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of Real Hypersurfaces
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Presented by Bogdan BOJARSKI

Summary. We characterize curvature-adapted real hypersurfaces in nonflat quaternionic
space forms in terms of their shape operators and structure tensors.

1. Introduction. In a nonflat quaternionic space form, which is either a
quaternionic projective space or a quaternionic hyperbolic space, we have the
following nice examples of homogeneous real hypersurfaces. In a quaternionic
projective space HP"(c) of quaternionic sectional curvature ¢, they are

(A) a tube of radius r € (0,7/4/c) around the canonically embedded
totally geodesic HP™(c) for some m € {0,...,n — 2},

(M) a tube of radius r € (0,7/2+/c) around the canonically embedded
totally geodesic complex projective space CP™(c),

and in a quaternionic hyperbolic space HH"(c) of quaternionic sectional
curvature ¢, they are

(A) a horosphere in HH"(¢) and a tube of some radius r € (0,00)
around the canonically embedded totally geodesic HH ™ (c) for some
me{0,...,n— 1},
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(M) a tube of some radius r € (0,00) around the canonically embedded
totally geodesic complex hyperbolic space CH™(c).

We call these examples a hypersurface of type (A) and of type (M) in a
nonflat quaternionic space form M"™(c;H) of quaternionic sectional curva-
ture ¢ (# 0), respectively. In this note we study their shape operators and
structure tensors induced from the quaternionic structure on M"(c; H).

2. Curvature-adapted real hypersurfaces. In order to study real
hypersurfaces of type (A) and (M), Berndt [B] introduced the notion of
curvature-adapted hypersurfaces in a Riemannian manifold M. A hypersur-
face M of a Riemannian manifold M is called curvature-adapted if the nor-
mal Jacobi operator K and the shape operator A of M with respect to a unit
normal vector field N are simultaneously diagonalizable (i.e. KoA = AoK).
Here the normal Jacobi operator K : TM — TM of M with respect to N
is defined by K(-) = R(-,N)N, where R is the curvature tensor of M. For a
real hypersurface M in a quaternionic Kéhler manifold M with quaternionic
Kahler structure 7, which is a rank 3 vector subbundle of the bundle of en-
domorphisms of the tangent bundle TM, we decompose TM into D & D+,
where D is the maximal subbundle of T'M which is invariant by 7. Here,
a quaternionic Kahler structure 7 on a Riemannian manifold M of real di-
mension 4n is a rank 3 vector subbundle of the bundle of endomorphisms of
TM with the following properties:

1) For each point z € M there is an open neighborhood Gof7in M
and sections .Ji, Jo, J3 of the restriction J|5 over G such that

(i) each J; is an almost Hermitian structure on G, that is, J?=—id
and

(JiX,Y)+(X,J;Y)=0 for all vector fields X and Y on G,
where (, ) is the Riemannian metric of M,
(ii) JiJi—i-l = Ji+2 = — i+1=]i (Z mod 3) for i = 1, 2, 3.
2) V 5 is a section of J for each vector field X on M and section .J of
the bundle 7, where V denotes the Riemannian connection of M.

When the ambient space M is a nonflat quaternionic space form, curvature-
adapted real hypersurfaces are characterized in terms of D and the shape op-
erators: The following three conditions on a real hypersurface M in M"(c; H)
are equivalent:

(1) M is curvature-adapted.
(2) The subbundle D is invariant under the shape operator of M.
(3) The subbundle D+ is invariant under the shape operator of M.
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It was shown by Berndt [B] that every curvature-adapted real hypersurface
in HP™(c) is locally congruent to a hypersurface of type (A) or (M) and that
every curvature-adapted real hypersurface in HH"(c) all of whose principal

curvatures are constant is locally congruent to a hypersurface of type (A)
or (M).

3. Structure tensors and the shape operator. Let M be a real
hypersurface in a quaternionic Kéhler manifold M. For an endomorphism
J € J we define the structure tensor ¢y : TM — TM associated with J
by ¢5 = 7o J|pay, where m @ TM|y; — TM is the canonical projection.
Let S = {¢s | J € J} be the set of all structure tensors. This is a rank 3
subbundle of the bundle of endomorphisms of TM. We set £; = —JN for
each J € J. It is clear that Dy = {£;(z) | J € J} at each point x € M and
that ¢;(£7) =0, ¢7(D+) C D+ and ¢;(v) = Jo for every v € D.

In a complex projective space, real hypersurfaces of type (A), which
are tubes around canonically embedded totally geodesic complex projective
spaces, are characterized as hypersurfaces with A¢p = ¢A. Here ¢ is the
structure tensor induced by the complex structure of the ambient space.

We denote by §(X) the set of real functions on a domain X. As in the
case of complex space form, we consider an endomorphism fpA + gA¢ of
TM for f,g € F(TM) and ¢ € S, which is given by (fpA + gA¢)(v) =
f(v)p(Av) + g(v)Agp(v) for v € TM.

PROPOSITION 1. Let M be a real hypersurface of a nonflat quaternionic
space form M™(c;H). Then the following conditions are equivalent:

(1) M is curvature-adapted.

(2) For every ¢ € S there exists f € F(T M) satisfying (fpA + Agp)(D)
cD.

(2" (fpA+ gAd)(D) C D for every ¢ € S and f,g € F(TM).

(3) For every ¢ € S there exists g € F(TM) satisfying (pA+ gAg)(DL)
c D+.

(3") (foA+ gAg) (DY) C D+ for every p € S and f,g € F(TM).

Proof. (1)=(2")&(3'). This is trivial since A(D) C D and A(D+) C D+.

(2")=(2) and (3')=(3) are trivial.

(3)=(1). We decompose A{; as A&; = &7 + 5} € D @ Dt for each

¢; € DL. We then have

DL 5 (¢gA+ gApy)(E7) = GrAEs = 65(E7) + b(ET).

As ¢J(§) € D and (Z)J(gj-‘) € D+, this implies ¢J(§) = 0, so that E: 0. Thus
we see that A(D+) C D+ and M is curvature-adapted.

(2)=(1). For each = € M we take a local basis Ji, J2, J3 € J|g on a
neighborhood of  with JZ-2 = —1land JjoJi11 = Jiy2 = —Jiy10J; (i mod 3).
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Putting ¢; = ¢, and & = £, we express Av for each v € D as
Av =0+ m(v)é1 +m2(v)€2 +13(v)€3  with ¥ € D.
Then by assumption we have

D> (forA+ Ag1)(v)
= f(){p1(V) + n2(v)€3 — n3(v)&a}

—

+{01(0) + M (P1(0))1 + n2(P1(v))&2 + n3(d1(v))€s}-

Hence 11 (¢1(v)) = 0, and similarly n2(¢p2(v)) = n3(¢p3(v)) = 0. Thus we can
see that n;(v) = n;(¢i(—¢i(v))) = 0 for each i = 1,2,3, so that A(D) C D.
Therefore M is curvature-adapted in M™(c; H). =

As a consequence of Proposition 1 we establish the following characteri-
zation of hypersurfaces of type (A) in HP"(c).

THEOREM 1. The following conditions on a real hypersurface M of
HP™(c) are equivalent:

(1) M is of type (A).

(2) pA = Ao for each ¢ € S.

(3) For each ¢ € S there exists g € F(TM) with $A + gAp =0 on D+.
(4) For each ¢ € S there exists f € F(TM) with fpA+ Ap =0 on D.

__ Proof. Proposition 1 guarantees that M is curvature-adapted in
M"(H; c), hence M is either of type (A) or of type (M) under each con-
dition. We denote by A; an eigenvalue of A|p and by pu; that of A|p., and
by m(v) and V, the multiplicity and the eigenspace corresponding to the
eigenvalue v, respectively. The following is due to Berndt [B]:

When M is a hypersurface of type (A), its tangent bundle decomposes
as TM =V, @ V), @V, with

Ve o yer Ve yer

)\1: TCOtT, AQZ_TtanTa /J,l:\/ECOt(\/ET'),

and each of the eigenspaces Vy,, V), and V), is invariant under every ¢ € S.

(For the case when M is a geodesic sphere, V), = {0}.) Therefore it is clear

that pA = A¢ for each ¢ € S in this case. When M is of type (M), its

tangent bundle decomposes as T'M = V), ® V), @ V), & V),, where
Alzgcot@, Agz—\/?atan%,

pu1 = veceot(ver), p2=—yctan(y/cr),

and m(p1) = 1, m(p2) = 2. For each point we can take a local basis J;, i =
1,2, 3, satisfying Jiz =—1, JioJit1 = Jita = —Jix1 0 J; (i mod 3) and



Quaternionic Space Forms 323

(V) =V, (1=1,2), ¢1(Vi) ={0},  ¢1(Viiy) = Viuo,
(31) sz(VAl) - V)\Q? sz(V,\Q) = V)\l, ¢1(VM1) C VHZ’
(Vi) = Vi, (1 =2,3),

where ¢; = ¢,.
What we have to show is that condition (3) or (4) implies M is of
type (A).

(3)=(1). For each J € J, (3) leads us to ¢;(A&;) = —g(§)Aps(£s) = 0.
Hence A&y is proportional to &7, which shows & is principal. As Dy =
{&s(x) | J € T} for each x, it should be an eigenspace of A|p,. Considering
principal curvatures of real hypersurfaces of type (A) and of type (M), we
find that M is not of type (M). Every hypersurface of type (A) clearly
satisfies (3) with g = —1. Thus M is of type (A).

(4)=(1). By assumption, A¢pv = —f(v)pAv for every v € D. When M
is of type (M), we consider a vector v = ajv; + agve € D with a1,a2 € R
and vy € Vy,,v2 € Vi,, v; # 0. Since A\; # Ao, we see that A¢;(v) is not
proportional to ¢;Av for the structure tensor ¢;, i = 2,3, associated with
the local basis given above. When M is of type (A), it satisfies (4) with

= —1. Thus M is of type (A). =

Inspecting the proof of Proposition 1, we can improve the statement as
follows:

PROPOSITION 2. For a real hypersurface M in a nonflat M™(c;H), the
following conditions are equivalent:

(1) M is curvature-adapted in M”(C;H).

(2") For each x € M there exists a basis {K1, Ko, K3} of Jp and func-
tions f1, f2, f3 € F(TuM) satisfying (fiox, A+ Adk,)(Dsz) C Dy for
i=1,2,3.

(3") For each x € M there exists a basis { K1, Ko, K3} of J, and func-
tions g1,92,93 € §(ToM) satisfying (dx,A + giAdk,)(Dy) C Di
fori=1,2,3.

In this context we can improve Theorem 1 in the following manner.

THEOREM 2. For a real hypersurface M in a quaternionic projective
space HLP™(c) the following conditions are equivalent:

(1) M is of type (A).

(2") For each x € M there exists a basis {K1, Ko, K3} of Jy satisfying
gbKiA = A¢Kz fOT’ 1= 1,2,3.

(3") For eachx € M there exists a basis { K1, Ko, K3} of J. and g1, g2, g3
€ F(T.M) satisfying ¢, A+ giAdx, =0 on Dy fori=1,2,3.

(4') For each x € M there exists a basis { K1, Ko, K3} of T and f1, fa, f3
€ §(T M) satisfying fi¢pr, A+ Apk, =0 on Dy fori=1,2,3.
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Proof. Proposition 2 guarantees that under each condition, M is curva-
ture-adapted in HP™(c), hence it is either of type (A) or of type (M). Re-
viewing the proof of Theorem 1, we only need to check that (4’) implies (1).
When M is of type (M), we take a local basis J;, i = 1,2,3, of J satisfy-
ing Jzz = —1, Jz o Ji+1 = JZ'J’_Q = —Jj+1 0 Jz (Z mod 3) and (31) Setting
K;, = 22:1 a;;J; we may suppose az3z # 0. We then have

Adrs (018, + b285,) = —p1azsbely + poassbi€a + p2(asibe — azeb)Es,
Grs A(b1€, + b28,) = —p2a33beli + p1assbi€a + (p2az1by — p1asz2bi)Ss,
for some constants by, ba. Hence Ap g, (b1€s, + b2€s,) is not neccesarily pro-

portional to ¢r, A(b1€5, + b2€y,), and M is not of type (M). When M is of
type (A), it clearly satisfies (4'). m

In order to characterize homogeneous real hypersurfaces in a complex
projective space CP", Kimura [K] studied commutativity of two endomor-
phisms derived from the shape operators and structure tensors (see Proposi-
tion 3 below). Here, we also consider endomorphisms P = Py r = ¢A+ fA¢p
and Q = Qg gx = PA+gAP+k¢ of TM for functions f, g,k : M — R. When
we consider P, () on a tangent space T, M, we treat f, g,k as constants.

LEMMA. Let M be a real hypersurface in a quaternionic Kdhler mani-
fold M. If (Py, Q4 gk —Qs,.9kPs,.£)65(x) =0 at some x € M with some
constants f, g,k with f # g, then £;(x) is a principal curvature vector of M
mn M.

Proof. Direct computation yields

(3:2) Py, fQp.9k — Qoygkls,.f
= (f = 9)(—¢sA%¢s + AP3A) + k{(1 — [)psAds + fAPT — $7A},

in particular,

(Py, Qo9 — QoygiPo,p)ér = (f — 9)AGTAL; — kT AL,

==+ ) - x{(—aes St

Hence

0= ((Py,,1Qp,.9k — Qos.9.kPs,.r)65(2),&(2))
) — ol [ — o (A& (), &5(x))?
= (7(0) — o) (—l1agy 2 + DL,

which shows that [|A&;(2)||? = (A& (x),&5(2))?/||€]|%. Thus we conclude
that £7(z) is principal. m

REMARK. On every hypersurface of type (A) in a nonflat M"(c; H) the
commutation relation PQ = QP holds for arbitrary ¢ € S and functions
f, g,k because pA = A¢.
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In view of the Lemma we obtain the following:

THEOREM 3. For a real hypersurface M in HP™(c) the following condi-
tions are equivalent:

(1) M is of type (A).

(2) Py fQo gk = QogrPor forallp €S and f,g,k € F(M).

(2") For each ¢ € S there exist f,g,k € F(M) such that f — g has no
zeros and Py Qg gk = Qp.g.kPs,f-

(3) P¢JQ¢797]€ = Qq&,g,kqu,f on D+ forallp e S and f, g,k € S(M)

(3') For each ¢ € S there exist f,g,k € F(M) such that f — g has no
zeros and Py Q¢ g1 = Qs gk P 5 on DL,

(4) For each x € M there exists a basis {Ky, Ko, K3} of J. and con-
stants f;, gi, ki such that f; # g; and

P¢Ki7fiQ¢Kiagiaki = Q¢Ki,9i7kiP¢Ki,fi on Ty M fori=1,2,3.

Proof. Under each condition it follows from the Lemma that AD+ C
DL, so that our real hypersurface M is curvature-adapted. When M is of
type (A), these conditions trivially hold. Therefore we assume that M is of
type (M). Since there is a non-principal vector in D+, condition (3') does
not hold. Suppose M satisfies (4). Then we may consider {x, € V,, and
EKoy €Ky € Vyuy by the Lemma. Since {K, Ky, K3} is a basis of 7, we see
that ¢, (Ex,) = alk, with a nonzero constant a and ¢, ({k,) € Vi, \ {0}.
As ¢K2(V)\1) = V)\Q, ¢K2<V)\2) = V>\17 for v € V>\1 we find by (3.2) that

(P¢K27f2 Q¢K2 ,92,k2 Q¢K2 ,92,k2 P¢K27f2)v
= (A2 = AM){(f2 — 92) (M1 + A2) + k2 (fo — 1)}o,
(P¢K27f2 Q¢K2 sg2,k2 Qd)KQ ,92,k2 P¢K2’f2)€K3
= a(uz — p){(f2 = 92) (1 + p2) + k2(f2 = 1) }or, (E1)-
Since A1 + Ay # p1 + peo, this is a contradiction which proves our result. m

In terms of D+, we have the following characterization of all curvature-
adapted real hypersurfaces of HP"(c):

THEOREM 4. For a real hypersurface M in HP™(c) the following condi-
tions are equivalent:

(1) M is curvature-adapted.
(2) For each x € M there exists a basis {Ky, Ko, K3} of J. and con-
stants f;, gi, ki such that f; # g; and
P¢Ki,fiQ¢K,-7gi,ki = Q¢Ki,gi,k¢P¢Ki,f¢ on DQJc_ fori=1,2,3.
(3) There exist constants f,g,k (f # g) such that for each x we can
choose a basis { K1, Ko, K3} of J, satisfying

Py fQér.ak = Qéxc, gk Por,.f  on Dy fori=1,2,3.
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Proof. By the Lemma, (2) implies AD+ C D+, hence M is curvature-
adapted. On the other hand, when M is of type (M), we take f = —1,g=1
and k = —(u1+p2). For a local basis J;, i = 1,2, 3, of J satisfying JZ-2 = -1,
JioJiy1 = Jigza = —Jiz10J; (i mod 3) and (3.1), we see that P¢wa =0on
Vi and Qg gk =0 on V,,. Hence (3) holds. Thus we obtain the result.

We end this paper with some results corresponding to Theorems 3 and 4
on real hypersurfaces in a nonflat complex space form M™(c; C) of constant
holomorphic sectional curvature ¢ (# 0), which is either a complex projective
space or a complex hyperbolic space. We say that a real hypersurface M
in M™(c;C) is a Hopf hypersurface if the characteristic vector £ of M is
principal.

PROPOSITION 3. For a real hypersurface M in a nonflat complex space
form M™(¢; C), two endomorphisms P = ¢A — A¢ and Qi = ¢pA+ Ap+ ko
commute for some constant k if and only if M is locally congruent to a Hopf
hypersurface all of whose principal curvatures are constant.

Proof. For ¢ > 0, the statement was proved by Kimura [K].
As we have

(3.3)  PQr— QP =20A% — 2A¢° A + k(20A¢ — Ap® — ¢ A)
and ¢%v = —v + (v, £)€ for an arbitrary tangent vector v, we see that

(PQ), — QuP)E, &) = (2A%€ — (AL, €) AL + k(AL — (AE,€)€),6)
= 2||A¢|* — 2(A¢, 6)*.

Thus if PQr—QrP = 0 we find that £ is principal, so that the corresponding
principal curvature « is constant (see [NR]).

Let v be a principal vector orthogonal to £. If Av = A\v, then we have
202X — a)A¢v = (2aX + ¢)¢pv. We first consider the case 2\ # «. Then ¢v
is also a principal vector of principal curvature (2a\ + ¢)/{2(2XA — «)} (see
[NR]). By (3.3) we have

2a\ + ¢ 20\ + ¢
(2~ 3onma) (* ang ) =0

hence either 4\? — 4a\ + ¢ = 0 or 4\2 4+ 4k\ — 2ka + ¢ = 0. Therefore in
this case each principal curvature function is locally constant on M. Next
we study the case that there is a point such that A = «/2 is a principal
curvature. By continuity of principal curvature functions the above argu-
ment guarantees that «/2 is a principal curvature on some neighborhood
of this point. So our real hypersurface M is locally congruent to a Hopf

hypersurface with constant principal curvatures.
We now check that every Hopf hypersurface with constant principal cur-
vatures satisfies PQr = QP for some constant k. Such real hypersurfaces
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are classified completely. In a complex hyperbolic space CH"(c) they are
called real hypersurfaces of type (A) and (B) (for details, see [NR]). For
a real hypersurface of type (A), which is either a horosphere or a tube of
radius r (0 < r < 00) around a totally geodesic CH%(c) with 0 < d <n —1,
as we have P = ¢ A — A¢p = 0, the claim is obvious. For a real hypersurface
M of type (B), which is a tube of radius r around a totally geodesic real
hyperbolic space RH™(c/4) of constant sectional curvature ¢/4, the tangent
bundle decomposes as TM = V), @ V), ® RE, where

a= e A7 AT oy ),

2
and ¢(Vy,) = Vi,, &(Vy,) = V),. Therefore Q) = 0 with £k = —(\1 + \2) =
—+/|¢] coth(y/]c| ), hence PQj = QxP.

In a complex projective space CP"(c) Hopf hypersurfaces with constant
principal curvatures are real hypersurfaces of types (A)—(E) (see [NR]). For
a real hypersurface of type (A), which is a tube of radius r (<7 /4/c) around
a totally geodesic CP%(c) with 1 < d < n — 1, the statement is obvious as
P = 0. For a real hypersurface M of type (B), which is a tube of radius
r (< 7/(24/c)) around a totally geodesic real projective space RP"(¢/4) of
constant sectional curvature ¢/4, the tangent bundle decomposes as TM =
Vi, @ Vi, & RE, where

Alz—gcot g, )ngtang, a = y/ctan(y/er),
and ¢(Vy,) = Vi, ¢(Vy,) = V),. Therefore Q) = 0 with &k = —(A\1 + \2) =
Veeot(y/|e| r), hence PQj = Qi P. For a real hypersurface M of type (C),
(D) or (E), which is a tube of radius r (< 7/(2v/¢)) around CP!(c) x
CP=D/2(¢), complex Grassmannian CGa 5 or SO(10)/U(5), respectively,
the tangent bundle decomposes as TM = V), @ Vy, ® V), ® V), DRE, where

_ Ve  Wer _ Ve er _ Ve(1+tan(y/er/2))
Av=gmcot—o—, A= —tano—, A 2(1 —tan(y/cr/2)) ’

)

c(1 —tan(+/cr/2
A= —{é . tan(%r /2)?, o = Vecot(ver),
d(Vy,) = Vi,,i = 1,2, and ¢(V,) = Vi, ¢(Vi,) = Vi,. We consider Q) for
k= —(A3 + A1) = y/ctan/cr. Since
P(Vy,) =0, Qr(V\,)CVy (i=1,2),
Qr(Vy,) =0(=3,4), P(Vy,) WV, P(Vy)CV,,
we find PQy = QP = 0 and obtain our result. =

REMARK. In Proposition 3 we cannot relax the condition on k. Even in
a complex projective space there exist Hopf hypersurfaces satisfying PQj =
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Q. P for some function k£ and having some principal curvatures not constant
(see [K] for details).
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