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Summary. Inspired by Pelczynski’s decomposition method in Banach spaces, we intro-
duce the notion of Schroeder—Bernstein quadruples for Banach spaces. Then we use some
Banach spaces constructed by W. T. Gowers and B. Maurey in 1997 to characterize them.

1. Introduction. For the sake of clarity we start with the notation.
Let X and Y be Banach spaces. We write X SYif X is isomorphic to a
complemented subspace of Y, and X ~ Y if X is isomorphicto Y. If n € N*
= {1, 2, ...}, then X" denotes the sum of n copies of X. It is useful to
define X° = {0}. Finally, if m, n are integer numbers, then m | n means that
m divides n.

Suppose that X and Y are Banach spaces satisfying

(1) x5Sy, vSX

In 1996 W. T. Gowers [6] solved the so-called Schroeder—Bernstein Problem
for Banach spaces by showing that X is not necessarily isomorphic to Y.
However Pelczynski’s decomposition method [1, p. 64] states that X ~ Y if
we add to (1) the two conditions

(2) X~X% Y~Y2
This decomposition method has played an important role in the isomorphic

theory of classical Banach spaces (see [1]). So after the variety of solutions
to the Schroeder—Bernstein Problem (see [2]-[7]) it is natural to ask whether
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it is possible to determine all pairs of non-trivial conditions similar to those
of (2) which added to (1) also yield X ~ Y. To be more precise we define:

DEFINITION 1.1. We say that a quadruple (p, ¢, 7, s) of natural numbers
with p+ ¢ > 2 and r + s > 2 is a Schroeder—Bernstein quadruple (SBQ) if
X ~ Y for any Banach spaces X and Y satisfying (1) and the conditions

(3) X~XPaY!, Y~X'aY"

The restrictions p + ¢ > 2 and r + s > 2 are imposed to avoid the
conditions X ~ {0}, Y ~ {0}, X ~ X, Y ~Y and X ~Y in (3).

We also say that A = (p — 1)(s — 1) — rq is the discriminant of the
quadruple (p, q,r,s).

Thus Pelczyniski’s decomposition method states that (2,0, 0,2) is a SBQ.
The aim of this paper is to present a simple characterization of the SBQ
in terms of their discriminant. To do this, the Banach spaces constructed
by W. T. Gowers and B. Maurey in [7, p. 563] will be fundamental (see
Remark 2.4).

2. The result. Our characterization of the SBQ is given by Theo-
rem 2.1. It follows directly from Propositions 2.5 and 2.6.

THEOREM 2.1. A quadruple (p,q,r,s) of natural numbers with p+q > 2
and r+s > 2is a SBQ if and only if A #0, A|(p+q—1) and A|(r+s—1).

In order to prove our propositions, we need some auxiliary results. We
begin with a simple remark which will be used several times in this work.

REMARK 2.2. Let X and Y be Banach spaces and (p, q,r, s) a quadruple
of natural numbers with p + ¢ > 2 and r + s > 2, satisfying (3). Then the
discriminant of (s,r, ¢, p) is also A and

Y~Y'pX", X~Y?qXP.

LEMMA 2.3. Let (p,q,r,8) be a quadruple of natural numbers with p > r,
g>s,r+s>2, Al(p+q—1) and A|(r+s—1). Suppose that X and Y
are Banach spaces satisfying (3). Then there exist P,Q,R,S € N such that
either P> R and Q < S, or P< R and Q > S, satisfying

(a) P+Q@>2and R+ S > 2.

(b) The discriminant of (P,Q, R, S) is A.

(c) Al(P+Q—1) and A (R+S—1).

()X ~XPaY?andY ~XEa Y7,

Proof. Let us start with two claims.

CLAIM 1. Put R =171 and S = s. Then there exist P,QQ € N, with P < R
or Q@ < S, satisfying (a)—(d) of Lemma 2.3.

Indeed, we distinguish three cases: s =0, s =1 and s > 1.
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CAsE 1: s=0. Then A= —-p+1—rqgand r > 2. We write p=rm+n
for some m € N* and 0 <n <r. By (3), Y ~ X" and
4 X~ X)X "@YI~Y"E X Y~ XY™,
Put P =n and Q = ¢+m. Thus P < R and according to (3) and (4), (d) is
satisfied. Moreover,
(a) P+Q=n+qg+m>n+1+12>2, because ¢ > s = 0 and m € N*.
(b) The discriminant of (P, Q, R, S) is equal to —(n — 1) — (¢ +m) =
—(p—rm—-1)—r(g+m)=—-p+1—-—rqg=A.
(¢c)Since P+Q—-1=n+(q@+m)—1=((p—rm)+(qg+m)—1=
(p+q—1)—m(r—1) and by hypothesis A| (p+qg—1) and A| (r—1),
it follows that A|(P+Q — 1).

So in this case Claim 1 is proved.

CASE 2: s =1. Hence A = —rq and ¢ > s = 1. We write p = rm + n for
somem €N and0<n<r.By 3),Y ~X"®Y and
5) X~X"MgYIi~XoX @0 X oYoX'oYi!

~X"pY1

Put P = n and @Q = ¢q. Thus P < R and according to (3) and (5), (d) is
satisfied. Moreover,

(a) P+Q=n+qg>n+22>2.

(b) The discriminant of (P, Q, R, S) is equal to —rq = A.

(c) Since P+Q—1=n+q—1=(p—rm)+q—1=(p+qg—1)—rmand

by hypothesis A|(p+¢—1) and A|r, it follows that A| (P4+Q —1).

Therefore in this case Claim 1 is also proved.

CASE 3: s > 1.

STEP 3.1. Put py =p—7r>0and ¢ = q— s > 0. By (3) we have
6) X~XPHgyats O X"TgYS @ XPoY® ~ XP oy nth

SUBCASE 3.1.1: p1 <r. Put P=p; and Q = ¢ + 1. Thus P < R and
according to (3) and (6), (d) is satisfied. Moreover,

(@) P+Q=pi+q+1>1+14+1=3.

(b) The discriminant of (P, @, R, S) is equal to (p1 —1)(s—1)—r(qg1 +1) =
p—r—1(s—1)—r(g—s+1)=ps—p—s+1—rqg=A.

(¢)Since P+ Q-1 =pi+(@a+1)-1=@p-r+(@-s =
(p+q—1)—(r+s—1) and by hypothesis A | (p+¢—1) and A | (r+s—1),
it follows that A| (P +@Q —1).

Hence in this subcase Claim 1 is proved.
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SUBCASE 3.1.2: ¢1 +1 <s. Put P=piand Q =q1 +1. Thus Q < S
and according to (3) and (6), (d) is satisfied. Now, from what we have just
done in Subcase 3.1.1, Claim 1 is also proved.

Otherwise

p>r, s<qg+l=qg—(s—1).

STEP 3.2. Put po=p1 —r >0and ¢ =q1 +1 — s > 0. By (6) we have

(7)) X~XPIgyets CXToY e XPoY® ~ XP2oY®Rth

SUBCASE 3.2.1: po <r. Put P =py and Q = ¢ + 1. Thus P < R and
according to (3) and (7), (d) is satisfied. The remaining assertions of Claim 1
are proved similarly to Subcase 3.1.1.

SUBCASE 3.2.2: o +1 < s. Put P=po and Q = g2+ 1. Thus Q < .S and
according (3) and (7), (d) is satisfied. The remaining assertions of Claim 1
are proved as in Subcase 3.1.2.

Otherwise

pp>r, s<qg+l=qg—2(s—1).
Since s > 1, after a finite number of steps Claim 1 is proved.

Next, note that thanks to Remark 2.2, it follows from Claim 1 that the
following claim is also true:

Cram 2. Let (p/,q',7',s") be a quadruple of natural numbers with dis-
criminant A, p' <r', ¢ <, p+q¢ >2, Al (p+¢ —1) and A|(r'+5 —1).
Put P = p and Q = ¢ and suppose that X and Y are Banach spaces
satisfying

X~XP ovY? Y~X" pY°.
Then there exist R, S € N such that P > R or @ > S and satisfying (a)—(d)
of Lemma 2.3.
Now we are ready to prove Lemma 2.3.

STEP 1. Put Ry = r and S1 = s. By Claim 1, there exist P;,Q1 € N,
with P; < Ry or Q1 < Si, such that the quadruple (P, Q1, Ry, S1) satisfies
(a)—(c) of Lemma 2.3 and

(8) X~XPay@, yv~xPrigys,

If P, = Ry or Q1 = 57 then Lemma 2.3 is proved.
Otherwise P; < Ry and Q1 < 57.

STEP 2. Put P, = P; and Q2 = Q7. By Claim 2 applied in (8), there
exist Rg, S € N, with P, > Ry or Q2 > S5, such that the quadruple
(Ps, Q2, Ra, S2) satisfies (a)—(c) of Lemma 2.3 and

X~ XP2py?, Y~XRgyS,
If P, = Ry or Q2 = S5 then Lemma 2.3 is also proved.
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Otherwise P, > Ry and Q3 > So.
Finally observe that Ry < P» = P; < Ry = r. So after a finite number of
steps Lemma 2.3 is proved. m

REMARK 2.4. Let p,q,7,s € N with p+ ¢ > 2 and r + s > 2. Suppose
that there exists a quintuple (i, 7, k,[,t), with 4, j € N*, k,[,t € Nand t > 2,
such that ¢ does not divide j — 1,

9) (p—1i+qj=kt, ri+(s—1)j=It.
Then (p, q,r,s) is not a SBQ.

Indeed, let X; be the Banach space constructed by W. T. Gowers and
B. Maurey in [7, p. 563], that is, X} ~ X}, with u,v € N*| if and only if u
is equal to v modulo ¢. By (9) we have

X~ (XP e (XD)1 X~ (X))@ (X))
Furthermore, since ¢ does not divide j —1, it follows that X} # th . Therefore
(p,q,r,s) is not a SBQ.

PROPOSITION 2.5. If a quadruple (p,q,r,s) of natural numbers with p +
g>2and r+s>2isa SBQ, then A #0, A|(p+q—1) and A|(r+s—1).

Proof. First note that it is enough to show:

(a) If A =0 then (p,q,r,s) is not a SBQ.
(b) If A # 0 and A does not divide p+q¢—1, then (p, ¢, 7, s) is not a SBQ.
(c) If A # 0 and A does not divide r+s—1, then (p, ¢, 7, s) is not a SBQ.

We will prove (a) and (b). By symmetry, (c) is also true.

(a) Suppose A = 0. Since p + ¢ > 2, there are three cases: p = 1,q = 1,
p > 2 and finally ¢ > 2.

CASE 1: p = q = 1. By the definition of A, r = 0 and therefore s > 2.

SUBCASE 1.1: s = 2. Let X; be the Banach space mentioned in Re-
mark 2.4, with ¢t = 2. We take X = X; and Y = X?. Hence (1) and (3) are
satisfied, but X o Y. Thus (p, q,r, s) is not a SBQ.

SUBCASE 1.2: s > 3. Let X; be as in Remark 2.4, with t = s—1. We take
X = X; and Y = X', Therefore (1) and (3) are satisfied, but X # Y.
This implies that (p, ¢, 7, s) is not a SBQ .

CASE 2: p > 2. Since A =0, (p,p— 1,p — 1,r,p + q) satisfies (9). So
(p,q,7,s) is not a SBQ , because p + ¢ does not divide 1.

CASE 3: ¢ > 2. Since A =0, (¢,9+ 1,9, — 1,p + q) satisfies (9). Since
p + q does not divide 1, (p, q,r, s) is not a SBQ.

(b) Assume that A # 0 and A does not divide p+ ¢ — 1. Then A # 1
and we consider the following two cases: A > 2 and A < —2.
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CASE 1: A > 2. It follows from the definition of A that s > 1. There are
two subcases: r > 0 and r = 0.

SUBCASE 1.1: 7 > 0. Since A >0, ¢/(s—1) < (p—1)/r. Let m,n € N*
be such that

(10) q/(s—=1)<m/n<(p—1)/r.
Here we also distinguish two possibilities:

SUBCASE 1.1.1: Af(m(r+s—1)—n(p+q—1)). Let i =m(s —1) —ng
and j = n(p — 1) — mr. From the inequalities in (10), we have i > 0 and
j > 0. It is easy to verify that (4,7, m,n,A) satisfies (9). Furthermore, A
does not divide j —i =n(p+q—1) —m(r+s—1). Consequently, (p,q,,s)
is not a SBQ.

SUBCASE 1.1.2: A|(m(r +s—1) —n(p+q—1)). Since (vm)/(vn + 1)
tends to m/n as v — oo, there exists v € N* such that

(11) q/(s—1) < (vm)/(vn+1) < (p—1)/r.

We take i = vm(s—1)—(vn+1)gand j = (vn+1)(p—1) —vmr. By (11) we
have ¢ > 0 and 7 > 0. Now observe that (i, j,vm,vn, A) satisfies (9). But,
of course, A does not divide j —i = vn(p+qg—1)—vm(r+s—1)+p+q—1,
hence (p,q,r,s) is not a SBQ.

SUBCASE 1.2: r = 0. By the definition of A, s > 2. To show that
(p,q,r,s) is not a SBQ, it suffices to take m,n € N* such that ¢/(s — 1) <
m/n and to proceed as in Subcase 1.1. Only observe that here we must
consider separately the cases when A does or does not divide m(s — 1) —
n(p+q-1).

CASE 2: A < —2. In this case, it is useful to distinguish the following
four possible subcases: s =0, r =0, s > 1 and r > 0, and finally s = 1.

SUBCASE 2.1: s = 0. Thus » > 2 and —A = (p — 1) + rqg > 2. Since
—A does not divide p+ ¢ — 1, ¢ > 1. Therefore (1,r,1,0, —A) satisfies (9).
Moreover, —A = (p+q—1)+ (r — 1)g, hence —A does not also divide r — 1.
So (p,q,r,s) is not a SBQ.

SUBCASE 2.2: 7 = 0. Therefore A = (p—1)(s—1) < —2. Since s > 2, we
have p = 0. Hence (g, 1,0, 1, —A) satisfies (9). Thus, (p, q,r, s) is not a SBQ,
because by hypothesis A does not divide ¢ — 1.

SUBCASE 2.3: s > 1 and r > 0. Since A <0, (p—1)/r < q/(s—1). Now
replacing A by —A, by an analogous argument to that used in Case 1, we
deduce that (p,q,r,s) is not a SBQ.

SUBCASE 2.4: s =1. Sor > 1, A = —rq < —2 and therefore ¢ > 1. It
suffices to take m,n € N* such that (p — 1)/r < m/n and replacing A by
—A to proceed as in Subcase 1.2 to see that (p,q,r, s) is not a SBQ. =
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PROPOSITION 2.6. Suppose that (p,q,r,s) is a quadruple of natural num-
bers with p+q>2,r+s>2, A#0, Al(p+qg—1) and A|(r+s—1).
Then (p,q,r,s) is a SBQ.

Proof. Let X and Y be Banach spaces satisfying (1) and (3). We will
prove that X ~ Y by considering the following six possible cases: p = r and
s>q;p>rands=¢g;p>rands>¢gp<rands<g;p>rands<gq;
and finally p < r and s > q.

CASE 1: p = r and s > ¢. In this case it is also convenient to consider
three subcases: r =0, r =1 and r > 1.

SUBCASE 1.1: 7 = 0. Thus A = —(s — 1) and by hypothesis there exists
v € N* such that ¢ — 1 =v(s —1). By (3), Y ~ Y* and
X~Y' oY ~Y gy ~Yloy e oy lay ~Y.

SUBCASE 1.2: r = 1. Hence A = —q and thus there exists v € N* such
that s = vg. By (3), X ~ X ®Y? and

Y~ XY~ XY~ XpYI®pYi®---Y!~X.
SUBCASE 1.3: r > 1. Let D € N* be such that s = ¢+ D. Thus

(12) A=(r—1)(D-1)—q.
Then, using (3), we have
(13) Y~ X oYrP v (XTayYoYP ~XaYP.

Adding X @ YP~! to both sides of (13) we deduce that
Y ~ X2 oy YD+(D_1).
Hence, by induction we obtain
(14) Y ~ X’r‘ o YD+(T*1)(D71)'
To continue we distinguish two possibilities: A < 0 and A > 0.

SUBCASE 1.3.1: A < 0. By our hypothesis, —A | D. Therefore there exists
v € N* satisfying D = —vA. Consequently, by (3), (12) and (14) we conclude
that

Vo~ X?” D Y(’r‘—l)(D—l)—A D YD+A ~ X?“ D Yq o YD+A ~ X e YD"FAI

Again by induction, we get Y ~ X @ YP+m4 for every m € N*, m < v. In
particular, Y ~ X @ YP+v4 L X,

SUBCASE 1.3.2: A > 0. Let v € N* be such that D = vA. According
to (3), (12) and (14) we have

Y ~ X" & Y(r—l)(D—l)—A ® YD—I—A ~X"eaY'® YD—i—A ~X® YD+A.
Therefore, once more, by induction it is easy to see that
(15) Y~ XaYPta o xgy?l,
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Thus, it follows from (13) and (15) that

(16) Y~XoYPaoyl ~yPHt
Let A be a Banach space satisfying
(17) X~Y DA

So, again by (13) and (16),
X~YPA~YPH gAY DAY~ XaaYP ~Y.

CASE 2: p > r and s = ¢q. By Remark 2.2 and Case 1, it follows that
X~Y.

CASE 3: p>r and s > q. Then A > 0. Let d and D in N* be such that
p=r+dand s=q+ D. Thus

(18) A=r(D—-1)+q(d—1)+ (d—1)(D —1).
There are two subcases: A =1 and A > 2.

SUBCASE 3.1: A =1. Hence only one of the three summands in (18) is not

zero and equal to 1. There are three possibilities to consider: (D —1) =1,
gd—1)=1land (d—1)(D—-1)=1.

SUBCASE 3.1.1: 7(D—1) = 1. Sor = 1and D = 2. Consequently, by (18),
d=1, p=2 and q is arbitrary. Now by using (3) and (17) we have

(19) X~XoY™ogYoA~r XY e X ~ X2 Yt

Let B be a Banach space satisfying

(20) Y ~X®B.

Hence, again by (3),

21) Y~ X?0Y?9B~X0Y @ X®B~XaYI0Y ~XaYI

Therefore from (19) and (21), X ~ X @Y. Finally, again from (21), we get
YeXaY™ v XeYaY® e ~X

SUBCASE 3.1.2: ¢(d — 1) = 1. So ¢ = 1 and d = 2. Therefore by (18),
D =1 and r is arbitrary. By Remark 2.2 and Subcase 3.1.1, it follows that
X~Y.

SUBCASE 3.1.3: (d—1)(D—1) =1. Sod =2 and D = 2. Thus by (18),
r = 0 and ¢ = 0. Consequently, Petczynski’s decomposition method implies
that X ~Y.

SUBCASE 3.2: A > 2. So p > 1. By (18) and our hypothesis we have
(22) (r(D-=1)4+q(d—=1)+(d-1)(D-1))|(r+d+q—1),
(23) (r(D-1)+q(d-=1)+(d-1)(D-1)|(r+q+D-1).
There are two possibilities: D —1=0and D —1 > 0.
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SUBCASE 3.2.1: D —1 = 0. Then (22) and (23) can be rewritten respec-
tively as follows:
(24) gd=1[(r+d+q-1), q¢d=1)[(r+q)
Therefore g(d—1) | (d—1). Consequently, ¢ = 1 and d—1 > 2, because A > 2.
Also by (24) we conclude that (d — 1) | (r + 1), that is, (p —r — 1) | (r + 1).

Since D =1 and s = ¢+ D = 2, it follows from (3) and (17) that
(25) X~nYRA~X"Y?PA~X"0YBY DA~ XY
Now let v € N* be such that r +1 = v(p —r — 1). Thus, (3) and (19) imply
that

Y~X®B~XoY®B~X'loYoXa®B~X1oY2
Hence, according to (25), we have Y ~ XP~1 @ Y2 ~ Xe-D-0+D) gy g
Yo X ~ Xe-D-0t) gy @ X ~ XP~"~1 @Y. Finally, again by (25),
we deduce
X~xr gy o xprlgxrlg.  oXP oy ~Y

SUBCASE 3.2.2: D — 1 > 0. Then d — 1 = 0, otherwise by (18), A >
(r+q+ D —1) and thus (23) would not be true. Hence, by Remark 2.2 and
Subcase 3.2.1, it follows that X ~ Y.

CASE 4: p < r and s < ¢. Here it is convenient to distinguish three
subcases: p > 1 and s > 1; p = 0; and finally s = 0.

SUBCASE 4.1: p > 1 and s > 1. Then, from (3), (17) and (20), we obtain
(26) X~X" oY loyvyodA~X"0oY loX~XToys!
27) Y ~XPloYieoXeB~XPlaoYigYy ~ XPlgydth
In order to see that X ~ Y, it suffices to apply Case 3 in (26) and (27).
Because (r+1)+(s—1)—1=r+s—-1,(p—-1)+(¢+1)—1=p+qg—1,
the discriminant of (r+1,s —1,p—1,q+ 1) isequal to —A, r+1>p—1
and ¢g+1>s—1.

SUBCASE 4.2: p = 0. Thus ¢ > 2 and by hypothesis we know that
(28) (s=1D+rg)|(g—1).
Therefore r < 1. If r = 1, then again by (28), s = 0, which is absurd, because

r+s > 2. S0, r =0 and (28) implies that there exists v € N* such that
g—1=wv(s—1). Consequently, as in Subcase 1.1, we can show that X ~ Y.

SUBCASE 4.3: s = 0. By Remark 2.2 and Subcase 4.2, it follows that
X ~Y.

CASE 5: p > r and s < ¢q. By Lemma 2.3, there exist P,@Q, R, 5 € N
satisfying (a)—(d) of that lemma and such that either P > R and Q < S, or
P < Rand @Q > 5. That is, exactly one of the following four possibilities is
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satisfied: P=Rand S>Q@Q; P>Rand S=Q; P>Rand S >Q; P<R
and S < . Therefore, from Cases 1-4, we see that X ~ Y.

CASE 6: p < r and s > ¢q. By Remark 2.2 and Case 5, it follows that
X~Y.
This finishes the proof of Proposition 2.6. =

COROLLARY 2.7. Suppose that X and Y are Banach spaces satisfying
(1) and X ~ XP for some p € N, p > 2. Then X ~ Y if and only if
Y ~ X" ®Y? for somer € N with (p—1)| (r +1).

PROBLEM 2.8. Suppose that X and Y are Banach spaces satisfying (1)
and Y ~ X" ® Y? for some r € N*. Does it follow that X ~ XP for some
pEN,p>27

Finally, note that Theorem 2.1 gives a partial affirmative answer to the
following problem:

PROBLEM 2.9. Suppose that X and Y are Banach spaces satisfying (1)
and (3) for some p,q,r,s € Nwith p+q > 2, r+s > 2. Is it true that there
exists m € N, m > 2, such that X ~ X™ or Y ~ Y™?
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