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Summary. We investigate best constants for inequalities between the Orlicz norm and
Luxemburg norm in Orlicz spaces.

1. Introduction. Let G = R or R", and @ : [0,00) — [0,00) be an
arbitrary Orlicz function (i.e., @ is convex and vanishes only at zero). It is
well-known that in Orlicz spaces La(G), the Orlicz norm || - || ¢ and the
Luxemburg norm || - ||(#,), to be defined below, are equivalent and satisfy

Ifll@c) < fllec <2(fll@c foralfe Ls(G).

In this paper we investigate the best constants in these inequalities. Note
that Lebesgue spaces and their extensions, Orlicz spaces, play an important
role in analysis and have many applications (see [1-§]).
Denote by
®(t) = sup{ts — D(s)}
s>0

the Young function conjugate to @, and Lg(G) be the Orlicz function space
over the Lebesgue measure space (G, X, m), i.e., the space of all measurable
functions u such that

|(u,v)| = H u(z)v(x)dr| < oo Vou:p(v,P) < oo,
G
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where

p(v, @) = | &(|jv(x)|) da.
G

Then Lg(G) is a Banach space with respect to the Orlicz norm

lullg,c = sup ‘ S u(x)v(x) dx|,
p(v’QS)Sl G

as well as the Luzemburg norm
£l = inf{)\ >0: | &(|f(2)|/N) dz < 1}
G
Recall that || - |, = || - 1, where &(t) = ¥ with 1 < p < oo,
and that an Orlicz function @ : [0,00) — [0,00) is called an N-function if
lim¢ o @(¢)/t =0 and limy—.o @(t)/t =
We need the following results:

THEOREM A ([7]). Let & be an N-function. Then
1
I lo.G = inf - (1+ Jotif@) dz).

YOUNG’S INEQUALITY. Let @ be an N-function. Then
xy < O(x) +(y)  Va,y >0,

and equality holds iff y € [(x),n(x)], where v, n are the left and right der-
watives of P.

2. Main results. Suppose that C; is the largest number and Cy the
smallest number such that

Cill fll¢ Ifll@c forall fe Le(G).
Let @ be an N-function. It is well known that the Orlicz norm has the Fatou
property, that is, if 0 < f,, < f € La(G) then || fnlle.c — ||f|le,¢ whenever
fn — f a.e. Hence,

(1) Cr = inf{[|fllec: fe A}, Cp=

where A is the set of all simple functions f € Lg(G) satistying || f||(s,q) = 1.
So, 1 <(C; <Cy <2. Fort >0 we define
&(tr)

D(t) = .
() = Inf 5
Clearly, the functions D(t), H(t) are increasing, D(t) < H(t) < t for any
0<t<1landt < D(t) < H(t) for any ¢t > 1. In this paper, we denote by
f~! the inverse function of f.
We have the following theorem.

(2) H(t) = sup
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THEOREM 1. Let @ be an N-function. Then
e le gy 1+ D(E)
) G OO

Proof. Since @ is an N-function, ®(z) is strictly increasing and &~!(x)
is well defined. From we have

(4) D(t) = inf (12 (z)

>0 T
Then it follows from Young’s inequality that

Ya+ D@y = 1(1 + inf @(t@;(m))) _ i L 2@ (@) + 2t ()

x>0 x>0t x
O~ (z)tp? 1 _
> inf ¢ (@)te (z) = inf —® 1 (2)®7(z).
>0 tx >0 1
Therefore,
1 _

£+ D) > inf 207 (2)6 ().

(5) inf -(1+ D(t)) 2 inf — Ha)d~ ! (x)

For each = > 0, we choose t > 0 satisfying t&~ L(z) = p(@~1(x)), where ¢ is
the left derivative of @. Then, from and Young’s equality, we obtain

O(td1(x)) _ P(td~1(x)) + ¢(d1(x)) _ t@’l(x)dg’l(ac)'

1+ D) <1+
X X X
Hence,
(6) inf 1(1 + DY) < inf ~&(2)5 ().
t>0 T >0x

From and @, we have

(7) inf ~(1+ D(1)) = inf -6~ (2)8 ().

It is known that if f € Lg(G) is a simple function and || f||(s,q) = 1 then

Vo(lf(2)) dz = 1.

G
Therefore, it follows from Theorem A that

| flle.c = inf{i(l + | Bt £ ()]) daf) > 0}
G

' 1 . .1+ D(t)
> — : f— - 7
1nf{t(l—i—D(t)é@(\f(x)\)dx) t>0} 7%r>1£ P
which together with (1)) implies

(8) Cy > inf LD(t)
>0 t
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For each ¢t > 0, we define h(z) = x(0,11)(2). Clearly, ||h](o.q) = 1/9~*(t)
and it follows from Young’s equality and Theorem A that

Il = jut 1 (14 320 < s (14 12606 0)

1 t 4+ D(p(B (1)) 1 D(D7L(t)) + P(p(P1(t))) _ 14—5—1(75)'
t

P(D-1(t)) ¢ p(D-1(1)) ¢
Hence,
o) < %93_1(75)@_1@) Vi > 0
which implies
(9) Cy < inf qs Ltyd1(t).

t>0

Combining (/7] @ we obtain The proof is complete. =
THEOREM 2. Let @ be an N-function. Then

(10) Cy < inf LEHWD
t>0 t
and
(11) sup L& (1B (¢) < Cs.
t>0

Proof. Let f € Ly(G) be a simple function satistying || f||(¢,) = 1. Then
Vo(If(x))) de = 1.

G
Therefore, it follows from Theorem A that

1flle.c < %(1 + é@(t!f(a:)])dx)

1 1+ H(t
< E(l + H(t) S @(|f(x)\)dw) = +t() vt > 0.
G
So, by we obtain
Cy < inf LHHD).
t>0 t

For each t > 0, we put h(z) = X(0,1/¢)(z). Then, clearly,

1 ! 1 ~
Itllec) = o1y 2nd lihllec = éﬁ%k<1 n t@(k)) =57,

Hence,

h 1
o,z Msa 1

o) (t) vt >0,
17 ]l@,q)



Best Constants for the Inequalities between Equivalent Norms 169

which gives
1 _
Cy > sup -~ L)@~ (t).
>0
The proof is complete. m

Recall that an Orlicz function @ satisfies the Ag-condition (we write
@ € Ay) if there exists C' > 0 such that ¢(2t) < CP(t) for all ¢t > 0, and @
satisfies the Va-condition (we write @ € Va) if there exists a number [ > 1
such that @(z) < 5,®(lz) for all z > 0.

THEOREM B ([7]). Let @ be an N-function. Then the following conditions
are equivalent:

(i) P € Vs
(ii) There exists > 1 such that zi(x) > PP(x) for all x > 0, where
Y(x) is the left derivative of P.
(iii) There exist I > 1 and §; > 0 such that ¢(lx) > (I + 0;)®(x) for all
x> 0.

Now we find conditions so that C; =1 or Cy = 2:

THEOREM 3. Let @ be an N-function. Then C1 > 1 if and only if @ €
Ay NVs.

Proof. Necessity. Assume C7 > 1. We have to prove that & € As N Va.
Indeed, assume the contrary, that is, @ ¢ Ao NVa. Then @ ¢ Ag or & ¢ V.
From Theorem 1, we have

1+ D(t
C1 = inf ;()
t>0 t
If & ¢ Aj, there exists a sequence {x,} of positive numbers such that
&(xy) > nd(x,/2) for all n € N. Fix ¢t € (0,1) and choose ng € N such that
1/2 > t™. Then for all n > ng we have ®(x,) > n®(z,/2) > nd(t™0x,).
Then it follows from &(t"0x,) > (D(t))"®(z,) that 1 > n(D(t))"™ for all
n > ng, and so D(t) =0 for all ¢ € (0,1). Hence,
1+ D(t
o < it 2P0y
te(0,1) t te(0,1)
Therefore, it follows from Cy > 1 that C; = 1.
If & ¢ Vy, it follows from Theorem B that for any ¢ > 1 and § > 0 there
exists > 0 such that

1
- =1
t

D(tx) < (t+6)P(x).

Therefore,

D(t) = inf 2U2)

< .
>0 @(1’) st+9
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Letting 6 — 0, we obtain D(t) =t for all ¢ > 1. So we have

C1 <inf LD(t) fﬂ 1.
t>1 t t>l t
From this inequality and since C; > 1, we get C; = 1, which contradicts
C1 > 1. So, @ € Ay N V4 has been proved.
Sufficiency. Assume @ € AsNVa; we have to show Cy > 1. Indeed, since

& € Ag, D(1/2) > 0. Since @ € V3, there exists § > 1 such that
1) (x)
b(x)
where 1) is the left derivative of @ (see (ii) in Theorem B). Therefore, for all
t > 1 we have

>3 Vx>0,

@(tﬂ?) tx y tx
In = GBlnt Vx> 0.
() S D(y) S

x

This implies D(t) > t°. Hence,

8
inf LD(t) fi > 1.
t>1 t t>1 t
Then it follows from
. 1+ D(t) .
f —=>> f (14+D(t))>14+D(1/2 1
1>¥§1/2 t B 1>?§1/2( +D(t) 21+ D(1/2) >
and
e LHPO o
1/2>t>0 t
that
1+ D(t
Cl = inf ;() > 1.
t>0 t

The proof is complete. m

THEOREM 4. Let @ be an N-function and suppose its left derivative i is
continuous. Then Cy = 2 if and only if

zip(x) w1 ()
o) =25 o0

To prove Theorem 4, we need the following result:

(12)

LEMMA 5. Let @ be an N-function with continuous left derivative ¥, and
o(tz) () ()
H(t) :=su a:=su ,  b:=inf .
() = sup Gy ot O() 250 &(x)
Then H has the left derivative and the right deriative at 1 and H', (1) = a,
H' (1) =b.
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Proof. For t > 1 and x > 0 we have

@ :1: tx a
In S y S —dy =alnt.
Thus H(t) < t* and from H(l) we have
H(t)-—H(1 @ -1
(13) limsupM < lim =a.
P T T =1

For each ¢ € (0, a), there exist g > 0 and § > 0 such that
z(z)
P(z)

It is obvious that for any ¢ € (1,1 + §/x0), we have (zg, txg) C (zo,zo + 9),
and the last inequality gives

In (txo) = t9§0 M
P(x0)

>c Yz € (vg,x0+9).

txo
c
dy> \ —dy=clnt.
P(y) ) y

xQ o

This implies

Hence H(1) = 1 yields
— C —
liminfM > lim u =c.
ts1+ t—1 t—1+ t—1

Letting ¢ — a and using 7 we see that H has the right derivative at 1
and H' (1) = a. Next, we will prove that H’ (1) = b. Indeed, for ¢t < 1 we
have

2 _{ ()

b
dy > | ;dy:—blnt:—lntb Yz > 0,

n
P(tx) ) D(y) o
which gives H(t) < t°. Therefore,
1— H(t 1—¢
(14) lim inf 1= H) > lim =b.
t—1- —1 t—1- 1 —1

On the other hand, for each d > b, there exists zg > 0 satisfying
2oy (7o)
P(x0)
So, there exists > 0 such that

) (x)
b(x)

<d.

<d Vxe€ (xg—9,x0)-
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Since for 1 — §/z9 < t < 1 we have (txo,zo) C (xo — 9, zp), it follows that

o Zo

P(xo) Y(y) d d
In =\ —=dy< \ —dy=—Int"
P(tzo) t§0 P(y) t§0
Consequently,
H(t) > >t* Vte(1-9 1).
(>_¢(LIJ‘0) = E( /.%'0, )
Therefore,
1—H(t 1—td
lim sup 7() < lim =d.
P —t Tt 1t
Letting d — b, we get
1—H(t
(15) lim sup 1= H) <b.
t—1— 1t

Combining and shows that H has the left derivative at 1, and
H' (1) = b. The proof is complete. =

Now we will prove Theorem 4:

Proof of Theorem /4. Necessity. Assume Co = 2; we have to prove .
Indeed, put g(t) = (1 + H(t))/t. Then g(1) = 2 and using Theorem 2, we
get Co < inf{g(¢) : ¢ > 0}. So, ¢g(1) = min{g(¢) : ¢ > 0}. Since H has the left
derivative and the right derivative at 1, so does g. Moreover, it follows from
g(t) > g(1) for all t > 0 that ¢/, (1) > 0> ¢’ (1). Thus

H! (1) >2> H (1).

From this, by using Lemma 5, we obtain ([12)).

Sufficiency. Assuming that is true, we have to show that Cy = 2.
Indeed, for all € € (0,1), by and the continuity of ¥ and @, there exists
xg > 0 such that

2oy (o)
P(x0)

€(2—¢€2+¢).

We define
f(@) = zox0n(®),  9(@) = Y(@0)X (04 (2),
where ¢ is chosen such that t®(xg) = 1 — €. Hence,

[ @(f(@))de =1~

G
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and
t
|| £(@)9(@) do| = §aov(a0) da
G 0
_ o (xo)
= g (2@ € (1-92 =6 (1-a2+0).
Thus
2-3e< ‘ S f(z)g(z) dx’ = §x0w(mo) dx = Zov (o) (tP(x0)) <2 —e.
G 0 b (x0) B
Using Young’s equality, we get
| 2(1f@)l)dz + [ B(lg(@)]) do = | | F(@)g(a) da],
G G €]

which together with {, &(|f(x )]) x = 1 — € implies that

|)dz < 1.

Qt,

So, we obtain

lolac <1 Ifl@e <1 and | f@)g(@)de| =2~ 3e
G

Hence,

Coz 1 % 2 flloc > ] x)dx‘ >93¢

f H(
Letting € — 0, we get Cg > 2 and so Cg = 2. The proof is complete. =

REMARK 1. Theorems 14 still hold if G is an arbitrary measurable set
in R" satisfying m(G) = oo, where m is the Lebesgue measure.

Indeed, let g be an arbitrary measurable function on G. Denote by g*
the non-increasing rearrangement of g:

g (x) = mf{A > 0: () < ),
with z > 0, where p, denotes the distribution function of g defined by

py(t) = p({ € G2 Jg()| > 1)) for ¢ > 0. Then §; |g(x)| dr = Iy g () d.
SO, if f S LQS(G) then f* c LQS(R-F) and HfHSP,G — Hf*||@,R+7 Hf”(di,G) _
|.£*]| (@ r+)- Therefore,

(16) Cr >0, C2 <0y,

where C1, C5 are the best constants for the inequalities between the Orlicz
norm and Luxemburg norm in Lg(R™1). Moreover, for each ¢ > 0, by ,
there exists a simple function f = Zle zixa, € Le(RT) with A, NA; =0
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(i # j) satisfying

[ fllor+ < (C1+ &)l fll(or+)-
Fori=1,...,k we choose B; C G satisfying m(B;) = m(A4;) and B,NB; = ()
(1 # 7), and put g = Zle zixB;- Then g € Lg(G), ¢* = f* and

lglle.c = llg*lle.c = 1]

or+ = || fller+
and
l9ll@.c) = 9" l@.c) = /" l[@r+) = I/ ll(@r+)-
Therefore,
lglle.c < (C1 + &)llgll@.e)

which gives C; < Cf + €. Letting € — 0 and using (6], we get C; = C.
Similarly, Co = CY. The proof is complete.
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