = Z HETE, ‘E_ HgnH ’ < 5717

kEC, rec,
(8) |yz(n)*(yl)| >1-9; Vi<mn,

9w w) =0 Vi <i<n,

(10) ?J@(n)< p) =0 Vpe Oy, Vi<i<n,

HZ azyzn) H < max (1+(1=2"")8)|ci| VYm <mn, «; scalars.

For n = 1 we use the observation above with 7 = §; and choose [ such that
||z, || — €| < 1. Then we choose ygl)* such that Hyg)*H =1 and ygl)*(zll)
= ||z, ||. It remains to set C1 = Ay, p = A for k € Cy and 1 = Zj,.

For the induction step n +— n + 1 we recall that (P*) x~ is an isomet-
ric isomorphism from X* onto X, that X** = X' @, X} and that
(P*x*)x = (z%)x for all #* € X*. Let () be as in the observation above
with 7 = d,41 and let zg € X™ be a w*-accumulation point of the z;.
Then zs € X and ||z5]] = 1 (as explained in the preliminaries). Choose
t € ker P* C X™* such that ||t|| = 1 and t(zs) = ||2s||. Put

E =1lin({P*y™" | i <m < n}U{t}) C X,

F = lin({zs} U {ZL‘p ’p € U Cl}) C X
I<n

and choose n > 0 such that
L+m)(1+(1—27"8) <14+ (1—2-0 )5 and n< (1-2-0D)5,,
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for all ¢ < n. The principle of local reflexivity provides an operator R : £ —
X* such that

(12) (I =n)lle™ [ < [[Re™ || < (1 +n)[e™]],
for all e*** € E and f** € F.

We define y(nﬂ) = R(P*y, (n)* ) for i < n and yT(LTEl)* = Rt and obtain
(D1 W1thaz—01fm<z§n+1) by

[Seat | B 0o [(Serl) s v
=1

)

= (1+n) max(HZn: oziP*yZ(n)*
i=1

= (1+n) max(HEn:aiygn >
i=1

(1 ) max(max(1 + (1 = 27) &), [ 1]

INE

< — 9=+ 5V s
< max (14 (1-270) 5) o

Since zs is a w*-cluster point of (z;) we have

+1 +1
D )] > [ = Gasa

()

- 5n+1 =1- 6n+1

for infinitely many [; furthermore, an [,,41 can be chosen among those [ so
as to obtain ’ Hfln_HH — 5| < 5n+1- Set Cn+1 = Aln+17 gjn+1 = Eln+17 e = )\k
for k € Cpy1. Then n+1 holds and n+1 holds for i = n + 1. For i < n,
n+1 follows from

u" ) = (P i) =
Condition (10| n+1 holds for ¢ =n + 1 by

n * 13
y ) @) = (BE)(2) 2 t(a,) =0 Vpe VI <n+1
and it holds for « < n + 1 by

n %« (n n (1) .
u T @) = (P ) = 5™ () @ o vpe v <
Condition @n+1 follows from ({10 .n+1. This ends the induction.

Now we define y; = ﬁlimneu ygn)* for all i € N where U is a fixed

i 7
nontrivial ultrafilter on N and where the limit is understood in the w*-topo-
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logy of X*. Then by w*-lower semicontinuity of the norm and by ,
i
HZ i 1+6;

for all (o;) € [*°. In particular, |lyf|| < 1, hence |ly}|| — 1 by and (y)
satisfies for e, = 0.

Let (N,,) be a sequence of pairwise disjoint infinite subsets of N such that
(i) increases strictly where i,, = min N,,. By the proposition the sequence
defined by

=2

1ENp

< sup (1 + &)

= sup |ay|

generates [*° isometrically and we have
’ 1-96;,
146,

By construction of the y; there is, for each n € N, an index p, € Cj;, such
that

2 i)| 2 1 ()

@
(1 +03,) | (zp,)l 2 (1= 05 )|Fin |l = (L =65, )(€ = 03,,),

which will yield “>” of . In order to show “<” of suppose to the
contrary that zy (xp, ) > k+ ¢ for appropriate subsequences, all m and
k > 0. According to an extraction lemma of Simons [10] we may furthermore
suppose that > |2}, (2p,,,)| < £/2 for all m. Then given (a,) and 6y,
such that 0,,a,, = |a,| we obtain

0 [Sonn| 2 (S0 ) (S
> (k+8) ) lam| =Y > laml |z}, (2p,,,)]

m j#m

> (5/2+0) Y laml,

which yields the contradiction cj(xp, ) > ¢ and thus shows “<” and all
of , whereas follows from via y(zp) =0 forpe Cp, I <.

The last assertion of the theorem is immediate from the fact that non-
reflexive L-embedded spaces contain [! isomorphically [4, IV.2.3]. =

REMARKS. 1. It is not clear whether can be obtained also for [ >n.
What can be said by Simons’ extraction lemma (used in the proof) is that,
under the assumptions of the theorem and given ¢ > 0, it is possible (af-
ter passing to appropriate subsequences) to deduce in addition to that

-1 ~ .
>onet |[Tn(@p)| = 22, 4 |25 (2p,)]| < € for all I In case ¢y(zy) = 1 = lim ||z, |
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(which happens when the z,, span [! almost isometrically) this can be im-
proved to

(15) Yl ()l = (X lwn(@n)l) =l @p)l < g = | (@) 0.
n#l n

One might also construct straightforward perturbations of the x; in order

to get for [ # n but then it is not clear whether these perturbations can

be arranged to span ¢y isometrically, not just almost isometrically.

Since in general L-embedded spaces do not contain I isometrically (see
below, last remark) it is not in general possible, in case all x,, have the same
norm, to improve and so as to obtain z,(xp,) = é(zm) if [ = n and
=0ifl #n.

2. As already alluded to in the introduction, the construction of ¢q in this
paper bears much resemblance to the one of [7]. A different way to construct
co is contained in [9] but it seems unlikely that this construction can be
improved to yield an isometric co-copy.

3. It follows from (or rather from a reasoning similar to the one in
(14)) that c(xp,) > ¢(zy), which means that in L-embedded spaces the sup
in the definition of ¢; is attained by the James constant of an appropriate
subsequence. For general Banach spaces this is not known, although it can
be shown by a routine diagonal argument that each bounded sequence (zy,)
admits a cj-stable subsequence (z,,) (meaning that ¢;j(x,,) = cj(zp,))
whose James constant is arbitrarily near to ¢é(xy,).

4. Fach normalized sequence (x,) in an L-embedded Banach space that
spans [! almost isometrically contains a subsequence each of whose w*-
accumulation points in the bidual attains its norm on the dual unit ball.
To see this, let (z},) and (z,, ) be the sequences given by the theorem and by
Simons’ extraction lemma (see above), let x5 be a w*-accumulation point
of the z,, and let * = ) x7;; then ||z*|| = 1 and on the one hand ||z¢|| = 1 by

[8] and on the other hand zs(z*) = lim z*(z;,) lim z) (xp,) cJ(xn) =1.

It would be interesting to know whether this remark holds for the whole
sequence () instead of only a subsequence (xy,,). A kind of converse follows
from [0, Rem. 2| for separable X: If zs € X attains its norm on the dual
unit ball then it does so on the sum of a wuC-series.

5. Let us finally note that the presence of isometric co-copies in X* does
not necessarily entail the presence of isometric copies of I! in X even if X is
the dual of an M-embedded Banach space. This follows from [4], Cor. I11.2.12],
which states that there is an L-embedded Banach space which is the dual of
an M-embedded space (to wit, the dual of ¢y with an equivalent norm) which
is strictly convex and therefore does not contain I isometrically although it
contains, as do all non-reflexive L-embedded spaces, I! asymptotically ([§],
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see [3] for the definition of asymptotic copies @ and the difference from
almost isometric ones).
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(*) In the literature there is another notion of “asymptotic I?” which is quite different

from the one of this note.
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