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Summary. We present a new proof of Janson’s strong hypercontractivity inequality for
the Ornstein—Uhlenbeck semigroup in holomorphic algebras associated with CAR (ca-
nonical anticommutation relations) algebras. In the one generator case we calculate op-
timal bounds for ¢ such that U, is a contraction as a map L2(H) — L,(H) for arbitrary
p > 2. We also prove a logarithmic Sobolev inequality.

1. Introduction. We say that a semigroup U; is hypercontractive if for
some t > 0 it is bounded as a map U; : L, — L, for some co > p > r > 1.
In 1973 Nelson [N] proved his famous result:

THEOREM 1. Let Ay be the Dirichlet form operator for the Gauss mea-
sure dy(z) = (2r) "2 1?24y on R". For 1 < r < p < o and f €
LP(Rna’Y)f
p—1
r—1

_ 1
e fllp <Nl fort > t(r,p) = SIn

Fort < t(r,p), et is not bounded from L, to L,.

Gross used this inequality to show that the boson energy operator in a
model of 2-dimensional Euclidean quantum field theory has a unique ground
state. There are several generalizations of that result. The complete version of
the hypercontractivity result in its sharp form (optimal time to contraction)
for fermions (canonical anticommutation relations) is due to Carlen and Lieb
[CL]. Biane |Bia] generalized their result to the case of Bozejko and Speicher’s
g-commutation relations (see [BKSp|) and then in [K2] it was extended to a
large class of algebras connected with so called general commutation relations
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(see [JSW]). In the non-commutative setting estimates for p = oo have also
been obtained (see [Ba]). There is also another sort of extension of Nelson’s
result. We say that U; is complex hypercontractive if for any holomorphic
function f such that f € L,(R?", ) and for any p > r > 0 there exists
t(r,p) such that |U(f)|lp < ||f]l» for t > ¢(r,p). In 1983 Janson proved that
contractivity in the complex case is attained in a shorter time than in the
real case.

THEOREM 2. Let 0 < r < p < oo and let f € L,(R*",~) N Hol(C"),
where R*™ ~ C" and Hol(C") denotes the set of holomorphic functions.
Then for Uy being a linear extension of Uy(H,) = e " H,,, where H, is the
nth Hermite polynomial,

L. p
[0y ISl fort>trp) = L.
Fort < t(r,p), Uy is not bounded from L, to L.

In 2005 Kemp [Ke| proved an analog of Janson’s complex hypercontrac-
tivity inequality for g-Gaussian algebras. Precisely, he showed that an analog
of the above inequality holds with the same constant for p being any even
natural number and r = 2, i.e. t(2,2k) = %ln k. We propose another proof of
his result. We show that the problem of complex hypercontractivity reduces
to the one generator case and we calculate explicitly the L, norms of ele-
ments of interest in the case of p even using combinatorial methods and for
arbitrary p > 1 using a modified matrix model. We also prove a logarithmic
Sobolev inequality.

The paper is organized as follows. In Section 2 we recall the classical rep-
resentation of the CAR algebra, a construction of an analog of the algebra of
holomorphic functions and describe its basic properties. Section 3 contains
the first part of the main results. We prove an inequality which reduces the
problem to the one generator case and deduce a formula for Loy norms. In
Section 4 we present an alternative matrix model for our algebra, prove the
hypercontractive inequality for the one generator case, but without the pre-
vious restriction on p, i.e. for all p > 2. As a corollary we get the logarithmic
Sobolev inequality.

2. The Clifford algebra. We begin by recalling some well known facts
about fermions. The fundamental elements satisfy the canonical anticommu-
tation relations (CAR)

Tpwj + xjr) = 20; for j,k € I, a finite index set.

They can be concretely represented as operators on some Hilbert space. We
define the matrices
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1 0 1 0 0 1
Id:(@ 1)’ U:<0 1)’ QZ(l o)'

Let H denote the n-fold tensor product of C? with itself (n = |I|):
H=C®...0C?
—_————

n times

and on H define
2 =U® - eUeQelde- - ®Id,
where ) occurs in the jth place. The operators just defined are easily seen
to satisfy the canonical anticommutation relations.
In the non-commutative fermionic holomorphic setting we begin the con-
struction of our algebra HOL(Z) by doubling the number of generators:
TpTj + TjTp = 25@',
TpT—j+T_jT_f = 2(5@',
T_jT; + TiT—j = 0,
where k= 1,...,|I|. We take

0
2 ;=U® - U®PRId®---0ld forP:<_ 0’),

where P occurs in the jth place.

Denote by z; the operator given by

2k = %(l‘k + ix_k).

Define the holomorphic algebra HOL(I) as the algebra over C generated by
{#1,---, 21}, i-e. all polynomials in variables z;, i € I (the adjoints are not
included).

Since HOL(7) is a subalgebra of 2" x 2" matrices (n being the number of
elements in 1), we have on it the standard normalized trace tr. The following

lemma contains some properties of the operators z and z*. All the statements
can be verified by easy calculations (see also [Kel).
LEMMA 1. The following properties hold:
ZZZ]‘ + ijz = 5kj7
Zzj + zjzr = 0,
(z;zj)t = (2j2j) fort>0,
zizju=wuz;zj  for u € HOL(I \ {j}),

* . DU
zjzj—l 5 25,

w N

i

N N N N SN /S A/
D W~
~— — — — " Y ~—

* .. ko k%
zjzjzj =z and  z;zjz; = zj,

tr(z}zju) = tr(zjz;) tr(u) = g tr(u)  for w € HOL(I \ {j}).
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Non-commutative analogs of L, norms can be introduced, namely for
1 < p < oo we put
1Al = (b (JAP)YP = (br((ATAP/)) 2.
We will need an estimate of the L, norm of an arbitrary element a €
HOL(I). In the next section we will show that the problem of hypercon-
tractivity can be reduced to the one generator case. The proof will go by

induction on the number of generators. We end this section with a remark
which is the first tool for that reduction.

REMARK 1. Let a € HOL(Z). Then a can be uniquely decomposed as
a="b+zc
for any j € I and b,c € HOL(I'\ {j}).

For more information about CAR algebras see [BR].

3. Complex hypercontractivity. All the statements of this section
remain true also for the so called mixed spin holomorphic algebra HOL(Z, o).
Let 0: I x I — {—1,1} be symmetric, i.e. o(k,j) = o(j,k), and constantly
—1 on the diagonal, i.e. o(k, k) = —1. Then HOL(I, 0) is the algebra over C
generated by {z1,..., 21}, where 2 = %(a:k +iz_j) and

rrxj — 0 (j, k) xjwp = 2015,
T_pX—j — U(j, k‘) LT = 251@]’7
T —jTf — U(j, k) TpT—j = 0.

LEMMA 2. Let b,c € HOL(I \ {j}), where j € I. Then

16+ zjcllzp < [[1bll2p + 25z,

Proof. Without loss of generality we can assume that j = 1. Denote
z1 = z. We have to prove that

tr([(6" + ¢27) (0 + 20)]) < tr([([[bll2p + llell2p 27) [Ibll2p + llcll2p 2)]7)-

Assign to each sequence from {0,1}?" a term from the left hand side and the
corresponding term from the right hand side in the following way:

(an) = trla(ar) - - a(agy)];

where a(aggt1) = b if agky1 = 0, a(aggr1) = ¢*2* if aggr1 = 1, a(agk) = b
if agr, = 0 and a(agy) = zc if ag, = 1.
Analogously,

(an) = tr[B(a1) - - - Blazy)],

where ((ax) = ||b]|2p if ar, = 0, B(agk+1) = ||c||2pz™* if agr+1 = 1 and B(agk) =
z||c||2p if agy = 1.
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The corresponding terms are either zero or the term on the left hand side
is less than or equal to the term on the right hand side. Assume that there
exists a pair of indices s < j, both even, such that as; = 1, a; = 1 and for all
s<k<j,ar=0 (for ] <sorl>j, a can be arbitrary). Then

trla(ar) - - - aagp)] = trlafar) - - - aas—1)zeb™b- - - b zca(aji1) - - - a(azy)].
From Lemma 1 we have
zzj = (—1)|i|zl-z, J=J1- gk Js 71, for s =1,... K,

where z; = z;, -~ 25, Also

22 = (V)22 =ik s A1 fors =1,k

Set

m m

Z )*yjz  ford = Z Z Vi%-

k=1 |j|= k=1|j|=k
Then since 22 = 0 we get

2eb* b b 2 = 22¢b* - b* = 0.
Therefore
trio(ar) - - - afagy)] = 0.

The same method shows that the corresponding term on the right hand side
of the inequality is also zero. In a similar way we find that if there exists

a pair of indices s < j, both odd, such that a; = 1, a; = 1 and for all
s<k<j,ar =0, then

trfafar) - - alazy)] = tr[B(a) - Blazy)] = 0.
Also if the number of indices s for which as = 1 is odd then
alar)---alay) =zd or «far)---alagy) = 27d
for some d which contains neither z; nor zj and
Blar)---Blagy) = z1w or [lar)---Blay)=2jw, weR.
Therefore in this case
trfafar) -~ alazy)] = tr[A(ay) - Blazy)] = 0.

Take now sequences such that if a;, =1, a; =1 and ap =0 for s <k < j
then s+ j is odd and the number of indices s for which a5 = 1 is even. Then

2k

where d; € {b,c, b, c*,b,¢, 5*,5*} By Holder’s inequality
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[tr((22)Fdy -+ dop)| = §tr(dy - - dp)]
< %Hd1”2p -+ ||dapll2p = tr(B(a1) - - - Blazp)).

The last equality holds because the Lo, norms of any element d and d in our
algebra are the same. Now to end the proof it is enough to apply the triangle
inequality.

Now we calculate the norm ||1 +ﬁz||§£ as a function of (. Since it depends
only on |(|, we can assume without any loss of generality that 3 > 0.

LEMMA 3. Take 3 > 0 and arbitrary j. Let z = z; have the properties
listed in Lemma 1. Then for any p € N we have

p
1 +k + k-1
||1+ﬁz||§£=2 §ﬁ2kb(p,k‘)+1, where b(p,k:)=<p2k )—|—<p ok >
k=1

Proof. We have
11+ Bzllzy = tr (1 +52") - (1 + 52))

2p terms
= S (1= ) - (1= + 282)).
ve{0,1}2p
Since z;(27z;)" = 2;, z;(zjz;)k =z} and tr(z;) = tr(z;) =0 we can ej’xclude
all sequences such that the number of elements in {j : 7; = 1} is odd.

Therefore

P
482013 =>" > w((L=m+mnB2") - (1= y2p +7202)).
k=0 16{0,1}217
#{j:v=1}=2k

Further, since z]2 = 0, if there exists a pair of indices j < k which are either
both odd or both even, v; = v, = 1 but 7, = 0 for all j < s < k then
tr((1—~y1 +7082%) - (1 —y2p +72pB%2)) = 0. Denote the set of such v by J.
Now

p
L+ 820 = " > (A =m 7Bz (1= 2+ 12p82))
k=0 ~ye{0,1}?P\J
#d v =11=2k

p
14y > (I =y +mBz") - (1= yap + 72p82))
k=1 ~ye{0,1}2P\J
#1d7y=1)=2%

p

L o

DD DI L
k=1 ~e{0,1}?P\J
#7 i =1}1=2k
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We are left with calculating the number of v € {0,1}% such that #{j :
v =1} = 2k and v ¢ J for fixed £ > 1. Take a sequence ji, ..., jor such

that (j1) = --- = 7(jor) = 1. Notice that j; — js_1 must be odd. Then

2p > jor = (Jor — Jok—1) + (Jor—1 — Joak—2) - - - + (J2 — j1) + J1-
We have two cases: j; can be either odd or even.

If j; is odd, then the number of such sequences is equal to the number
of sequences of 2k odd natural numbers with sum less than or equal to 2p.
This is equal to the number of sequences of 2k nonnegative even integers
with sum less than or equal to 2p — 2k. This is the same as the number of
sequences of 2k nonnegative numbers with sum less than or equal to p — k,
and finally it is the same as the number of sequences of 2k positive numbers
with sum less than or equal to p + k. All these numbers are equal to (p;;k).

Analogously, if j; —1 is odd, we are interested in the number of sequences
of 2k numbers with sum less than or equal to 2p — 1. But because we sum up
2k numbers, the sum has to be even, so instead of 2p — 1 we can write 2p — 2.

Therefore our number is equal to (p +2k];1). For p = k we set (2’;;1) =0.

LEMMA 4. Let 8 € C. Take z as in the previous lemma. Then for any
natural number p,

11+ tBz[l2p < [[1 4 Bz[l2
if and only if |t|> < 1/p. Additionally, for 3 # 0 and p = |t| = 1 the above

wnequality becomes an equality.

Proof. First notice that ||1 + t18z|l2p < ||1 + t28z2]|2p for [ti| < [t2].
Therefore it is enough to show that

o, < (e aot)
14— < (14 5107)
\/]3 2p 2
or equivalently
2p 1 2 P
(%) 1L+ Bzlly, < {1+ 5pI617 ) -

Both sides of () are polynomials in |3|. By comparing the corresponding
coefficients for k > 2 we get

() ()
LD\ [+ D) p+E=Dp+F) | (1) p+Ek-1)(p—k)
2(k>( k+1)- k=102 h+D).--(2k—1)2k )

(0 (1) () (o) ()
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pts
k+s

Since < L for s <k <p, we have

1 k k—1 k k

L(p+kY (p+ < (P\2 o (P\P2

2 2k 2k k) 2k! k) 2k
For k = 1 we have b(p, 1) = p%. That means that the coefficient of |3|? on
the left hand side coincides with the corresponding coefficient on the right

hand side of (x). This ends the “if” part of the first statement. The “only if”
part is covered by Theorem 3 below in a more general setting.

Now we are ready to formulate our theorem (see also [Ke]).
THEOREM 3. For any fized index set I and any X € HOL(I) and Uy

defined as a linear extension of Uy(zj, -+~ z;,) = e Mzj -z, for j1 <

-+ < Jpn, we have
1U«(X)l2p < || Xl2 f and only if e <1/p.

This means that the Janson time cannot be improved in the non-com-
mutative setting.

Proof. The sufficiency follows by induction on the number of generators.
Fix j € I. Assume that X ¢ HOL(I \ {j}) (i.e. it contains z;). From Re-
mark 1, X = b+ z;c for some b,c € HOL(I\ {j}) and Uy X = Upb+e~'z;Usc.
From Lemma 2,

10X |2 < [[[UDllap + € 25| Usellap |,
Further using Lemma 4, for e 2! < 1/p we get
Uebllap + e 2l|Usclapllop < [[|Tsbll2p + 24| Usellzp |l

1 1/2
— (1wl + Slicl,)

By inductive assumption ||U;bll2, < ||b]|2 and ||Usc||2p < ||c|l2 and so

1 1/2

10X < (103+ el)
Since tr(b*z;c) = tr(z;cb*) = 0 we have

1
o+ zjel3 = lzgel3 + 1513 = sl3el + 1603 = & el + 13
Finally
1 1/2
2 2
10Xl < (1013+ lel) = I+ s5cke = 1K

For the necessity, let z(e) = 1 4 €z, where z = z; for some j € I. Then

2
p
(8) (@3 =1+ 2-¢ + ofe?)
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and

p
(82) ol = (14 3¢ ) = 14 3 + ol

Hence for Hx(e*te)Hgg < ||z()]|3 we must have

2
1
1+ %6_2t62 +o(?) <1+ §p62 + o(€?),
and so as € — 0, it follows that e=2* < 1/p.

REMARK 2. The equalities (A) and (AA) are also true without the
assumption that p is natural. The above necessary condition can be extended
to arbitrary p > ¢ > 1, i.e. if [|z(ete)|l2p < ||z(€)|l2g then e < ¢/p.

4. Matrix model. In this section we present another approach to cal-
culating L, norms of elements of the form 14 az. Since in the one generator
case, z and z* are 2 X 2 matrices, we can calculate the eigenvalues of the
selfadjoint, positive operator |1 + az|? = (1 +@z*)(1 + az). Indeed,

<0 1) N <O 0)
z= , 2= .
0 0 10

The L, norm is calculated using the normalized trace on 2 x 2 matrices.

Then
1
\1—}-(122:( “ 2).
a 1+]qf

The characteristic polynomial of that matrix is W(\) = A2 — (2 + |a|?)A + 1,
so there are two eigenvalues A1 and Ay such that Ay +Xy = 2+ ]04]2, AMAg =1
and A, Ao > 0.

We need the following inequality:

NN, of?\?
—= < (1 — ] .
s ()

Translating the above to the language of hyperbolic functions by setting
(A + X2)/2 = coshy we get

coshpy < (pcoshy+1—p)P forally >0,p>1.
LEMMA 5. For all \,p > 1,

p 1/\)P 1 p
- LA (A0 ) Y
2 2
Proof. We will prove that
(A +1)2°71 < (p(A = 1)* + 227,
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which is equivalent to (xx). Both sides of the above inequality are equal for
A =1 and arbitrary p > 1. Define

FO) = (p(A = 1) +20)P — (A - 1)2° 1,
Then f(1) =0 and

F'O) = (A = 1)7 +20)P7H(2p(A = 1) +2) — 2PpA*
= 2p[<p()\ — 1)2 + QA)pil(p(A — 1) + 1) _ 2p*1)\2p71]

o33 (D)) ]

Notice that f/(1) = 0. Set z =1 — 1/\. Then

f/<1i90> = 2Pp(1 — z) 2P+ [(ng +1- 96>p_1(p90 —z+1)— 1]-

Let g(z) = (%:t:2 +1—2)P Y (pr —2+1). We see that g(0) =1. Forp>1, g
is increasing in [0, 1]:

2
+(p—1)<§x2+l—x>

p—2
:(p—l)(é)xz—i—l—m) (pQ—g) 2>0 forp>1andzxc|0,1]

p—2
g'(x)-(p—1><px2+1—w) (pr— o+ D)(pz—1)

p—1

Thus g(z) > 1 for p > 1 and x € [0, 1]. This implies that f/(A) > 0 for A > 1
and p > 1. We therefore conclude that f(\) > 0 for A > 1, which gives the
desired result.

COROLLARY 1. Fory=1+az andp > 2,
10y <yl if and only if e < 2/p.

As a corollary to the optimal complex hypercontractivity inequality we
obtain the optimal complex logarithmic Sobolev inequality.

COROLLARY 2. Fory =1+ az and N(1+ az) = az,

1
tr((yl* I fyl) = [yl3n yll2 < 5Ny v).

Proof. From Corollary 1, [e="Vy[3 > |ly|} for e* = p/2 and p > 2,
i.e. t < 0. Both sides are continuously differentiable and we will obtain the
result by comparing the derivatives at t = 0. Denote f(t) = |[e""Vy||2 and
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9(t) = |lyll3,—2:- Then f'(0) < ¢'(0). We calculate

d, _ d B _ _
7ty = —le Ny|l3 = (e 2Ny y) = —2(Ne Ny, y).

For p = 2e™2,

d 2|ly|l _ _
g'(t) = @Hyllge—zt = Tpl\yllé P(er(JyPIn fyl) — llyll5 I flyll,) (—4e™ ).
We take t = 0 and obtain
g'(0) = —4tr(jyl’Inly]) — [yl3nyll2) and f(0) = —2(Ny;y),

which gives the required inequality.
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