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Summary. The paper is devoted to the Cauchy problem for a semilinear damped wave
equation in the whole of R™. Under suitable assumptions a bounded dissipative semigroup
of global solutions is constructed in a locally uniform space Hj, (R™) x L3 (R™). Asymptotic
compactness of this semigroup and the existence of a global attractor are then shown.

1. Introduction. The uniform spaces, which can be traced back to [K],
have already been used by many authors in the study of both parabolic and
hyperbolic problems (see e.g. [M], [M-S], [F]). In this paper we develop the
ideas of [F] for the Cauchy problem for a semilinear wave equation

(1) {utﬁnut—Au:f(qu(x), t>0, zeR",

uw(0,z) = up(z), we(0,2) =wvo(x), xe€R™

By a functional analytic approach we construct a semigroup {7'(¢)} of global
solutions corresponding to (1) in locally uniform spaces and prove the ex-
istence of an absorbing set. We also show the validity of an appropriate
asymptotic compactness condition and prove the existence of a global at-
tractor for {T'(¢)}. Mention should be made that in contrast to [F] we do
not impose any monotonicity condition on f (see Remark 4.3). Our assump-
tions concerning f are borrowed from [T], where they were introduced for
the damped wave equation in a bounded domain.

The results of the paper can be summarized as follows. After a finite time
t the image T'() B of any bounded set B C HE (R") x HL (R™) will enter an
absorbing set By, bounded in HZ (R™) x H (R™). With further increase of
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time, T'(t) B will be attracted—in a weaker topology of H,(R"™)x L2(R™)—by
a global attractor A, which is bounded in H}. (R") x L (R") and compact
in Hy(R™) x L2(R™). In addition A is invariant with respect to the group of
translations in R™.

2. Well posedness of the wave equation in uniform spaces

2.1. Wave operator and linear wave equation in uniform spaces. We
begin with the Cauchy problem for the homogeneous linear equation

(2) utt—i-nut—Au:O, t>0, r € R,

u(0,2) = uo(x), ue(0,2) =vo(z), z€R",
where 7 € R. We will consider (2) in the form of an initial value problem
for an abstract ordinary differential equation

oS-l [

in the Banach space X = H} (R") x L? (R") with A, defined in formula (5)
below.

For a strictly positive continuous weight function ¢ : R" — (0,00) and
1 < p < oo we set

1/p
1®") = {6 € L ®"); |6l = ( § lo(@)Pol@) dz) ™ < oo}
RTL
We consider the translated weight functions
myo(z) = o(x —y), yeR”,
and the locally uniform spaces

LL(R") = {6 € L (R"); 18]35,y = s1p 9]z, ay < o0},
lu yER” Yy

LY (R™) = {¢ € L} (R™); [|I7y¢ — @l 1# (rny — O as [y| — O},

where L? (R") is the closed subspace of L? (R™) consisting of all its elements
that are translation continuous.

The locally uniform Sobolev spaces Wllfl’p (R™) and T/Vllfl’p (R™) are defined
as in [A-C-D-RB] and [M-S]. We recall that continuous Sobolev embeddings
are valid for such spaces:

WIP(RM) € WHIRY) i j— = <m-2, 1<p<q< oo
q p
Also compact embeddings
WP (R™) € W29(R™)
hold whenever j —n/g<m—n/p, 1 <p<q< 0.
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We remark that if we take any positive integrable weight function p €
C%(R") such that

do 4
%(Z') < goo(z), xeR" j=1,...,n,
j
0%p
< . zeR" jk=1,...,n,
D008 (z)| < a10(z), = J n

00, 01 > 0, then the locally uniform spaces HIQH(R"), Hllu(]R”), leu(R”) coin-
cide, respectively, with the uniform spaces H3(R"), H};(R™), L% (R™) defined
from

2 n 2 n 2 1/2
3R = {6 € LR 6l g @y = s (| [o(@)Pdz) " < oo}

YR o—yl<1}

(see [A-C-D-RBJ). Also, choosing the particular weight function p(z) =
(14 68|z|*)™, § > 0, v > n/2, one can achieve the estimate
(4) Vol < eVio

for any small § > 0.
Our first concern will be to show that

THEOREM 2.1. The wave operator
0 1
o) a=lh

with the domain D(A,) = HZ(R™) x HL(R™), generates a C° semigroup
{T(t)} of linear operators in X. Furthermore, the linear problem (3) with
initial data in HZ,(R™) x H} (R™) has a unique solution

u(t) | U
[U(t)]—’f(t)[vo} for t > 0.
Proof. The proof proceeds in three steps.

STEP 1. Take Y = H'(R")x L?(R") and an operator A : D(A) CY — Y,
where

] ,  where n € R,

A=A0+Cy
with
0 0
A=Y M o =] 14n0 © 3|V7,0/2
o=1A ol vT | 22l VTyly , O 1VTyol —nI
2 1,0 Ty 0 4 1,0

It is well known that Ag with the domain H?(R") x H'(R") generates a
Co group {7o(t)} on Y satisfying || Zo(t)||rv,y) < el (see [P, §7.4]). Since
Cy:Y — Y is a bounded linear perturbation of Ag, the operator A with the
domain H?(R™) x H'(R") is the infinitesimal generator of a C° semigroup
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{S(t)} on Y satisfying ||S()[|1(v,y) < eUHIC L)t (see [P, §3.1]). Note
that the norm [|Cy/1(y,y) is bounded by a constant C' which depends only
on the quantities gg, 01 and 7, but is independent of y € R™.

STEP 2. Take X7 , = H. le o(R™) X Lzy o(R™), and consider an isomorphism

P:X;,—Y,
Yy
_ (TyQ)1/2 0
?= 0 (TyQ)1/2 .

Since A, in X, coincides with ¢~1AP : &~1D(A) C X, — Xrp0,
where @~ 1(D(A)) = nyQ(R”) X H;yQ(R”), the resolvent set of A, in X, ,
is the same as the resolvent set of A in Y. Thus p(A,) contains the ray
(1+C,00) C R and

(6) RO AN oix,,0x0,0 = 127 RO AP 1

TyQ7XTyQ)

< ”gp_lHL(Y,X-ryg)”R(/\aA)kHL(Y,Y)||¢||L(X—ry9,Y)
M

<———— forA>1 k=1,2,....
SOC1-0f or A\>1+0C, )2,

Here M, which bounds ||¢||L(XTyQ,Y)HQS_IHL(Y,XTW% depends on g9 and o1

but not on y € R™. As a consequence, A, generates a C° semigroup {7 (t)}
on X, , such that 7(t) = ¢~15(¢t)P.

STEP 3. Note that the operator A, : HZ(R™) x H} (R*) C H} (R™) x
L%H(R”) — HI}J(R") X L%H(R”) is closed and densely defined because A :
H%(R™) ¢ L*(R") — L?*(R™) has these properties (see [A-C-D-RB]). Fur-
thermore, since the inverse operator (Al — A,)~! may be written formally
in matrix form as

(M- A = [ A+ +n)I — A7 A+ — A7 }
" —T+ XA+ )M+ =AY AN+ = A7)
from the properties of the Laplacian in locally uniform spaces (seg [A-C-D-
RBY) it is evident that (A\] — A,)~! takes H{ (R™) x L (R") into HZ (R") x
HL (R") for all sufficiently large A > 0. Using finally the fact that M in (6)
does not depend on y € R™ we conclude that

@ |rovay| 2]

e (M|
L ez @y A= ORI

for all sufficiently large A and all £k = 1,2, ..., which completes the proof. m

HE (Rm)x L2 (R™)

2.2. Mild and classical solutions of the semilinear wave equation. In
the Banach space X = HL (R") x L2 (R™) consider the semilinear Cauchy
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problem

(8) {utt—f—nut—Au:f(u)—Fg(l‘), t>0, zeR",
u(0,z) = up(z), u(0,2) =vo(z), x€R",

where n € R, g € L%H(R”) and f: R — R satisfies

(9)  [f(s1) = f(s2)] S clsi = so| (L4 [s1|7 ! + [s2|77),  s1,52 €R,

for some g € [1,n/(n —2)] if n > 3 or any finite ¢ > 1 if n = 1,2.
Rewrite (8) as

w 3]sl () 1] [2]ex

From (9), Sobolev embeddings and the Young inequality it is evident that

the map f<m> = [f(u;)w]

from X into X is Lipschitz continuous on bounded sets. Thus, application
of a standard perturbation result (see [P, §6.1]) leads to the following ob-
servation concerning mild solutions to (10).

PROPOSITION 2.2. If f satisfies (9) and g € L2 (R™), then the prob-
lem (10) is locally uniquely solvable in X = H{ (R™) x L2 (R™), i.e. there
exists T > 0 and a unique X -valued function continuous on [0, 7] such that
the equation

t
u(®) | _ uo _ u(s)

(11) [U(t)] _T(t)[vo} +§)T(t @f([v(s) ds

is satisfied fort € [0, 7).

 Furthermore, the mild solution to (10) is defined for all t > 0 unless its

H} (R™) x L2 (R™)-norm blows up in a finite time.

It was shown in [P, §6.1] that if the nonlinear term F is a C'! map
from X to X, then the mild solutions corresponding to initial data from
D(A,) = H2(R™) x H (R") are in fact classical solutions to (10) such that

-u(,’uo,w)} € O([0, 7], Hiy(R") x Li,(R™))

_U('7UO7UO) . .
(12) mcl((O,T)7H11u(R") % leu(Rn)),
o] ¢ ) AR, 1o

We remark that the Fréchet derivative of F exists and

(D)= Lran ) [0 ] >
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provided that

(13)  feC'R), [f () <clsi—salQ+]saT +]s2f"™"), 51,52 €R,

where

(14) p€[1,2]if n=3, p>1 arbitrarily large if n = 1, 2.
PROPOSITION 2.3. If n < 3, (13) and (14) hold, ug € HZ(R™), vy €

HL(R") and g € L} (R"), then the mild solution resulting from Proposi-
tion 2.2 is a classical solution.

Recall also that if [Z] is a classical solution to (9) then, as shown in

[

the proof of [P, Theorem 1.5], the function [0,7) > t — [ut} =: [w

]ex
Ut

satisfies the integral equation
Lﬂ —T0 [Z)((%))} +§T(t - {f/(u(g))v(s)} ds,

o) = Lo 1o}
w(0) Aug —nvo + f(uo) +9g |
Thus, under the assumptions of Proposition 2.3, any solution :}L corre-

sponding to initial data from D(A,) is time differentiable (strongly in X)
and its derivative is a mild solution of the Cauchy problem obtained by
formal differentiation of (10).

REMARK 2.4. Clearly, it is possible to consider other spaces of initial
data, like e.g. X5T1/2 x x5 s € R, with X* from a scale of fractional power
spaces corresponding to —A + I : H2 (R") C L (R") — L% (R").

u

3. Global solvability and dissipativeness of the damped wave
equation. Due to Proposition 2.2 a uniform in time estimate of || (u, v)|| x is
needed to justify global solvability of (8). Below, such an estimate is derived
under the assumptions used in [T, p. 207] for a damped wave equation in a
bounded domain.

3.1. A priori estimate in X. Consider n > 0 in (8) and assume the
following dissipativeness conditions:
(15) EIchl,m>0 Vue(o,m] EIC’ueR Vser sf(s) - kF(S) < —H52 + Cm
(16) J01>0 Voe(om] Joer Vser  F(s) < —vs® +C),
where F(s) = {) f(z)dz (1).

(*) The function f(s) = s — s|s|77%, ¢ > 1, is an example of a nonlinearity satisfying
the above conditions.
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Fix a number ¢ satisfying

(17) 0<e<l= 2e(n—e) <,

decompose n = € + (n — €) and multiply the equation (8) by (u; + eu)7ry0 to
get

S (upr + eug)(ue + ew)ryodar + (n — ) S u(ug + eu)ryode

Rn Rn
= S (Au+ f(u) + g)(us + eu)ryodx.
Rn
Obvious calculations show that
(18)  Lruw)
dt U, Ut
d

1 1 1
== S |:§(Ut + eu)? + 56(77 —e)u® + §]Vu\2 - F(u)} Ty0dx
R’VL

= —(n—ce) S ulTyodx + ¢ S uf(u)ryodr —e S |Vul?7,0dx
R™ R™ R™
— S wVu - Vryodr — e S uVu - Vryodr + S g(uy + eu)Tyodx.
Thanks to (4) and (15) the right hand side of (18) is, for small § > 0,
dominated by

S \Vul?*r,0dx + k S F(u )Tygda:}
R" R"

£y
,u

1
2
Choosing 1 = pg = 2e(n —¢) = =22 4+ ¢(n — ) we dominate the last
expression by

> g*ryodr + Cye S Tyo0dx.
U Rn

2

1
€ [— S uiTy0dr — & S u’t odr — ~e(n —¢) S u?r,0dx
R" R" R®

1
_ 5 S ’Vu|27'ygdx+ S F(U)Tygd:c] + 2(7_
+ (k—1)e S F(u)tyodz + C e S Tyodx.
R™ R®
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Since
— S uiTy0dr — &2 S u’Ty0dr < —% S (ug + eu)?r,0dx,
R™ R™ R™
and
(k—1)e S F(u)tyodz < (k — 1)50{,87’1/@ dz,
Rn
we next estimate the right hand side of (18) by

—eL(u,ut) + ﬁ Rgn g*1ryodz +¢(Cyy + (k—1)C)) RSn Tyodx.
It is thus seen that
(19) %L’(u up) < —eL(u,uy) +eCh,
and hence
(20) L(u,ug) < L(ug,vp)e =" + Cy(1 — e =),
where

3
C1 = — sup S gQTdeSC + (Cyo + (k—1)Cy) S odzr.
Ko yEeR? R™ R

Thanks to (16), for three components of the integrand in £(u,u;), we have

1 1 1 1
§(ut +eu)? + 55(7] —e)u? — F(u) > 5(1 —e)ul + 5[5(77 — 1) +2u® - C).
Choosing now ¢ sufficiently small satisfying (17) and v = v; we can achieve

vo :=min{l —e,e(n—1)+2v1} >0,
which leads to the estimate

v
(21) L(u,up) > 50 S (u? + u*)y0dx + 2 S \Vul*r,0dx — Cy
R R™

with Cy = €}, (. 0dz. Combining (20) and (21) we get

% S (u? +u* + |Vul|*)ryodr < L(ug,vo)e = + C1(1 — ) + Co.
R’VL
Estimating the term | {;, F(uo)7y0dz| by const(HuoH‘grl1 @yt Sgn Ty0 dz) We

finally obtain

o
D (4 + [Vul)ryoda < constluoll iy ey 9] ey 91152 )
RTL

and
limsup% S (uf +u? + |Vul*)ryodz < O + Cs.

t—o00 R
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This leads to the estimate

(22) H (u, ut) ||§;11‘1(Rn)XL12u(Rn)

6
< PN COHSt(HUOHHllu(Rny HUOHLﬁl(Rn)v HQHL%H(Rn))
and to the asymptotic estimate

. 2

(23) hlgiigp || (u7 Ut) ||Hllu(Rn)XLl2u(Rn)

THEOREM 3.1. Suppose n < 3, (13)~(16) hold, n > 0 and g € L? (R").

Then the problem (10) defines in X = H]\ (R™) x L2 (R™) a C° semigroup

{T(t)} of global mild solutions which has bounded orbits of bounded sets and
possesses a bounded absorbing set.

Proof. In the light of our previous considerations we merely need to
justify the uniform continuity of the solution on bounded time intervals with
respect to the initial condition. However, since orbits of bounded sets are
bounded and the nonlinear term in (10) is Lipschitz continuous on bounded
sets from X to X, this property is a direct consequence of (11) and the
Gronwall inequality. »

3.2. Globally bounded smooth solutions to (8). Our further concern is
smooth HZ(R™) x Hi (R") solutions to (10) for n < 3. To get uniform
in time estimates of their HZ(R™) x HL (R™)-norm and construct a global
attractor we need to sharpen the growth restriction imposed on f’ in con-
ditions (13), (14). Assume, from now on, that the nonlinear term f has a
subcritical growth, that is,

(24) 1£/(s)] < (14 ]s)>7%)  with 0 < dp < 1 when n = 3.

Formal time differentiation of (8) leads to the Cauchy problem, for v =

ut, having the form
(25) vy +nup — Av = f'(u)v, t>0, zeR",
25

U(va) = UO(£)7 Ut(07x) = wo(l‘), z € R".

Since the linear semigroup {7 (¢)} introduced in Theorem 2.1 does not decay
to zero as t — oo, consider

%m:@ﬁ[—?ﬂ 8])[5%{]”@)&%} 7 >0,

o) =]
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and the corresponding integral formula

o [1]-so[2]

+{S(t—s)
0

Vo

t>0, [
wo

[f'(u(s))U(OS) + vv(s)] ds, } € X,

where {S(t)} denotes the linear semigroup generated by A, + [—(’)y 7 8}
on X.

Note that, for {ZO] € HZ(R™) x H} (R"), the first coordinate of
0

{S(t) [:}LO} } is a solution to
0

wi +nws — Aw = —yw, t>0, zeR",

w(0,2) =up(z), wi(0,2)=wvo(z), ze&R".
Therefore, estimating as in Subsection 3.1 and using a density argument we
obtain

e s

Vo

’Hllu (Rm)x L2 (R™)

]

We are now ready to prove

<c

HL (RM)X L2 (R™)

LEMMA 3.2. Under (24) and the assumptions of Theorem 3.1, for any
bounded set B C HE (R"™) x HL (R™) there exists Mp > 0 such that

[23)

U(t, uo, UO)

< Mp for eacht >0, [uo} € B.
H2 (R)x H} (R™) Vo

Proof. Let us focus on the case n = 3. Since [1;0] belongs to a bounded
0

subset B of D(A,) = HZ(R") x H] (R") and T(t)([gﬂ) is a classical
solution to (10) the quantity

wo = uy(0) = —nuo + Aug + f(uo) + g € Li,(R")
is well defined. Also, the elements [5}%] remain in a certain set B, bounded
in HL (R") x L2 (R™), and the function

o) =@ ()

satisfies (26).
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Furthermore, the linear semigroup in (26) decays exponentially to zero
and, thanks to (24), we obtain a subordination condition of the form

0
[ Pr— i
<1 (s)e(s) 2 oy + 052 e
<cf1+ |u(s)|2_60”L‘3+51 @y 10562 gy + VN0 (3) 2 (e
< Gu(3) g oy I 5 1005) 5. gy + Y05,
< (Gl g, ny) + Mo () 2 (Rn ()71 gy
o(s) I
w(s)
where G,G; : [0,00) — [0,00) are nondecreasing continuous functions and
6 € (0,1).

Since a uniform (in s > 0) estimate of Hu<3)HHll ®") T Hv(s)HLlQ (rn) has
already been found in Subsection 3.1, we have

?

HL (RM)X L2 (R™)

< Gi(llu(s)ll g, gy + 10 ()] 2, em))

o) <<|[]

wt) | i,y 2, ) w0 Il e, Ry x 22, (m7)
! 0
+cleet=9) [ ]H ds
§ F'u(s))v(s) +70(8) [l g1 @mye iz @y

Wo Il it (Rmyx 1.2, (R7)

+CGi(sup {Hu( ). gy + 108l 2 ey 1)

s€[0,t

{Zﬁiﬂ

0

1 —e ¢t
X sup .
s€[0,t]

HY (RM)x L2 (Rn) €
Therefore the function

z(t) = sup [5}2‘3” _ _
s€[0,1] HE (RM)x L2 (R™)
satisfies
2(t) <C(1+2(t)?%), t>0,
and hence
sup [U(t) } H < z1,
20 || LW [y oy 22, )
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where z; is the unique positive root of the equation z = C(1 + 2%) (see
[C-D 1, Theorem 3.1.1] for details).
Estimating Au with the aid of (8) we obtain (for w = uy, v = uy)

(28) (| Aullg gy < lollzz gy F 1100 22 oy 17 )l g2 oy 19 2. ey

where all the terms appearing on the right hand side have already been
estimated independently of ¢ > 0 and (ug,vo) € B. Since —A + Al (A > 0)
is an isomorphism of HZ (R™) onto LZ, (R™) (see [A-C-D-RB, Theorems 5.2
and 5.3]) it is clear that (28) and the previously obtained bound on u yield
an HZ (R™)-estimate of u. The proof is complete. m

REMARK 3.3. When the growth of f is critical, that is, f is cubic if
n = 3, a similar procedure will still give a bound on the solutions in D(A,),
but uniform merely on bounded time intervals.

According to (23) the H (R™) x LZ (R")-estimate is asymptotically in-
dependent of (ug,vp) varying in bounded subsets of H} (R") x L (R"). As
in [C-D 1, Corollary 4.1.3] we thus conclude that

LEMMA 3.4. Under the assumptions of Lemma 3.2 there is a set By
bounded in D(A,) = HE(R"™) x H} (R™) and absorbing bounded subsets of

D(A,) in D(A,) norm.
I[3)

Proof. Note that
remains asymptotically independent of (vg, wg) (see [C-D 2, Theorem 1] for
details). From (28) and (23) the same is true for ||Au|\L12 (rmy- This may be

HL (RP)x L2 (R™)

finally translated to an asymptotic estimate of ||ul| 12, () With the aid of
the isomorphism property of —A+ AI (A >0). m

4. Continuity and asymptotic compactness of {T'(t)}. In the fol-
lowing two subsections we will check additional conditions necessary to de-
duce the existence of a global attractor for space dimensions n < 3.

4.1. Weak asymptotic compactness property. Recall from [CA-DL],
[A-C-D-RB] that any sequence bounded in HZ (R™) x H}\, (R™) is precompact
in X, = H}(R™) x L3(R™). In addition, each element obtained as a limit of
its subsequence in X,-norm must in fact belong to Hﬁl(Rn) X L%U(R”). This
leads to the following conclusion.

LEMMA 4.1. Suppose that n < 3 and the assumptions of Lemma 3.2
hold, and let E = clx,(y"(Bo)). Then E is bounded in X and the semigroup
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{T(t)} is asymptotically compact on E, i.e. if {(wom,vom)} is contained in
E and t,, — oo, then {T(tm) ZOm } contains a subsequence convergent
0Om
in X,-norm to an element of E.
Proof. Thanks to boundedness of v+ (By) in HZ(R™) x H,(R™), the se-
quences from " (By) approximating limit points (¢,) € clx, (v (Bo)) in

X, will be bounded in the norm of HZ(R") x H,. (R"). Thus, clx, (v (Bo))
is in fact bounded in X.

If ¢, — 0o and {(wom, vom )} is contained in E then, since F is positively

invariant (see (29) below), {T(tm)<[uom})} remains in E. Therefore,

Vom

there exists { [zm} } C v*(Bp) such that

e ([3])- L5211,

Since { [im} } is bounded in D(A,), there exists a subsequence { [j;m’“ } }
m -

convergent in X, to a certain

frewo([tem])- 2],
([ ]) = [0 ]+ [0 ] - [2])

with the right hand side convergent to zero as k — oo. Evidently (¢,1))
belongs to E, which completes the proof. »

<—, meN.

€ X. The above implies that

AR

<

)

Xo

4.2. Continuity in X,. For the set E = clx,(y"(By)) we will now show
the continuity of the semigroup 7'(¢t) : E — E, t > 0; namely

) X
(29) if {(uom,vom)} C E and (uom, vom) — (uo,v) € E,
then T'(t)(wom, vom,) ¢ T'(t)(uo,vp) € E for each t > 0.

Note first that the set v (By) is bounded in D(A,). Then, thanks to the
embedding HZ (R™) C L*®(R"), n < 3, the first coordinate ¢ of any pair
(¢,1) € vT(By) stays in a bounded subset of L>°(R™). Therefore,

(30) M0 V(¢,w)€conv(7+(80)) |f/(¢)| <M.
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Now, for any [151} [uﬂ € v (By) the X, norm of T(t)([ul —u2]>
1

V2 U1 — V2
will be estimated in terms of ’ v Uz . Indeed, setting U = u; — uq,
V1 — V2 XQ
we find that U satisfies
(31) Utt + 77Ut - AU = f(ul) - f(UQ)
Multiplying (31) by (Uy 4+ €U)p, 0 < € < (n—¢)/4, and calculating as in
Subsection 3.1 we find that H(U,U;) = §g. [3(Us +eU)? + 3e(n — e)U% +

$IVU?] o du satisfies

%H(U, Uy) < const H(U, Uy),

and hence
(32) %H(U(t% Ut(t))H?Xg < 'H(U(t)’ Ut(t)) < H(U(O) Ut(O))econStt

< consty || (U(0), Uy( ))HXQ

By a density argument, estimate (32) holds for U being the difference of
any two elements of E, which proves (29). Note that the limit function
T'(t)(uo, vo) obtained in (29) is in fact a mild solution to (10). This may be
verified by letting m — oo in the integral formula

t

(33) [z:gm:T(t)[’;gﬂ+§T(t—s><[f(um(g))+g]>ds, £>0,

0
defining a mild solution for smooth data (ugm,vom) € ¥ (Bo).
The above considerations show the validity of all assumptions in the
theorem of [H, p. 39] concerning the existence of a global attractor. Under
the assumptions of Lemma 4.1 we thus conclude that:

THEOREM 4.2. The semigroup {T(t)} restricted to a complete metric
subspace E of X, has a global attractor A. The attractor A is moreover
bounded in X -norm, attracts bounded subsets of HZ(R™) x HL(R™) in the
topology of X, and is invariant with respect to the group of translations
i R™.

REMARK 4.3. Note that the assumptions of [F, condition (1.2)] in our
notation read

6y fec'®, tmaplD o G Vi S5 < M

Also, f(s) = s — s3 4+ 2scoss? is an example of a nonlinearity satisfy-
ing (15), (16) for which the last condition in (34) fails. In particular such an
f will not be covered by the results of [F].
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