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Summary. Sufficient conditions for the absence of absolutely continuous spectrum for
unbounded Jacobi operators are given. A class of unbounded Jacobi operators with purely
singular continuous spectrum is constructed as well.

1. Introduction. In this paper we will discuss self-adjoint unbounded
Jacobi operators in 12 = [?(N) without absolutely continuous part. Let
{en}nen be the canonical orthonormal basis in (2. A Jacobi operator H is
densely defined in [? by the formula

He, =an_1€6p-1+bnen +aneny1, n=12, ...,

where the weights {an}nen and the diagonal {by}nen are sequences of real
numbers with ag = 0. More precisely, the Jacobi operator H associated to
{a,} and {b,} is defined on its maximal domain in [? by

(Hf)n:an—lfn—1+bnfn+anfn+17 n:1727--~

ASSUMPTION. In what follows we will always assume that H* = H and
an > 0 for all n € N.

The spectral theory of Jacobi operators is a large field far from being
completed. We mention here only a few papers concerning spectral analysis
of H in the case lim,, a, = 0o [1-3, 6, 8-10]. Most of these papers contain suf-
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ficient conditions for existence of nontrivial absolutely continuous spectrum
of H.

The problem of the absence of absolutely continuous spectrum of Schré-
dinger operators has been studied by Simon and Spencer [17| and by Simon
and Stolz [18]. They studied the cases of continuous and discrete versions
(i.e. Jacobi operators with a,, = 1). Following their ideas we will find gen-
eral criteria for the absence of absolutely continuous spectrum of H, i.e. for
0ac(H) = (). For A\ € R consider the infinite system of equations

(1.1) Op—1Un—1 + bpty + aptpns1 = Ay, n > 1.
It is well known that spectral analysis of H is strongly related to the asymp-
totic behaviour of solutions of (1.1) (Gilbert-Pearson subordination theory

[12]). In particular, using this theory one can formulate the following general
observation which can be used to verify that ou.(H) = (.

PROPOSITION 1.1. If for almost all A € R (with respect to the Lebesque
measure) there exists a nontrivial solution u of (1.1) such that

N N-1
(1.2) z; Jug? = O(Z :)

i=1
then o.c(H) = 0.
REMARK 1.2. The above o(-) term in general depends on A.

Proof. We claim that any solution of (1.1) satisfying (1.2) must be sub-
ordinated, [12]|. Suppose that there exists v linearly independent of u and a
constant ¢y > 0 such that

N; N; _1
> (1) = e
s=1 s=1

for a sequence N; — oo. Let ¢ = W (u,v) be the Wroniskian of u and v. By
the Schwarz inequality we have (cf. [8, p. 222|)

N;—1 N; N; N;
1 ’c| 1 1/2 1 1/2 2 1
> <2 Ml [ Xl < gy Yl
s=1 S s=1 s=1 CO s=1

Lo(X D)

= — 0 _—
1/2 ’
CO/ s=1 s

a contradiction. This proves our claim and completes the proof. =

Despite its simplicity, Proposition 1.1 is, in general, not easy to apply.
Therefore we look for more efficient criteria for the absence of absolutely con-
tinuous spectrum of H. In Section 2 we shall formulate sufficient conditions
(in terms of {a,} and {b,}) which guarantee that o,.(H) = (). Moreover, in
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Section 3 a class of Jacobi operators with purely singular continuous spec-
trum will be constructed.

2. The absence of absolutely continuous spectrum. Due to the
results of [5] sufficient conditions are known for compactness of the resol-
vent R(H,-) of H, which are given in terms of asymptotic behaviour of the
weights and the diagonal. We want to find sufficient conditions which guar-
antee that H does not have absolutely continuous spectrum. It turns out
that the method used by Simon and Spencer [15] for Schrédinger operators
(continuous or discrete) can be easily adapted to our case. We shall consider
the following three cases:

(a) {an} is unbounded and {b,} € [*°,
(b) {an} € 1*° and {b,} is unbounded,
(c) both {a,} and {b,} are unbounded.

Before formulating the results concerning the above three cases we intro-
duce the following definition.

Let a and b be the weight sequence and the diagonal, respectively, of the
original Jacobi operator H. Suppose that {Lyj}x>1 is a sequence of mutually
disjoint finite subsets of N, and define Z;, = Uif:l L for k € NU{oo}, Zy = 0.

Define a new sequence a'*) of weights by
a(k) — O, n E Zk,

Qp, N g Zy,
for k € {0} UNU {c0} and n € N.

DEFINITION 2.1. We define Hy, to be the Jacobi operator given by the
weight sequence a®) and the diagonal sequence b.

Note that Hy = H. and H is the direct sum of finite-dimensional Jacobi
matrices provided all L, # (). Observe that all Hy are self-adjoint. Indeed,
if k is finite, then Hj is a finite-dimensional perturbation of a self-adjoint
operator H. For k = oo the restriction of Hy, to the linear space D of
finite linear combinations of base vectors e,,n € N, is essentially self-adjoint
because the space D is equal to the space of finite linear combinations of all
the eigenvectors of Hy|p.

THEOREM 2.2. Let H be a self-adjoint Jacobi operator corresponding to
a positive sequence of weights {ax} and a diagonal {by}. Suppose that one of
the following conditions holds:

(a) limg ap, = oo, {by} € > and

(2.1) lim inf [a2_; + a2 j]a,t = 0.

(b) {an} €1 and {b,} is unbounded, i.e. sup,, |b,| = co.
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(c) {an} and {b,} are unbounded, liminf, a, > 0, (2.1) holds and

. bnanrl 2 2
(2.2) lim uﬁf 1- 2 =0">0,
(2.3) sup (b2 + b2 1)a,? < co.

Then cac(H) = 0.

Proof. The proof is based on the (folklore) result formulated below. In
what follows, for an operator A the notation A 44 means A &I, where [ is
the identity operator.

LEMMA 2.3. Let Hy, be the sequence of Jacobi operators given in Def-
inition 2.1 and such that (Hy_y —i)~' — (Hy, — )71 is of trace class for
k=1,2,... with

(2.4) > N Hy =)™ = (Hi — )71 < oo,
k=1

where ||T||1 denotes the trace norm of T. Then o..(H) = 0.

Proof. First note that for any n € N, (Hg —4)~' — (H,, — 1)~ ! is of trace
class. Moreover, from (2.4) we know that
n
(Ho— i)™ = (Hy— i)' = [(Hpy — i)' = (Hp — i)Y
k=1
is convergent in trace norm to a trace class operator C' as n — oo. On
the other hand, (H, —i)~! converges strongly to (Hs — i)~'. Indeed, by
definitions of H,, and H, we have

H,f — Hyxf forany feD.

But H,|p = H, and Hy|p = Hs (see [3]). Applying Theorem VIIL.25 of
[14] we get the desired strong convergence of the resolvents. Hence
(Ho— i)™t — (Ho —i)~! = C is of trace class. Finally, the Birman—Kuroda
theorem (see [11]) completes the proof. m

(¢) Choose ny — oo such that ngyq1 —ng > 2 for all k, n; > 1, and

2 2 -1
Z[a’nk—l + ank-l—l]ank < 0.
k

Let Ly = {ny — 1,nx + 1} and let Hy be as in Definition 2.1. We claim that
o0

(2.5) > N(Hyoy = i)~ = (Hi — )1 < o0
k=1

Since the rank of Hy — Hy_1 equals 4, we have
I(Hy =)™ = (Hp—r =) 7 < 4fl(He =)™ = (Hya — )71
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Below we will estimate
I(Hy — i)' = (Hp—y — )| = [|(Hx — )" (Hg—1 — Hi)(Hp—1 — 7).

Note that the domains of Hy and Hj,_; are equal and Hy_1 = Hy + T}, + 1},
where
0, n & {ng, i + 1},
(Thf)(n) = an—1f(ne — 1), n=ny,
an1f (e +2), n=mn;+ 1.
Now
X 0 0
. -1
Ho—iy = | o (om=8 @ ) o |
Qny, bnk+1 —1
0 0 Y

where X = (Ap—i)~! is the resolvent of the obvious finite-dimensional Jacobi
matrix Ay and Y = (B, — i)~ ! is the resolvent of the infinite-dimensional
Jacobi matrix By, having the weights ¢, = an,+14+n and the diagonal d,, =

bnk+1+n~
Hence
0, n & {ng,ng + 1},
[(Hy, — )" Ti.f](n) = | e(f, k), n = ng,
c(f,k+1), n=n;+1,
where

C(f? k) = [(bnk+1 - i>ank—1f(nk - 1) - ankank-i-lf(nk + 2)]3;,3,

C(fv k+ 1) : [(b”k - i)ank-i-lf(nk + 2) - ankank—lf(nk - 1)]5;,37
with

bp, — 1 an

Sy, = det k )

Let || - ||2 denote the Hilbert—Schmidt norm. Using the above relations
we compute

(2.6)  [|(Hy — @) " Tol| < |(Hy — )" Tl

(b?’lzk‘i‘l + 1)(13%_1 + a%k_t,_la%k + aik—la%k + (b?Lk + 1)a%k+1:| 1/2:. W
N (a%k B bnkbnk+1)2 + b%k + b%kJrl + 2a%k +1 "

Obviously a similar estimate holds for ||(Hy, + i) ~'T)|. On the other hand,
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2.7)  |(Hy =) T (Hpa — )|

< T (Hy—r =)'

<N\ T (Hy — i) =M+ T3 (Hy — 8) ™ (Hi — Hp—1)(Hp—1 — )|

<N\ (Hy + )" Till + | T (Hi = 8) | (|(Hg — Hy—1)(Hi—1 — )7
< Wy +V2Wo (ap, 1+ ap 1)

Note that the denominator of W, is equal to

2 2
9 Kbnkbnk+1 B 1>2+bnk + b, 1 N 2 ]1/2

‘Snk’ =a

nk 2 4 2
ank ank ank
bn,. b
2 | 9nkOnpp1 2 9
2 ank a2 1 2 2 ank
Nk

for k sufficiently large. In the last inequality we used (2.2). Now the numer-
ator of W,,, is equal to

a%kfl(bik+1 + ]‘) + a721,k+1(b721k + ]‘):| 1/2
(a%k—l + aglk-f—l)a’r%k

Using (2.3) it is clear that the expression in square brackets is uniformly
bounded by a constant M. Combining (2.6) and (2.8) we have

o9 < 2 G )
) an,,

28) (2, + 2, 1), [1 T

for k sufficiently large.
Combining all the above estimates we have

[(Hi—r — )" — (Hy — )7 < Wy, [2+ V2(a2, _y + a2 _1)"?

<0 a%k—l + @%kﬂ
n,,
for some positive constant C' independent of ng. Due to our choice of ny it
follows that

(2.10) SO (Hir — )7 — (Hi — )7 < oo,
k=0

Now it is enough to apply Lemma 2.3. This completes the proof of (c).
(b) We follow the proof given by Simon—Spencer in [17]. Let ngyq > ng+1
be a sequence of natural numbers such that

o0

< Q.

Define Lg := {ns — 1,n,} and the sets Z; and weights a%k) as above.
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By definition of Hy we can write, for f € D(Hy),

(2.11) (Hi—1 — Hp)f = (R, + Rp) f,
where

(Rof)(n) = {ank—1f(nk— 1) + an, f(ne +1), n=mng,

0, n # ng.
Using again the definition of Hj, we have
(A—i)™t 0 0
(2.12) (Hy —i) ' = 0 (b, — i)~ 0 ,
0 0 (B—i)!

where A and B are suitable Jacobi matrices coming from the original matrix
H (see the corresponding part of the proof of (c)). Assume that sup,, a,, = M.
Repeating computations given in case (c) we have
[(Hy—1 =) = (Hx =) Y| = | (Hy = 0) " (Hy—1 — Hy)(Hp—r =) 71|
< \[(Hy = 0) 7 Ri(Hyy — )7+ (Hy = 4) 7 Ry (Hi—1 — ).
Using (2.11) and (2.12) we estimate

2M _ 2M
by, =il [bng |

(2.13)  ||(Hg — ) " Ry(Hg—1 — ) 7| < ||(Hy — i) 7 Ry <

(2.14)  [|[(Hy, =) 'Ry (Hy—1 —0) || < | Rp(Hy—1 — )"
< || R (Hy, — )7 | + 1R (Hy, — )™ | [ (Hy, — Hi—1) (Hy—y — 0) -

But

(2.15) IRy (Hy, — i)~ = [|(Hi + )" Rl < 2M/|by, |,
and

(2.16) |(Hy = Hy—1)(Hg—y — )| < 4M.

Thus the above four inequalities imply that
|(Hp_1 — i)™ — (H, —9)7Y| < C/lbn,l, k=1,2,...,

for some positive C. Since all the estimated operators have rank less than
or equal to 3 similar inequalities also hold for the trace norm, and again
Lemma 2.3 ends the proof of (b).
(a) Let Hy be defined as in (c), i.e. Ly = {ns — 1,ns + 1}, where {ny} is

chosen in such a way that

oo

Z(aik—1 +ap, 41)ay,, < oo,

k=1
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In this case estimates of W, (see case (c)) are immediate. In fact, applying
the formula for s,, we have, for any ¢ € (0,1) and k sufficiently large,
bnk bnk+1

2
ank

(2.17) |Snp | >

—1’2 az, (1—e).

This is clear because limy, a,, = co. On the other hand, the numerator
of Wy, can be estimated from above by

(218) (aik—l + a?Lk—H)l/zank (1 + 8)7

provided k is sufficiently large. This is obvious because {b,} € [*°.
Using (2.17) and (2.18) we obtain the desired estimate

Wh, < (a%kfl + a%kﬂ)l/Qa;;(l +e)(1—e)!

for k sufficiently large. The rest of the proof is the same as the final part of
the proof in (c).
This ends the proof of the theorem. m

3. Construction of an unbounded Jacobi matrix with singular
continuous spectrum. By the well known general result of Simon [15,
Theorem 4.1] the set X of bounded self-adjoint Jacobi operators A in [?(Z)
with 0(A) = [—a—2, a+2] and purely singular spectrum is Baire typical. This
means that for a suitable metric on the space of all bounded and self-adjoint
Jacobi operators, the above set X is dense and Gy. Later in a joint paper with
Stolz they found explicit examples of Jacobi operators (with a, = 1) having
purely singular continuous spectrum in (—2,2) [18|. Using Theorem 2.2 of
Section 2 we shall construct an unbounded Jacobi operator (with b, = 0)
having the same property. The idea of our construction is similar to the
one presented by Simon and Stolz (which in turn resembles the classical one
given by Pearson for the Schrodinger operator [13]).

Before we start the construction let us recall some notation. For A € R
consider the system (1.1). Using the transfer matrix

0 1
Bi(n) := ( —an 1 Jan Aan ) ;

Un—1
Un

i(n+1) = By(n)d(n), n>2.

For given sequences {cs} and {w,} of positive numbers and a sequence {k}
of natural numbers with ks;1 — ks > 2 we define the sequence {a,} by

{ cs, ME ks +1,kst1),
Gy, =

w57 n = k;S)

and setting @(n) = ( ) one can rewrite (1.1) in the form

(3.1)

and a, = 1 for n < k.
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Below we shall impose some conditions on the above sequences but at
this point it is enough to know that {1/cs} € I'.

Fix A > 0 and choose sg € N such that \? < 403 for s > sp.

Define Cs := By (ks+1 — 1). Then for s > sg, 0(Cs) = {0s, 05}, where

1
0s = = (gL +ivV4 — A2 %)

2
and p, denotes the complex conjugate of gs;. The matrix

S
Os 0Os

X;10X, = ( 6a 0 )
0 7o,

Using ||A]|? = ||A*A| = ||A*A||s (the spectral norm of A*A), we compute

A _ A\
L T Lo e CEE A I
C C

S S

diagonalizes Cj, i.e.

Hence

- A A\’
B2 PP -1 2+0((2)) aom

Cs

Suppose that the above sequences {c;}, {ws} and {ks} also satisfy

(i) (2 +A)w;! —0ass— oo,
(il) > (ks41 — ks)es? Hp 1[019“) 1]2 = 00.

In particular, (i) implies that csw; ! < 1 for large s. This fact will be used a
few times.

Let Jy be the Jacobi operator defined by {a,} given in (3.1) and b, =0
with sequences {cs} and {w,} obeying (i) and (ii).

From the above assumptions, we have

s 2
Zail > Z s+1 — 71 > Z s+1 — 72 H (5;;) )

and the Carleman condition Y a, ! = oo guarantees that Jy is self-adjoint.
We claim that Jp has purely singular continuous spectrum in R\ {0}. First
note that oac(Jp) = 0 by Theorem 2.2(a). Indeed, by (3.1) and (i) the con-
dition (a) of Theorem 2.2 is satisfied. Therefore it remains to prove that Jp
does not have point spectrum in R\ {0}. This can be proved by applying
the following general result (which is also implicitly contained in [18]) of [16,
Theorem 10.5.3].
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LEMMA 3.1. Let J be a self-adjoint Jacobi operator defined by the se-
quences {an} and {b,}. For A € R define

My(n) := Bx(n)...Bx(2).
If
(3-3) Za 2|Ma(n) ]2 = oo,

then (1.1) has no solution in 2, i.e. X & op(J).

Below we check that Jy satisfies (3.3). Let Ay := By (ks +1)By(ks). Then
for I € [ks + 2, ks41 — 1] we have
(34)  My(1) = Bx(1) ... Ba(ks + 2) AsBy (ks — 1)Fshe-172
cAg_1B(ksq — 1)Fs17Re=272 AL By(kg, —1)... Bx(2).
Write

-1 -1
—Cs_1W Aw 0 0
As:( s—1Ws B , s _1>+< _1>.
—Acs—1(cswg) A (csws) 0 —wscs
Note that all entries of the first matrix belong to {'. This is obvious by using
the above assumption (i) and the identities

csmwy ' = ey (qut),  wit = (el ).

Thus
w
(3.5 N

S
where {rs} € I*.
Combining (3.2), (3.4), (3.5) and using the diagonalization of Cs and
los| = 1 we can write, for [ € [ks + 2, ksy1 — 1],
(3.6)  IMADI* < IXPIXTHPIAN - I Xt lP X 1P Asa 12

N A [P 1BA(ks, = 1) ... BA2)|I?

o[ 2o 2))) (2 )

p=so
s 2
w
<c 1 (f) ,
p=so * P

where M () and C'(\) are some finite positive constants.
Note that

5+1 1

(3.7) D a2Mam)| 2= et Y IMAD)] 7

s l=ks+2
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Using (3.6) and (ii) we have

ksy1—1 s 2
e Y IMOITE =T e 8+1—k8—2)H(Z§)> = o0.

§2>S0 I=ks+2 $2>S0 p=so0

Therefore (3.3) of Lemma 3.1 is satisfied and so A & op,(Jp). Since the spec-

trum of Jy is symmetric (because the diagonal of Jy vanishes) (see [7]), we

do not have to repeat the proof for A < 0. It follows that o, (Jy) \ {0} = 0.
Consequently, we have proved

THEOREM 3.2. Let {cs} be a sequence of positive numbers with {c;'}
€1, and let {ws} be a sequence of positive numbers such that
(2 |+ Aw;t = 0.
For any sequence {ky} of integers with kyy1 > kn+2 satisfying the condition

(33) S (it — ko)es? H( )

s

and the weights defined by
cs, n€lks+1,ket),
an = ws, n=ks,
1, n < ki,

the Jacobi operator Jy with the above weights and zero diagonal has purely
singular continuous spectrum in R\ {0}.

COROLLARY 3.3. Let {ayn}, {cs}, {ks} and {ws} be as in Theorem 3.2.
If each ks is odd, then the spectrum of the Jacobi operator Jo defined in that
theorem has purely singular continuous spectrum in R.

Proof. Direct computation shows that 0 € op,(Jp) if and only if

Z H(agl_l/agl)2 < Q.

n =1
But
(ks+1)/2 s
ZH ag1/ax)* > H (az—1/an)® =Y [[(wp/cp)* = o0
n =1 s s p=1

The last equality holds because wyc, L'~ 1 for large p and so the third

product is increasing for large s. This completes the proof. m

The following two examples satisfy the assumptions of Theorems 2.2
and 3.2, respectively.

EXAMPLE 3.4. Let {c,} € [*°. Take € (0,1] and define as,—; =
asne1 = n®, a1 = 1, and az, = n®, where § > 2a. The diagonal b, is



50 P. Cojuhari and J. Janas

given by by, = ¢, and bay+1 = n? with 0 < v < «. It is easy to check
that for these weights and diagonal all assumptions of Theorem 2.2(c) are
satisfied.

EXAMPLE 3.5. Take @ > 1 and define ¢, = s® and ws = s2*t¢, ¢ > 0.
Choose a sequence {ks} C N such that

(3.9) D (ksyr — kg)s 72 ()70 = o0,

s

Then the condition (3.8) of Theorem 3.2 is satisfied.

REMARK 3.6. One can construct examples of unbounded Jacobi opera-
tors J with 0,.(J) = R and nonempty o,(J) (see [8]). However, we do not
know explicit examples of unbounded weights {a,,} which define a Jacobi op-
erator (with zero diagonal) having mixed absolutely continuous and singular
continuous spectrum.

We conclude this paper with the following question. Let J be a Jacobi
operator with purely singular continuous spectrum. By a general result of
Carey and Pincus [4] there exists a trace class operator T with o, (J +T) =
0sc(J +T) = (. Can one choose T' to be a Jacobi operator?

We greatly appreciate the great job done by an anonymous referee, who
helped us to remove many errors from the original version of the manuscript.
We are also grateful to Giinter Stolz for his help in proving Theorem 2.2.

References

[1] N.I. Akhiezer, Infinite matrices and moment problem, Uspekhi Mat. Nauk 9 (1941),
126-156.

[2] —, The Classical Moment Problem, Oliver and Boyd, Edinburgh, 1965.

[3] Yu. M. Berezanskil, Ezpansions in Eigenfunctions of Self-Adjoint Operators, Transl.
Math. Monogr. 17, Amer. Math. Soc., Providence, RI, 1968.

[4] R. Carey and J. Pincus, Unitary equivalence modulo trace class for self-adjoint
operators, Amer. J. Math. 98 (1976), 481-514.

[5] P. Cojuhari and J. Janas, Discreteness of the spectrum for some unbounded Jacobi
matrices, Acta Math. Sci. 73 (2007), 649-667.

[6] J. Dombrowski, J. Janas, M. Moszyniski and S. Pedersen, Spectral gaps resulting
from periodic perturbations of a class of Jacobi operators, Constr. Approx. 20 (2004),
585—601.

[7] J. Dombrowski and S. Pedersen, Absolute continuity for Jacobi matrices with con-
stant row sums, J. Math. Anal. Appl. 277 (2002), 695-713.

[8] J.Janas and S. Naboko, Jacobi matrices with power like weights—grouping in blocks
approach, J. Funct. Anal. 166 (1999), 218-243.

[9] —, —, Spectral analysis of selfadjoint Jacobi matrices with periodically modulated
entries, ibid. 191 (2002), 318-342.



Unbounded Jacobi Matrices 51

[10] J. Janas, S. Naboko and G. Stolz, Spectral theory for a class of periodically per-
turbed unbounded Jacobi matrices: elementary methods, J. Comput. Appl. Math.
171 (2004), 265-276.

[11] T. Kato, Perturbation Theory for Linear Operators, Springer, New York, 1966.

[12] S. Khan and D. Pearson, Subordinacy and spectral theory for infinite matrices, Helv.
Phys. Acta 65 (1992), 505-527.

[13] D. Pearson, Singular continuous measures in scattering theory, Comm. Math. Phys.
60 (1978), 13-36.

[14] M. Reed and B. Simon, Methods of Modern Mathematical Physics, Vol. 1, Academic
Press, New York, 1972.

[15] B. Simon, Operators with singular continuous spectrum, I. General operators, Ann.
of Math. 141 (1995), 131-145.

[16] —, Orthogonal Polynomials on the Unit Circle, Part 2: Spectral Theory, Colloq.
Publ. 54, Amer. Math. Soc., Providence, RI, 2005.

[17] B. Simon and T. Spencer, Trace class perturbations and the absence of absolutely
continuous spectra, Comm. Math. Phys. 125 (1989), 113-125.

[18] B. Simon and G. Stolz, Operators with singular continuous spectrum V. Sparse
potentials, Proc. Amer. Math. Soc. 124 (1996), 2073-2080.

Petru Cojuhari Jan Janas

Department of Applied Mathematics Institute of Mathematics

AGH University of Science and Technology Polish Academy of Sciences

Al. Mickiewicza 30 Sw. Tomasza 30

30-059 Krakow, Poland 31-027 Krakow, Poland

E-mail: cojuhari@uci.agh.edu.pl E-mail: najanas@cyf-kr.edu.pl

Received April 24, 2007;
received in final form February 4, 2008 (7596)



