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Summary. A Weitzenbock formula for SL(g)-foliations is derived. Its linear part is a
relative trace of the relative curvature operator acting on vector valued forms.

1. Introduction. The aim of the paper is to get a Weitzenbock for-
mula for a wide class of foliations, so called SL(q)-foliations, in the algebra
of relative vector valued differential forms. For foliations and their basic
properties, see [1], [2], [3] and [5]. An SL(g)-foliation is a foliation satisfy-
ing the condition that its transversal volume form is closed. SL(q)-foliations
have been studied extensively in the broader, measure-theoretical, context
by Sacksteder [7], Plante [4] and others. They play an important role in many
contexts.

A question arises how restrictive the above condition is. The example in
Section 2 shows that, locally, every foliation can be made an SL(q)-foliation
by a suitable choice of a Riemannian metric. For SL(g)-foliations, one can
derive many nice properties of the differential, the codifferential and the
Hodge star operator. Notably, all three restrict to the leaves of the foliation
and preserve all their attributes (cf. Propositions . These properties are
derived thanks to our working in a very special coordinate system, called
F-normal. The description and the proof of existence of such a system can
be found in Section 2

It is interesting that the Weitzenbock formula obtained in Section [6] is
similar to the classical one. The main difference is that traces are replaced
by relative traces, that is, taken with respect to frames tangent to the leaves.
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2. Basic notions. For the sake of simplicity, throughout our paper, we
will denote the spaces of smooth sections of bundles by the same symbols
as the bundles themselves, e.g., T'M is, depending on context, the tangent
bundle or the space of vector fields, i.e., the space of sections of this bundle.
Let (M, g) be an oriented Riemannian manifold of dimension n, and let V¥
be its Levi-Civita connection. Assume that F is a transversally oriented
p-dimensional foliation of M and ¢ = n — p. Let @@ be the normal bundle:
Q =TM/TF, and (E, h) an arbitrary Riemannian vector bundle over M of
rank 7. Let V* be any covariant derivative in E which is compatible with the
metric h. The Riemannian structure and the orientations enable us to define
two forms 2, 29 on M as follows [9]. Let a € M and let e!,..., e" be an
orthonormal base in T, M* such that e!, ..., eP is a base in T, F*. Then, at a,

Qr=e' N NeP, QQ:ep+1A--~/\e”.
It is clear that the above formulas define global forms on M called the tangent
and the transversal volume forms, respectively.

We say that F is an SL(q)-foliation (cf. Tondeur [§]) if the transversal
volume form is closed, i.e., df2g = 0.

It is easy to see that any foliation is locally (for a suitable choice of a
Riemannian metric) an SL(q)-foliation. Indeed, let ¢ : M — N be a sub-
mersion of an oriented manifold M to an oriented Riemannian manifold V.
There is a smooth distribution D on M such that for, each point g € M,
TyoM =Ty, F+ D,,, where F is the foliation given by ¢. Moreover, d¢ gives
an isomorphism between D, and Ty, N. Let (Y1,...,Y,) be a local or-
thonormal frame in a neighborhood V' of ¢(xg) on N. Let (Xy,...,X,) be a
frame in a neighborhood U of x¢ such that, for any x € U, Xy,..., X, € TF
and do|,(X;) = Yj|é(xo), j =p+1,...,n. Let fpi1,..., fn be any system
of smooth nonvanishing functions in U such that f,41-...- f, = 1. Let g be
the Riemannian metric on U such that Xy,..., X}, fo41 - Xps1,..., fn - X
form an orthonormal frame on U with respect to g. The foliation F is a
Riemannian foliation [3], [§] in U if and only if all the functions fpi1,..., fn
are identically 1 on U. In any other case, we get an SL(q)-foliation which is
not Riemannian.

We will work in a special coordinate system called an F-normal coordi-
nate system centered at a, a € M, described in the following

PROPOSITION 1. For any point a € M there exists a neighborhood U of
a and an F-integrating map x : U — IP x I? such that

9(0;,0;) =035, 4,j=1,...,n,

V5 0; =0, iji=1,...,p
vgg]k:()? i?jﬂk:]‘"")p?

at a, where V7 denotes the connection on leaves induced by V.
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Proof. Let & : U — IP x I? be any F-integrating map such that z(a) =
(0,0). We use this map to induce a Riemannian structure on the p-dimen-
sional manifold N, = #(L, N U). Let y : N, — IP be a normal coordinate
system on N, with center at (0,0). Thus, at (0,0), we have

g(@i,(‘?j) :5ij7 ngaj =0, ,7=1,...,p.
The metric and the Levi-Civita connection on the manifold N, are still
denoted by g and V7. Define & : IP x I9 — I? x I? by
I(u,v) = (y(u),v).

Observe that £ = & o Z is an F-integrating map such that

9(8/8@,8/8@) :(51']'7 i,jzl,...,p,

V/02,0/0%; =0, i,ji=1,...,p,
at a.

Consider now a linear map & of RP x R? such that &(-,0) is the identity
on RP, ({0} x R?) is orthogonal to R? x {0} and 0;, j = p+1,...,n,
are unit vectors mutually orthogonal at the origin. It is enough to define

Al =
= OX. m

3. Operator dr. Let
I"Q) ={w e A*TM : w(Xy,...,X) =0 for X1,..., X, € TF}

and
Q) =>_I"Q).
k=0

Notice that I(Q) is an ideal in the exterior algebra of differential forms on M.
By the algebra of relative forms we mean the quotient algebra
ATF* = ATM*/1(Q).
It is easy to see (by the Frobenius theorem) that d(I(Q)) C I(Q). In a
natural manner, we get the differential operator
dr : ATF* — ATF*

given by
(1) drlwlr = [dw]F,
where [w] £ is the class of w in ATF*.

The formula suggests that, locally, in any integrating map, we can
drop the brackets and treat relative forms just as usual forms on M that do

not contain the differentials of transversal coordinates. More precisely, we
have the following description of local sections of A*TF*.
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PROPOSITION 2. Any integrating map (U; (t,y)) induces a trivialization
of the bundle A*TF* over U. The trivialization defines the natural isomor-
phism of the modules of local sections:

ATF | = {w €MTM jyrw =3 siy il A dtik}.

The isomorphism can also be described uniquely when a Riemannian
structure on M is given. Indeed, for every foliation F, we have a short exact

sequence
0—-TF—-TM — Q — 0.

Passing to duals, we have
0—T'F—T'M— Q" — 0.
The metric g defines a natural splitting map v : T*F — T*M such that
v(T*F) = Q™.
So, we can view sections of the bundle AT*F as sections of AT*M. For our
further investigations, without ambiguity, we can omit the letter v.
A similar construction can be made for sections of the bundle A*TF*® E

of relative k-forms with values in F.
Indeed, let V¥ : I'(E) — I'(TF* ® E) be the partial linear connection on

E induced by V", e = (e1, ..., e,;) alocal moving frame of sections of F, and
e* = (e*l ..., e*) the frame of duals. Then V¥ e = w®e, where w = (w;-)gvjzl
with w} relative scalar local 1-forms, 7,7 = 1,...,q. The curvature R of

V7 is represented by a matrix 2 = [_Q;]f j—1 with Q; relative local 2-forms,
i,j=1,...,q, as follows: R = zq,jzl Q]’ ® e @ e;.
The forms w and 2 are related by the known structure equations:
R=drw+wAw, drf2=02Nw—wAI{2,
One can extend V7 to the bundle A*TF* ® E of relative k-forms n with

values in E:

(V) (Xo, ..., Xi) = (V&) (X1, ..., Xp)

k
= Vi (X1, Xe) = > (X, VR X, X!
=1

We can define the operator of exterior differentiation for forms with values
in E,dr: A*TF* @ E — A*TITF* @ E, by

k+1

(dem) (X1, Xepn) = > (=) (X0, ., Xy X))
=1

+ Y U)X X X X X Xega).
1<i<j<k+1
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Using the same symbol as for differentiation of scalar forms will not lead to
confusion since the operators in question have different domains.
One can check that, since VY is torsion free, dr is the antisymmetrization
of V7
k+1
) (dr) (X1, K1) = D _(DTHVED (X, Xy, Xer)
i=1
Notice that d%_-n = Rr Amn,so d%_- =0 if V7 is flat.

4. Relative Hodge star operator. In this section, we will define the
relative Hodge star operator for vector valued forms on foliated manifolds.
This operator has all the properties of the regular star operator. However,
to get the classical formulas for the codifferential operator d¥-, we have to
assume in the next sections that our foliation F is an SL(q)-foliation, i.e.,
the transversal volume form (2 is closed.

DEFINITION 1. Let a € M. Set
(3) *x(e"A---Ae* @5) :=sgn(it, ..., 0k J1,... ,jp,k)ejl A Nelrk s,
where (e!; ..., eP) is an oriented orthonormal (o.n.) base in T, F* and where
(i1, -+, 0k J1,-- - Jp—k) is @ permutation of (1,...,p).

The formula defines a linear operator

xr: APMTL,F*QFE — AP "L, F* @ E.

One can easily check that it has the following properties.

PROPOSITION 3.

(a) *a = (xra) A 20,
(b) #( A 2g) = (~1)P M) sr,
(c) aAxzB={a,B)2F,
(d) *Fprrror = (—1)k—k)

where a, 3 € AFTF* @ E.

ldperregm

5. Codifferential operator d’%. In this section, we will assume that F
is an SL(q)-foliation. First, we prove the following proposition.

PROPOSITION 4. Ifdf2g = 0 then, for any relative form n € AFT*FRE,
d(n A $2q) = (drn) A L2q.

Proof. Let a € M and let x = ‘(:El, ...,2") be an F-normal coordinate

system in U centered at a. Let ¢ = dx* for ¢ = 1,...,n. Without loss

of generality, we can assume that 7 = ¢ A --- A e’* ® s on U. Then, by
Proposition |1} (e!,...,e") is an orthonormal base in T,M*. Recall that F
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is an SL(q)-foliation and, at the point a, 29 = ePT A --- A €™, so, at this
point, we have

n
d(e" A Net @sADQ) =Y e NN AR RV s A Qg
=1

p
:Zei/\eil/\-'-/\ei’“®vgzi8/\QQ:df(eil/\---/\eik(@s)/\QQ. ]
i=1

As a direct consequence of Propositions [3] and [} we obtain

PROPOSITION 5.

(4) sdiprreop = (—1)E VO Pgdpig.

The right hand side of formula defines, up to sign, the operator for-
mally adjoint to dz on M (not only on the leaves) in the following sense:

PROPOSITION 6.

S {dra, B) 2 = S (o, (=1)P"* rdpxr ) 2,
M M

provided o or 3 is of compact support, so the operator
&y = (=) ardrrr
18 formally adjoint to dr.

Proof. Let a € AFT*F @ E and B € A*T*F @ E. Assume o = w ® s
and 0 =n®t. Let

v = h(s,t)w A *xxn.
Then
dry = dr(h(s,t)) Aw A xzn
+ h(s,t) Adrw A xzn + (—1)Fh(s,t) Adrw A drsrn.
Thus, after multiplying both sides by 2g we have

dry N L9
=dr(h(s,t)) N\wAxFn A 2
+ h(s,t) Adrw A xzn A Qg + (1) h(s,t) A drw A drxrn A Qg
= d(h(s,t)) Aw A0+ h(s,t) Adw Ay + (=1) (s, t) Aw A dsn
= h(V"s,t) Aw Ay + h(s, V) Aw A sn+ h(s,t) A dw A 57
+ (=1)*h(s,t) Aw A dsn.
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Summing up the first and third summands, and then the second and fourth,
we get

dry A Qg = [h(Vs,t) Aw + h(s, t) A dw] A ¥
+ (=D)F A (s, Vi) Asn 4+ (=) h(s, t)w A sxdsn
=h(V's()Aw+s@dw,t @) 2y
( DR fw A sx[h(s, V() A #5] 4+ (s, t)w A sxdxn}
= (V's()Aw+ s @ dw, t @) 2
+ (=) (w @ s, % [VIEA sn +t @ d * 1)) 2
= (d(w®s),n )2 + (1) (w @ 5, %d*(n @ 1)) s
By Proposition [5] the last two terms are equal to
(dr(w®s),n@t) 2y + (—1)'m<w ® 8, xrdrxr(n @) 2.
Integrating over M and applying Stokes’ theorem, we obtain the statement. =

PROPOSITION 7. If F is an SL(q)-foliation, (e;)i=1,.., a base of T,F,
X;€eTF,j=1,...,k—1, andpEAkT]:*@E then

(dp) (X1, ..., Xp_1) Zg VI (es, X1y, Xpo1).
s,t=1

Proof. Let x : U — IP x 11 be an F-normal coordinate system centered
at zo. For o € A*~'TF* ® E, we have

(o)~ (o~ 3 (VF0)(01,0)

s=1
1 p
=5 Z h(dro(Diyy---10i), p(Diys -+, 05,))
Ty ip=1
1k b .
+ (k_ 1)! Z h(a(ail""7aik—1)7(vs p)(a&a’ila--'aaik,l))-

8150yl —1=1
By (2) and the compatibility of the metric and the connection,

(dro, p) <O‘, Z Vf Os, - >

k
1 yr .
]?Z +1 Z h V}- “,...,8“,...,6ik),p(8i1,...,8ik))

U150 =1

1 p
+ 1 2 h(g(ain"'78ik71)7(vsfp)(as7a’i1a-- . 761'1@71))
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p

- (k_ll)l Z [h((vfo'xail?'"7aik_1)7p(887ai17’"78ik_1))

S,il,...,ik,1:1

+ h( (aiv s alk 1)7 (Vs]:p)(a& aila cee aaik71))]

Z = div” X,
where X =" _(0,p(0s,"))0s. Observe now that since d2g = 0,
div X 2y = ﬁx(g}‘ VAN .QQ) = ﬁx(.Q]:) VAN .QQ
= divF X (27 A 2g) = div” X 2.

Therefore divy X = div X. Thus
P

(dro, p) — <a, > (VEp)(0s, -)> = divX.
s=1
6. Weitzenbock formula

THEOREM 1 (Weitzenbock formula). Let (M, g) be a Riemannian man-
ifold, (E,h) a Riemannian vector bundle, and F an SL(q)-foliation. Then,
for any o € AFTF* @ E,

AT o = —trace” (V)20 + S7 (0),

where
p k '
S]:(O-)(Xla s 7Xk) = ZZ(—l)J (Rf(es,Xj)O')(6s,X1, SUR) X]? s Xk)
s=1j=1
and

R (es, Xj) = =VIVL, + VL,V + VL x)
for Xq,..., X, € TF and (e1,...,ep) an o.n. base of TpF.

Proof. Let 9 € M and let (z',...,2") be an F-normal integrating co-
ordinate system at xo. Observe that, by the definition of dz, Proposition [7]
and the F-normality of the coordinate system, we have

DIV (d50) (D, Dy - 03]

Mw

(drdso)(Diy, ...
]:1

I
M?r

]"rlvh[ ZQStV s 11,. -,éija---vaik)

1 s,t=1

<.
Il

k
Z YIVE(VE0)(0s, 00, Oy, D).

I
fi M@
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On the other hand, using Proposition [7} the F-normality of the coordi-
nate system and formula , one can calculate

p
(A5 dro) (s, ..., 05) = = Y g*(VIdro) (0,04, ..., By
s,t=1

P p 0
= = D VH(Ar) D By, D)) + D (dr0) (VEOL O, 0,
s=1 s=1
0
+ZZ a70) (0 00y, FO Oy )
j=1s=1
= —th (VEa) (8, .., 0,)]
k
- ng [Z(—l)j(vgja)(as,ah, D ,aik)]
s=1 j:l

_ZZ YV (VI 05,05y, 0 ., 0sy).

s=1j=1
Thus

[(drdF + drdro)|(, - - -, 0i)
p

(_ ) Z(vivfo-)(a% aiu SOR)

s=1

D>

I
M=

ija"-aaik)

<.
Il

MﬁH

(VIVT0)(0s,...,0:)

@
Il
—

M;r

P
—1)7> (VI 0) (0,05, 0iys -, 0.
s=1

<.
Il
-

This completes the proof of the theorem. m

It is interesting to note that also a global (not foliated) version of the
Weitzenbock formula can be used to get some geometric properties of a
foliated manifold. E.g., Rummler [6] obtained that way some criteria for a
foliation to be geodesic or parallel.
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