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Summary. We show that if T is an un
ountable Polish spa
e, X is a metrizable spa
eand f : T → X is a weakly Baire measurable fun
tion, then we 
an �nd a meagre set
M ⊆ T su
h that f [T \ M ] is a separable spa
e. We also give an example showing that�metrizable� 
annot be repla
ed by �normal�.1. Introdu
tion. It is known that for a partition A of the real line
onsisting of sets of Lebesgue measure zero, the union of some of these setsis Lebesgue nonmeasurable. An analogous result is known for sets of the�rst 
ategory (Lebesgue measurability is then repla
ed by having the Baireproperty). A
tually, this result remains true if in the above statement, thereal line is repla
ed by any Polish spa
e, the σ-ideals of sets of Lebesguemeasure zero or of sets of the �rst 
ategory are repla
ed by any σ-ideal Iwith a Borel base, and instead of assuming that the family A of sets of anideal is a partition of the spa
e, we assume that A is point-�nite and itsunion is not in I. The 
on
lusion says now that there exists a subfamily
A′ of A whose union is not in the σ-algebra generated by the σ-algebra ofBorel sets and I (see [1℄). This result is 
alled the Four Poles Theorem inthe literature.It is known that within ZFC one 
annot repla
e the assumption that Ais point-�nite by A being point-
ountable (see [5, p. 64℄).In various 
ases it is possible to obtain more than nonmeasurability of theunion of a subfamily of A. Namely, the interse
tion of this union with anymeasurable set that is not in I is nonmeasurable (re
all that measurability isunderstood here in the sense of belonging to the σ-algebra generated by thefamily of Borel sets and I). Su
h a strong 
on
lusion 
an be obtained for the2000 Mathemati
s Subje
t Classi�
ation: 03E35, 03E75.Key words and phrases: Baire property, meagre set, measurable fun
tion.[421℄
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ideal of �rst Baire 
ategory sets under the assumption that A is a partition,but without assuming anything about the regularity of the elements of A(see [3℄).The Four Poles Theorem has a variety of appli
ations. Many of them 
anbe found in [2℄. Re
all that a fun
tion f : R → X is 
alled Baire measurableif for every open set U ⊆ X the set f−1[U ] has the Baire property. In asimilar way we 
an de�ne B[I]-measurable fun
tions (for I as in the FourPoles Theorem). One of the results from [2℄ says that if X is a metrizablespa
e and f : R → X is a B[I]-measurable fun
tion, then we 
an �nd a set
A ∈ I su
h that f [R \ A] is separable.In this paper we show a similar result for a wider 
lass of fun
tions. Theproof uses the result from [3℄. We also show that in our result the assumptionthat X is metrizable 
annot be repla
ed by X being normal.2. De�nitions and notations. The 
ardinality of a set A is denotedby |A|. Cardinal numbers will usually be denoted by κ and λ. The family ofall subsets of 
ardinality not greater than κ of a set A is denoted by [A]≤κ.The set of real numbers is denoted by R. An ideal I of subsets of a set X is afamily of subsets of X whi
h is 
losed under �nite unions and taking subsetsand su
h that [X]<ω ⊆ I. A family of sets is a σ-ideal if it is an ideal andis 
losed under 
ountable unions. For an ideal I, the symbol I∗ denotes itsdual �lter.For a topologi
al spa
e T , we denote by OT the family of all open subsetsof T , and by BT the family of Borel subsets of T . If I is an ideal of subsets ofa set X and S is a �eld of subsets of X, then S[I] denotes the �eld generatedby S ∪ I. If I is also a σ-ideal and S is a σ-�eld then S[I] is also a σ-�eld.Let T be an un
ountable Polish topologi
al spa
e. The σ-ideal of allmeagre subsets of T is denoted by KT . The σ-ideal of Lebesgue measurezero subsets of R will be denoted by L and the σ-ideal of sets of the �rstBaire 
ategory in R will be denoted by K. Then BR[L] is the σ-�eld ofLebesgue measurable subsets of R and BR[K] is the σ-�eld of subsets of Rwith the Baire property.If I is an ideal of subsets of a topologi
al spa
e T then we say that theideal I has a Borel base if for ea
h set X ∈ I there exists a set Y ∈ BT su
hthat X ⊆ Y . The two 
lassi
al ideals K and L have Borel bases.Let B be a 
omplete Boolean algebra. We say that B satis�es 
.
.
. (
ount-able 
hain 
ondition) if every anti
hain of elements of B is 
ountable.For any in�nite 
ardinal κ 
onsider the topologi
al sum of the family ofspa
es {[0, 1] × {ξ} : ξ < κ}. Identify in this sum all points (0, ξ), where
ξ < κ, and denote the spa
e obtained by Jκ. It is well known that anymetrizable spa
e 
an be embedded into a 
ountable produ
t of spa
es Jκn(see [4℄).
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If X is a metrizable spa
e and A is an open 
over of X then, by Stone'stheorem, we 
an �nd a family {An}n∈ω su
h that ⋃

n∈ω An is a point-�niteopen 
over of X and ea
h An is a family of pairwise disjoint open sets andea
h element of An is 
ontained in some element of A. This result 
an befound in [4℄.3. Weakly measurable fun
tions. In this se
tion T denotes an un-
ountable Polish spa
e. Re
all the following de�nition.Definition 3.1. Let N ⊆ X ⊆ T . We say that the set N is 
ompletelyBaire nonmeasurable in X if
(∀A ∈ BT )(A ∩ X 6∈ KT → (A ∩ N /∈ KT ) ∧ (A ∩ (X \ N) /∈ KT )).In [3℄ we 
an �nd the following theorem.Theorem 3.2. Let P be a pairwise disjoint family of meagre sets su
hthat ⋃

P /∈ KT . Then there exists a subfamily P ′ ⊆ P su
h that ⋃
P ′ is
ompletely Baire nonmeasurable in ⋃

P.Definition 3.3. Let I ⊆ P (T ) be a σ-ideal with a Borel base su
h thatthe Boolean algebra BT /I satis�es 
.
.
. Let A be any subset of T. We denoteby [A]I the Borel envelope of A, i.e. the minimal (in the sense of the algebra
BT /I) Borel set 
ontaining A.The set [A]I is well de�ned sin
e the algebra BT /I satis�es 
.
.
. To �nd
[A]I , take the maximal anti
hain A of I-positive Borel sets whi
h are disjointfrom A. The family A is 
ountable. So, its union ⋃

A is a Borel set. The
omplement (
⋃

A)c is the required envelope.Definition 3.4. Let X be a topologi
al spa
e and f : T → X be afun
tion. We say that f is weakly Baire measurable if
(∀U, V ∈ OX )(U ∩ V = ∅ ∧ f−1[U ] 6∈ KT ∧ f−1[V ] 6∈ KT

→ [f−1[U ]]KT
6= [f−1[V ]]KT

).First, noti
e that every Baire measurable fun
tion f : T → X is weaklyBaire measurable. Indeed, if we have two disjoint open sets U, V ⊆ X su
hthat f−1[U ] 6∈ KT and f−1[V ] 6∈ KT then sin
e the latter sets are disjointand have the Baire property, [f−1[U ]]KT
∩ [f−1[V ]]KT

∈ KT . This impliesthat the 
ondition of weak Baire measurability is satis�ed.On the other hand, we 
an easily �nd a fun
tion f : R → R whi
h isLebesgue measurable but not weakly Baire measurable. Namely, 
onsidera partition R = K ∪ L su
h that L ∈ L and K ∈ K. Fix any partition
L = L1 ∪ L2 su
h that [L1]K = [L2]K = [R]K. The 
hara
teristi
 fun
tion of
L1 is Lebesgue measurable but not weakly Baire measurable.Re
all the following well known result due to Bana
h (see [6℄).
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Theorem 3.5 (Bana
h). Let X be any topologi
al spa
e. Consider thefamily

A = {U ∈ OX : U is meagre in X}.Then ⋃
A is also meagre in X .The next theorem is similar:Theorem 3.6. Let X be any metrizable spa
e. Let f : T → X be a weaklyBaire measurable fun
tion. Consider the family

A = {f−1[U ] ∈ KT : U ∈ OX }.Then ⋃
A is also meagre in T.Proof. Let Ã = {U ∈ OX : f−1[U ] ∈ KT }. Then ⋃

A = f−1[
⋃

Ã]. Sin
e
X is metrizable, ⋃

Ã is also metrizable. So, we 
an �nd families Ãn (n ∈ ω)satisfying the following 
onditions:
•

⋃
Ã =

⋃
n∈ω

⋃
Ãn,

• Ãn is a family of pairwise disjoint open sets,
• (∀U ∈ Ãn)(∃V ∈ Ã)(U ⊆ V ).From the above 
onditions it follows that Ãn ⊆ Ã for ea
h n ∈ ω. De�ne

An = {f−1[U ] : U ∈ Ãn}.We 
laim that ⋃
An ∈ KT . Suppose otherwise. Then ea
h An satis�esthe assumption in Theorem 3.2. Hen
e we 
an �nd two disjoint open sets

U0, U1 ⊆ X su
h that f−1[U0] and f−1[U1] are 
ompletely Baire nonmea-surable in ⋃
An. In parti
ular, [f−1[U0]]KT

= [f−1[U1]]KT
, whi
h 
ontradi
tsthe weak Baire measurability of f.Noti
e that ⋃

A =
⋃

n∈ω

⋃
An. So, ⋃

A ∈ KT .Theorem 3.7. Let I ⊆ P (T ) be a σ-ideal with a Borel base su
h that
BT /I satis�es 
.
.
. Let {Aξ : ξ ∈ ω1} ⊆ P (T ) be any family. Then we
an �nd two disjoint 
ountable subsets B, C of ω1 su
h that [

⋃
ξ∈B Aξ]I =

[
⋃

ξ∈C Aξ]I .Proof. For α < β < ω1 let
Aβ

α =
⋃

{Aξ : α < ξ < β}.Pro
eeding by trans�nite indu
tion, we 
onstru
t a sequen
e {αξ : ξ < ω1}of ordinals less than ω1 su
h that
(∀ξ, ζ, η ∈ ω1)(ξ < ζ < η → [A

αζ
αξ

]I = [A
αη
αξ

]I).In step β 
onsider the sequen
e {[Aα
αβ

]I : 0 < α < ω1}, whi
h is in
reas-ing. Sin
e BT /I satis�es 
.
.
., this sequen
e is 
onstant from some γ on.Put αβ+1 = γ.
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Now, 
onsider the sequen
e {[A

αξ+1

αξ
]I : ξ < ω1}, whi
h is de
reasing.Sin
e BT /I satis�es 
.
.
., this sequen
e is 
onstant from some γ < ω1 on.Put

B = (αγ , αγ+1), C = (αγ+1, αγ+2).These sets satisfy the required 
ondition.Theorem 3.8. Let X be a metrizable spa
e. Let f : T → X be a weaklyBaire measurable fun
tion. Then there is a meagre set M ⊆ T su
h that
f [T \ M ] is separable.Proof. Consider the family A = {f−1[U ] ∈ KT : U ∈ OX }. By Theorem3.6 we know that ⋃

A ∈ KT . De�ne M =
⋃

A.As f [T \ M ] is metrizable, we 
an treat it as a subspa
e of ∏
n∈ω Jκn .Assume that ea
h κn is the least possible 
ardinal.We will show that κn ≤ ω for ea
h n ∈ ω. Suppose otherwise. Withoutloss of generality we 
an assume that κ0 = ω1. This means that there existsa family {Uα : α < ω1} of nonempty pairwise disjoint open sets in f [T \M ].The family {f−1[Uα] : α < ω1} satis�es the 
ondition f−1[Uα] /∈ KT forall α. Applying Theorem 3.7 to this family, we get a 
ontradi
tion to weakmeasurability of f. So, κn ≤ ω for ea
h n ∈ ω. This means that f [T \ M ] ⊆∏

n∈ω Jω, whi
h implies that f [T \ M ] is separable.4. Nonmetrizable spa
es. Now, let us show that Theorems 3.6 and3.8 do not hold if we repla
e �metrizable� by �normal�. In fa
t, we will workwith the spa
e ω1 equipped with the order topology.Note that we 
annot hope to �nd a 
ounterexample in ZFC, be
ausein some models the Four Poles Theorem or even its stronger version about
ompletely nonmeasurable unions holds without any assumptions on thegiven family of small sets. In su
h models Theorems 3.6 and 3.8 hold for anytopologi
al spa
e X .Therefore our 
onsiderations will take pla
e in a parti
ular model of ZFC.Namely, let us start with a model V whi
h satis�es GCH. We 
an extend itto a model V ′ by adding ω2 random reals. The universe V ′ is good enoughfor what we need. Noti
e that in V ′ we have 2ω = 2ω1 = ω2.Let us start with an easy observation.Claim 4.1. In V ′ there exists a family {Kα}α∈ω2
⊆ K su
h that forevery un
ountable set A ⊆ ω2 we have ⋃

α∈A Kα = R.Proof. Let {rα}α∈ω2
be the family of generi
 random reals. Fix a partitionof R into a Gδ set of Lebesgue measure zero and an Fσ set of �rst Baire
ategory, R = K ∪ L, where K ∈ K and L ∈ L. Put

Kα = K + rα = {k + rα : k ∈ K}.
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Let A ⊆ ω2 be un
ountable. Assume that there is a real number x ∈ Rsatisfying x /∈

⋃
α∈A Kα. So, if α ∈ A then x /∈ rα + K. Thus rα /∈ x − K =

{x − k : k ∈ K}. The set x − K is meager. The real number x belongs to
V [rα : α ∈ I], where I is a 
ountable subset of ω2. Sin
e A is un
ountable,there exists ξ ∈ A \ I. So, rξ is a random real over V [rα : α ∈ I]. But theset (x − K)c is in L and is 
oded in the model V [rα : α ∈ I]. Moreover,
rξ ∈ (x − K)c, whi
h gives a 
ontradi
tion.The next 
laim is a generalization of the result presented in [5, p. 64℄.Claim 4.2. In V ′ the following statement holds. Fix any σ-ideal I ⊆
P (ω1). There exists a point-
ountable family {K̃α}α∈ω1

of meagre subsets ofthe real line su
h that for every set A ⊆ ω1 we have
A ∈ I →

⋃

α∈A

K̃α ∈ K,

A /∈ I →
⋃

α∈A

K̃α ∈ K
∗.

Proof. Fix a family {Kα}α∈ω2
as in Claim 4.1 and �x a bije
tion φ :

P (ω1) → ω2. The required family {K̃α}α∈ω1
will have the following proper-ties:(1) (∀α < ω1)(K̃

α ⊆ Kα),(2) (∀A ∈ I)(
⋃
{K̃α : α ∈ A} ⊆ Kφ(A)),(3) (∀A /∈ I)(

⋃
{K̃α : α ∈ A} ∪ Kφ(A) = R).To 
onstru
t a family satisfying the above 
onditions, we write them in thefollowing form:(1) (∀x ∈ R)(∀A ∈ I)(x /∈ Kφ(A) → x /∈

⋃
{K̃α : α ∈ A}),(2) (∀x ∈ R)(∀A /∈ I)(x /∈ Kφ(A) → x ∈

⋃
{K̃α : α ∈ A}).Using Claim 4.1 we dedu
e that for ea
h x ∈ R there are only 
ountablymany A ⊆ ω1 su
h that x /∈ Kφ(A). Let

I(x) = {A ∈ I : x /∈ Kφ(A)},

I+(x) = {A /∈ I : x /∈ Kφ(A)}.Let B(x) =
⋃
I(x). Then B(x) ∈ I and for ea
h A ∈ I+(x), we have

A \ B(x) /∈ I. In parti
ular A \ B(x) 6= ∅. So, it is possible to ensure that
(∀x)(∀A ∈ I+(x))(∃α ∈ A \ B(x))(x ∈ K̃α).This �nishes the 
onstru
tion of the required family.The next result is of independent interest.
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Claim 4.3 (Ci
ho«). In V ′ the following statement holds. Fix any σ-ideal

I ⊆ P (ω1). Then there exists a fun
tion g : R → ω1 su
h that
(∀A ⊆ ω1)(A ∈ I ↔ g−1[A] ∈ K).Proof. Let {K̃α}α∈ω1

be as in Claim 4.2. De�ne
K̃ =

⋃
{K̃α × {α} : α ∈ ω1}.Fix an enumeration {Aα : α < ω2} of the I-positive subsets of ω1. Fix also anenumeration {Mα : α < ω2} of the meagre subsets of R and an enumeration

{xα : α < ω2} of all real numbers. We will 
onstru
t an in
reasing sequen
e
{gα}α <ω2

of fun
tions by trans�nite indu
tion. In step α we will 
onstru
ta fun
tion gα satisfying the following 
onditions:(1) gα ⊆ K̃,(2) xα ∈ dom(gα),(3) ⋃
ξ<α gξ ⊆ gα,(4) |gα| ≤ ω1,(5) (∀ξ, ζ < α)(∃x ∈ R)(x /∈ Mζ ∧ g(x) ∈ Aξ).So, at step α, we have to add to ⋃

ξ<α gξ at most ω1 new points of ourfun
tion g. Sin
e |R| = ω2, this is possible. Put g =
⋃

α∈ω2
gα. This is therequired fun
tion.Now, we are able to formulate the result whi
h shows that Theorem 3.6
annot be generalized too mu
h.Theorem 4.4. In V ′ the following statement holds. Let τorder be theorder topology on ω1. There is a fun
tion f : R → (ω1, τorder) satisfying thefollowing 
onditions:(1) f is Baire measurable,(2) ⋃

{f−1[U ] ∈ K : U ∈ τorder} = R.Proof. Applying Claim 4.3 to the ideal NSω1
of all nonstationary subsetsof ω1, we obtain a fun
tion f : R → ω1. This fun
tion is Baire measurable.Indeed, take any open subset U of ω1. There are two possibilities.If U c is unbounded, then sin
e it is 
losed, U ∈ NSω1

and f−1[U ] ∈ K.If U c is bounded, then U c ∈ NSω1
and f−1[U c] ∈ K. So f−1[U ] ∈ K

∗. Inboth 
ases we get a set with the Baire property.Sin
e every point in ω1 
an be 
overed by an open set whi
h is nonsta-tionary, we have ⋃
{f−1[U ] ∈ K : U ∈ τorder} = R.It 
an be easily seen that the fun
tion obtained in Theorem 4.4 is also a
ounterexample to a generalization of Theorem 3.8 to fun
tions with imagesin normal topologi
al spa
es.
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