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MEASURE AND INTEGRATION

Narrow Convergence in Spaces of Set-Valued Measures
by
Kenny Koffi SIGGINI

Presented by Czestaw RYLL-NARDZEWSKI

Summary. We prove an analogue of Topsge’s criterion for relative compactness of a
family of probability measures which are regular with respect to a family sets. We consider
measures whose values are compact convex sets in a locally convex linear topological space.

Introduction. Let T be an abstract set, U a family of subsets of T,
and (E, F') a dual pair of real vector spaces, with E endowed with the weak
topology o(FE, F). Let cc(E, F') be the set of all convex compact non-empty
subsets of E, and M+(T, IC,cc(E, F)) the set of K-inner regular positive
set-valued measures defined on a o-field B of subsets of T and with values
in cc(E, F'). We denote by M, (T, K) the set of K-inner regular non-negative
measures defined on B provided with the topology of weak convergence.
Prokhorov [11] has proved that if T" is a Polish space and B the set of Borel
subsets, then the relatively compact subsets of M (T, K) are precisely the
tight ones. But this result is not valid for all topological space (see e.g. [5],
[10], [18]). In [16] Topsge has characterized the relatively compact subsets of
M (T,K) in general situations. Before and after Topsge’s paper there were
others (e.g. [1], [3], [18], [5]-[10]). In this paper we generalize to the space
M, (T,K,cc(E, F)) the criterion of Topsge (Theorem 2.1). In addition, we
prove a result (Theorem 3.3) analogous to Theorem 8.1 in [17, p. 40].

1. Preliminaries

1.1. We denote by T an abstract set; G and K are families of subsets
of T. We let B denote the smallest o-field containing every set A C T for
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which K NA € K for all K € K. The family K is said to be semicompact
if every countable subfamily of I with the finite intersection property has
a non-empty intersection. We shall say that G separates the sets in K if for
any pair K, K’ of disjoint sets in K we can find a pair G, G’ of disjoint sets
in G such that K ¢ G and K' C .

Let G’ be a family of subsets of T such that G’ C G. We shall say that G’
dominates K and write G’ = K if for any K € K there exists G’ € G’ such
that K C G'.

1.2. Nets on T. Let X be a non-empty subset of 7" and (z;);er be a net
on T. We say that x; € X eventually if there exists ¢ € I such that z; € X
for every j € I with j > 4. A net (z;);er on T is universal if, for every subset
X C T either x; € X eventually or x; € T\ X eventually.

1.3. The space cc(E, F). Let (E, F) be a dual pair of real vector spaces,
with £ and F' endowed with the weak topologies o(FE, F') and o(F, E) re-
spectively. If X and Y are subsets of E, we denote by X + Y the subset of
E consisting of all elements of the form x + y, where x € X and y € Y. The
closed convex hull of X is denoted by ¢o X, the polar of X by X , and the
closure of X by cl X. The support function of X is the map

§*([X) : F — [~00,+00], yr 6*(y|X) = sup{y(z); v € X}.

We denote by cc(E, F) the set of all o(E, F')-compact non-empty convex sub-
sets of E. We equip cc(F, F) with the Hausdorff topology. Let C' € cc(E, F),
B(0) a base of neighbourhoods of o in E, V' € (3(0), and £ > 0. The set

Wivec) = {C' € ce(E, F): sup [5*(41C) — 6*(5]C")| < 2}
yeVv
is a neighbourhood of C. The family {Wy . cy; V € B(o) and ¢ > 0} is
a base of neighborhoods of C. The space cc(E, F') is a completely regular
topological space (|2, Theorem II.19]).

1.4. Set-valued measures. Let M be a map from B to cc(E,F). The
map M is called additive if M(AU B) = M(A) + M(B) for any disjoint
sets A, B in B; monotone if M () = {o} and M(A) C M(B) for all A and
B in B such that A C B; and positive if M () = {o} and 0 € M(A) for
all A € B. We say that M is a weak set-valued measure if M is additive
and for every y € F the map A — ¢*(y|M(A)) from B to R is a o-additive
measure. A positive weak set-valued measure is K-inner reqular if for every
Ae B, M(A)=c|J{M(K); K C A, K € K}. Note that a positive additive
map M : B — cc(F, F') is monotone. Indeed, if A,B € B and A C B, then
M(B) = M(A) + M(B\ A). Hence M(A) = M(A) + {0} C M(B) since
o€ M(B\ A).
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1.5. Set-valued integral. An integration theory for positive weak set-
valued measures is developed in [15]. Let us only recall the following def-
initions and results. Assume that M : B — cc(E,F) is a positive weak
set-valued measure. If h is a positive simple function defined on T (i.e.
h = 3, aila, where oy > 0, A; € B and {A;,...,A,} is a partition
of T') then the integral of h with respect to M is defined by {hM =
Yo o M(A;). If f is a positive measurable function with respect to B
and the Borel field of R, there exists an increasing sequence (h,,) of simple
functions such that f = sup{hy,; n € N}. The integral of f is defined by
{fM =coU{\ hnM; n € N}. We have 6*(y| § fM) = f6*(y|M(-)) for every
y € F.If f is bounded we have | fM € cc(E,F). If f and g are measurable
functions and f < g then | fM C {gM.

1.6. Topologies on M+(T, cc(E, F)). We denote by MJF(T, cc(E, F)) the
set of all positive weak set-valued measures from B to cc(E, F) and by
]\7+(T, IC,cc(E, F)) the subset of M+(T, cc(E, F)) consisting of all -inner
regular elements. In M, (T,cc(E, F)) we define the following topologies.

The weak narrow topology (wn-topology) on M;(T, cc(E,F)) is the
weakest topology for which the map M +— M(T) is continuous and all
maps M — §*(y|M(G)) are lower semicontinuous for every G € G and
yeF.

The strong narrow topology (sn-topology) on My (T,cc(E, F)) is the
weakest topology for which the map M +— M (T) is continuous and all maps
M +— M (QG) are lower semicontinuous for every G € G.

Let M € My (T, cc(E, F)) and let (M;)ies be a net on M, (T, cc(E, F))).
Then (M;) converges to M in the wn-topology if and only if (M;(T)) con-
verges to M(T') in cc(E, F') and liminf; 0*(y|M;(G)) > 6*(y|M(G)) for all
y € F and G € G; and (M;) converges to M in the sn-topology if and only
if (M;(T)) converges to M(T) in cc(E, F) and for every G € G and every
open subset O of E such that M(G) N O # () there exists ig € I such that
M;(G) N O # O for every i € I with i > ig. The subset M+(T,IC,CC(E,F))
will be considered as a subspace of M, (T, cc(E, F)).

Consider now the following axioms on K and G, introduced by Topsge [16].

(i) K is closed under finite unions and countable intersections, and
0ek.
(ii) G is closed under finite unions and finite intersections, and () € G.
(iii) For every K € K and every G € G,K \ G € K.
(iv) G separates the sets in K.
(v) K is semicompact.

Note that (i) and (iv) imply that G dominates K.
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1.7. Topological case. Assume now that T is a Hausdorff topological
space. We then denote by K(T'), G(T') and B(T') the families of compact sub-
sets, open subsets, and Borel subsets of T', respectively. Now M;(T, cc(E,F))
denotes the set of positive weak set-valued measures defined on B(T"). The
wn-topology and sn-topology are defined by means of G(T"). Generally K(T),
G(T), B(T) replace K, G and B respectively. We denote by C(T) the
set of non-negative bounded continuous functions defined on 7. In view
of [17, Theorem 8.1 p. 40| if T" is a completely regular space then a net
(M;) on M;(T, cc(E, F)) converges in the wn-topology to M if and only
if (M;(T)) converges to M(T) in cc(E, F) and for every y € F and every
f e C(T),(§ f6*(y|M;i(-))) converges to § f6*(y|M(-)). It follows that if T

is a completely regular space, the wn-topology in MJ’_(T, K(T),cc(E,F)) is
a uniform topology. The uniformity is generated by the families of pseudo-
metrics {pv; V € B(o)} and {psy;y € F, f € C(T)}, defined as follows:
for every M and M’ in M (T,K(T),cc(E, F))
pv (M, M') = sup |0"(y|M(T)) — 6" (y|M'(T))],
yev

Pry(M, M) = | [ £ (WIM()) = |5 (I ().

It is evident that ]\7+(T ,IC(T), cc(E, F)) endowed with this uniform topology
is a Hausdorff space.

Let us introduce another topology. The simple topology (s-topology) on
M (T, cc(E, F)) is the weakest topology for which all maps M — M(f) are
continuous for every f € C(T).

2. Main results. The following theorem was proved by Topsge (|16,
Theorem 4, p. 202|) for non-negative scalar measures.

THEOREM 2.1. Let G and K be families of subsets of a setT" which satisfy
azioms (1)—(v) and let H be a subset of M (T, K, cc(E, F)) endowed with the
wn-topology. Then the following conditions (1) and (2) are equivalent:

(1) Every net on H has a convergent subnet in M, (T, K, cc(E, F)).
(2) (a) The set {M(T); M € H} is relatively compact in cc(E, F).
(b) For everyy € F, every subclass G’ of G which dominates K, and
every € > 0 there exists a finite subclass G” of G' such that

inf 0*(y|M(T\ G)) <e.

Sup it YIM(T\G)) <e
Proof. Assume that (1) is satisfied. It is obvious that (a) holds. If (b)
failed we would find y € F, e > 0, G’ C G with G’ = K such that for any finite
subfamily G” of G’ there exists Mg € H such that inf{é*(y|Mg- (T \ G));
G € G"} > e. We then obtain a net (Mgr)grcg/, where the family of all
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finite subsets of G’ is directed by D. According to (1), the net Mg» has a
subnet convergent in M, (T, K, cc(E, F')). We denote this subnet again by
(Mgn); let M be its limit. Then

lim 6 (y| Mg (T?))

= 6" (y|M(T)) = sup 6" (y|M(K)) < sup __inf _6*(y|M(G))
Kek Kek Geg',KCG

< inf  liminf §*(y| Mg (G
ng)g Gegl’r,chG mé}n Mg (@)
= su inf  liminf[6*(y| Mg (T)) — 6" (y|Mgr (T \ G
SUD L ciPheo 1 [0% (y| Mg (T)) (y| Mg (T'\ G))]
= su inf  [lim 6*(y|Mgr(T)) — limsup 0™ (y| Mg (T \ G
SE%Kgé,Geg’[é” (y| Mg (T)) 1g,S/P (y| Mg (T'\ G))]
<

lin 8" (y1Mgr (T) — .

a contradiction.

Let us now prove the converse. Assume that (2) is satisfied. It suffices to
prove that every universal net (M;);c; on H converges in ]\7+(T,IC,CC(E,F)).
Because of (2a), (M;(T"))ier is convergent in cc(E, F'). Put lim; M;(T) =
C. The set |J{M(T); M € H} is bounded in E. So is [J{M(A); M €
H} for every A € B because M(A) C M(T). Then for each y € F and
A € B the universal net (0*(y|M;(A)))ier is convergent in R. Put p,(A4) =
lim; 0*(y|M;(A)). Let G € G. Define Sg : FF — R by Sa(y) = py(G). One
has Sc(y +¢') < Sa(y) + Sa(y) and Se(ay) = aSe(y) for all @ > 0
and 3,y € F, and |Sg(y)| < 0*(y|C) where C is the absolutely con-
vex hull of C. We have C' € cc(E,F) (|7, p. 242]). This proves that S¢
is o(F, E)-continuous. By the Hahn-Banach theorem (|4, p. 62]) we have
Sa(y) = sup{la(y); lg : F — R linear and lg < Sg}. The relation lg < Sg
shows that g is also o(F, E)-continuous. Hence we may put lg(y) = y(zq)
where z¢ € E. Denote by cf(E, F') the set of all convex closed non-empty
subsets of E and consider the map

M:G —cf(E), G— M(G)=c{zg; zc € E,VyeF ylzg) < Sa(y)}
One has Sg(y) = 0*(y|M(@)). Since Sq(y) < 6*(y|C) for every y € F we
have M(G) € cc(E, F). Moreover, M is positive, monotone and subadditive.
In view of [12, Theorem 2| the map M from B to cf(E, F') defined by

MA) = | () M©)

KCAGDK

is a positive weak set-valued measure. It is K-inner regular and M (G) C
M(G) for every G € G. Since M(G) C C for all G € G, we have M(A) €
cc(E, F) for all A € B.
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Let us prove that (M;);c; converges to ]\z . By the definition of M, we
have lim; 0*(y|M;(G)) = 6*(y|M (G)). Since M (G) C M(G),

Vye F,¥G e G, limd* (y|Mi(G)) > 6*(y|M(G)).

It remains to show that lim; M;(T) = M (T'). First let us prove that
lim; 0* (y|M;(T")) = 6*(y|M(T)) for all y € F. Note that

O (yIM(T)) = sup fnf 0" (y|M(G))
([12, Lemmas 1-3]). Therefore we have to prove that
Yy € F inf sup lim & (y|M;(T \ G)) = 0.
KeK gca i

If this were not so we would find € > 0 and y € F such that for every K €
there exists Gx € G with Gx D K and 0*(y|M;(T \ Gk)) > € eventually.
Put ¢’ = {Gk; K € K}; then G’ dominates K and for every finite subfamily
G" of G" we have inf{6*(y|M;(T \ Gk)); Gk € G"} > e eventually. This
contradicts condition (b) of (2). Therefore lim; 0*(y|M;(T")) = 5*(y|M(T))
for all y € F.

On the other hand, the net (M;(T)) converges to C in cc(E, F'). It follows
that 6*(y|C) = 6*(y|M(T)) for all y € F and therefore M(T) = C.

REMARK. If in condition (2)(b) we only take subclasses G” of G’ consist-
ing of one set then we obtain the following condition:

(3) For all y € F, all ¢ C G with G’ = K and all ¢ > 0 there exists
G € G’ such that
sup{d*(yIM(T \ G)); M € H} < e.
In view of [14, Lemma 7] this condition is equivalent to the following:

(4) For all y € F and € > 0 there exists K € K such that
sup{0*(y|M(T'\K)); M € H} < e.

DEFINITION. A subset of M, (T, K, cc(E, F)) which satisfies condition (4)
is said to be uniformly tight.

COROLLARY 2.1. Let T be an abstract set, and let G and K be families
of subsets of T which satisfy axioms (1)—(v). Let H C My (T, K, cc(E, F))
be such that {M(T); M € H} is relatively compact in cc(E,F). If H is
uniformly tight, then every net on H has a convergent subnet.

The results of the next corollary have been proved in [6] for scalar-valued
measures. For non-negative measures they have been proved separately by
several authors (e.g. [3], [1], [8], [18], [9], [5]). We have generalized them to
set-valued measures [13].
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COROLLARY 2.2. Assume that T is a locally compact space or a com-
plete metric space or else a hemicompact k-space. Let H be a subset of
M (T,K(T),cc(E, F)) endowed with the wn-topology. Then the following
conditions (1) and (2) are equivalent:

(1) H is relatively compact.
(2) (a) The set {M(T); M € H} is relatively compact in cc(E, F),
(b) H is uniformly tight.

Since M, (T,K(T),cc(E, F)) is a completely regular space, condition (1)
of the corollary is equivalent to that of the theorem. The result is evident if T'
is a locally compact space or a complete metric space. If T' is a hemicompact
k-space the proof is similar to that in |9, Theorem 5.2, p. 834].

Finally, note that MJ,_(T,IC, cc(E, F)) with the wn-topology is a Haus-
dorff space when axioms (i)—(v) are satisfied. Since two weak set-valued
measures M and M’ are equal if and only if 6*(y|M (-)) = §*(y|M'(-)) for all
y € F, the proof follows from that of Topsge ([16, p. 204]).

3. The space M, (T,K(T),ck(E)). In this section we prove that the
wn-topology, the sn-topology and the s-topology coincide in ]\7+(T ,IKC(T),
ck(E)). Now E is a Banach space and F' = FE’ is its topological dual. The
norms on E and E’ are denoted by | - |. Let B’(0,1) be the closed unit
ball of E’, endowed with the relative topology o(B’(0,1), E) generated by
the weak topology o(E’,E) in E’. We denote by ck(E) the space of all
convex compact non-empty subsets of E, and by M+(T ,IC(T),ck(E)) the
subspace of M+(T,IC(T),CC(E, E’)) consisting of all elements with values
in ck(E). Note that a weak set-valued M with values in cc(E, E’) is a set-
valued measure, that is, for any sequence (A,) of pairwise disjoint sets in
B(T) with union A, we have M(A) = limp 00 Y _p_o M (Aj) where the limit
is taken with respect to the Hausdorff topology [15]. The Hausdorff topology
derives from the distance ¢ defined by §(C,C") = sup{|0*(y|C) — 6*(y|C")|;
y € F', |ly| < 1} for all C and C’ in cc(E, E’). The space (ck(E),J) is a
complete metric space [2]. We start with the following

LEMMA 3.1. Let (C;)icr be a net on ck(E), and let (z;)icr be a net on
B'(0,1). If (C;) converges to Cy in ck(E), and (z;) converges to zy in B'(0,1),
then (6*(2i|C;)) converges to 6*(zo|Co).

Proof. We have
6% (2i] Ci) = 6" (20| Co)| < 167 (2] Ci) — 6% (2:] Co)l + |67 (2i|Co) — 6" (20|Co)

|s?p 0% (y|Cs) — 6™ (y|Co)| 4|67 (2i|Co) — 6™ (20| Co)|-
y|<1

Since Cy € ck(F) and the map 6*(-|Cp) : B'(0,1) — R, y — §*(y|Co), is

<
<
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continuous, the net (6*(z;|Cy)); converges to 6*(z9|Cp). Moreover

lim(sup [6*(y|C;) — 0" (y|Co)|) =0
oyl

because (C;) converges to Cp. The lemma is therefore proved.

THEOREM 3.2. Let T be a completely reqular Hausdorff space, and E
be a Banach space. Let (M;)icr be a net on My (T,K(T),ck(E)) and My €
]\7+(T, K(T),ck(E)). Then (M;) converges to My in the wn-topology if and
only if (M;) converges to My in the s-topology.

Proof. By Section 1.6 it is evident that the s-topology is finer than the
wn-topology, so we need only prove that convergence in the wn-topology
implies convergence in the s-topology. Assume that (M;) converges to M
in the wn-topology. To show that (M;) converges to My in the s-topology
it suffices to prove that for every f € C(T), (| fM;) is a Cauchy net. If
this were not so, there would exist ¢ € C4(T) and € > 0 such that for
every i € I we would find k;,j; € I with k;,5; > ¢ and y; € B'(0,1)
such that |{g6*(vi|M;j, () — § 90" (vi| My, ()| > e. We may assume with-
out loss of generality that ¢ < 1. Since B’(0,1) is a compact space for the
topology o(B'(0,1), E), the net (y;)ier has a convergent subnet. Assume
for simplicity that (y;) itself converges to z € B’(0,1). Consider the net
(§ 90 (yi| Mk, (-)))ier. We have

§ 90" (il M, () = § 90" (2] M, (-)) < § 98" (s — 210, (1))

because for every y and y' in E’ one has | g0* (y+y/'| My, () < § g6* (y| My, (+))
+ § 90" (v/| My, (+)). Since g < 1 and §*(y|My,(+)) is a non-negative measure
one has | g0* (y| My, (-)) < 0*(y| My, (T')) for every y € E’. We then have

0" 1M1, ) = 08" G101, ) < 28° (5 (= )| M) ).
It follows that
| §90" (il M () = § 95" (2103,

< 2sup (5*(;( — 2)| My, (T ,(5*( (T)))
By Lemma 3.1 the nets (6" (L (y; )|Mk (T))) 5*(%(2 ) [ M, (T)))s
converge to 0. Hence lim; | Sgé (yz\Mk — {go* z\Mk -))| = 0. Taking ac-

count of the hypothesis one has lim; Sg&*(z]M (+)) = {g6*(2|Mo(-)). Then
we may conclude that hml §90* (yi| M, () = Sg&*(z|M0( )). Analogously,
lim; § g6* (vi| M, (1)) = (90*(2|Mo(+)). It follows from the equality of those
limits that lim; | { g6*(ys| Mk, (-)) — § 96*(ys| M, (-))| = 0. That is a contradic-

tion.
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We denote by tgy,, tyn and ts the strong-narrow, weak-narrow and simple
topology, respectively. If ¢t and ' are two topologies on the same set, we write
t <t if t is coarser than t'.

Let G € G(T) and K € K(T) and assume that K C G and T is
a completely regular Hausdorff space. Put F = {f € CL(T); f < lg}
where 1¢ is the indicator function of G. Since T is a completely regular
Hausdorff space, there exists f € F such that f(z) = 1 for all x € K.
The family F is filtering to the right and 1 = sup{f; f € F}. Now let
M e ]\7+(T,/C(T),Ck(E)). Since M is K(T)-inner regular and positive, we
have M(G) =co U{§ fM; f € F} = lU{| fM; f € F}. The second equal-
ity follows from the fact that | J{§ fM; f € F} is a convex set in E. Indeed, if
z e fM and y € {gM with f € F and g € F, then h =sup(f,g) € F and
M(h) D M(f)U M(g) because M is positive. Therefore re+(1—r)y € M(h)
where 0 < r < 1.

THEOREM 3.3. Let T be a completely reqular Hausdorff space and let
E be a Banach space. Then in My (T,K(T),ck(E)) the wn-topology, sn-
topology and s-topology are identical.

Proof. Let f € CL(T) and let
ps s (M (T; K(T), ck(E)), ts) — (ck(E),8), M pp(M) =\ fM.

Then py is continuous, and therefore lower semicontinuous. It follows that
for every G € G(T') the map

jYem <M+(T7K(T)7Ck(E>)7t8) - (Ck(E)76>
M pe(M) = M(G) :cIU{SfM; f ef}

is lower semicontinuous. We deduce that s, = ts because ty, is the weakest
topology for which all maps M — M(G) defined on M (T, KC(T'),ck(E)) are
lower semicontinuous. It follows from the proof of Theorem I1.21 in [2, p. 52]
that t,, = ts,. The relations t,, =< ts, =< ts and Theorem 3.2 show that
these three topologies are identical.
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