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Summary. We show that the main result of [1] on sufficiency of existence of a majorizing
measure for boundedness of a stochastic process can be naturally split in two theorems,
each of independent interest. The first is that the existence of a majorizing measure is
sufficient for the existence of a sequence of admissible nets (as recently introduced by
Talagrand [5]), and the second that the existence of a sequence of admissible nets is
sufficient for sample boundedness of a stochastic process with bounded increments.

1. Introduction. Let (T,d) be a compact metric space, and let ¢ :
R4+ — Ry be a Young function, i.e. convex, increasing, continuous and such
that »(0) = 0. We say that a stochastic process X (t), t € T, has bounded
increments if

(1) Egp<‘X(Z)(S_t))((t)‘> <1 fors,tel,

Without losing generality one can assume that ¢ is normalized, i.e. (1) = 1.
Note that under (1) there exists a separable modification of X(¢), t € T,
which we always refer to when considering a process with bounded incre-
ments.

We say that a Borel probability measure m on (T,d) is majorizing if
D(t,T) 1
2 = 1 ——d
(2) M(m, ) =sup | o <m<B<t’€>)> e < o0,

teT 0
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and weakly majorizing if
D(t,T)
M(m, p) := S S ! <1> de m(dt) < oo
’ P m(B(t,e))

where B(t,e) := {s € T : d(s,t) < e} and D(t,T) := sup{d(s,t) : s € T}.
The concept of majorizing measure was introduced by Fernique [2] for the
purpose of proving boundedness of stochastic processes. For the historical
background on the sample boundedness of stochastic processes under the
bounded increment assumption we refer to [2], [3] and [5]. The following
theorem proved in [1] is a generalization of Fernique’s result as well as Tala-
grand’s:

THEOREM 1. If ¢ is a Young function and m a majorizing measure on
T then, for each separable stochastic process X (t), t € T, which satisfies (1),

E sup | X(s) — X (t)] < 32M(m, p).

s,teT

In this paper we pursue a new approach to Theorem 2 using the language
of admissible nets (cf. Definition 1.2.3 in [3]). Below we give a definition of
admissible nets suitable for our purposes. Let (Ng)r>0 be a sequence of
positive reals such that Ny =1 and
(3) co M (Ng) < o M (Ngy1) < Co YNy for k> 1,

where 2 < ¢ < C (the usual choice is Ny, := p(R¥), where R > 2). We will
say that T := (T})r>0 is an admissible sequence of nets if |Ty,| < Nj, and

A(T,p) —bupZduTk LN < oo,

ueTk, 0

d(u,Ty) N,
-y 3 Al
k=0 u€Tj1 kt+1

Theorem 1 can be obtained as a corollary of the following two theorems,
which are of independent interest:

THEOREM 2. For each sequence of admissible nets T = (Ty)r>0 and any
stochastic process X (t), t € T, satisfying (1),

4cC
(4) E SFPT\X(S) X < 7«4(7 ©) +2CA(T, ).
s,te
THEOREM 3. If (T,d) admits a majorizing measure m then there exists
a sequence of nets T = (Tj)r>0 such that |T},| < Ny, for k> 0 and

4 — _

C —
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Indeed, since clearly M(m, @) < M(m, ), Theorems 2 and 3 show that
the existence of a majorizing measure implies the sample boundedness of
any stochastic process with bounded increments, so in this way we reprove
Theorem 1.

2. Sample boundedness via admissible nets. Let 7 (¢) be any point
in T}, which satisfies d(t,T)) = d(t, m(t)), i.e. a point in T} closest to t.

Proof of Theorem 2. Fix [ > 0 and t € T'. Clearly one may assume that
limy 00 d(t, T},) = 0 since otherwise the right hand side in (4) is infinite and
there is nothing to prove. We define ¢; = m(¢) and by reverse induction,
tp = g (tg+1). By the chain argument we obtain

-1
(5) [f(t) = F(to)l < D IF(t) = ()],
§=0
For all Young functions ¢ we clearly have
x pl@)
(6) y§1+<p(y)’ ,y > 0.
S}(letting z=|f(t;) — f(tjs1)]/d(t;, tj+1) and y = @1 (Nj11) in (6), we derive
that
f(t5) — ftj)] 1 (\f i)~ (tg+1)!)
d(tj, tj+1)e ™ (Njt1) =t Nin P\ dltg ) )

Since by (3) we have ¢~ }(N;j41) < Cp~1(N;), we can see that

1F(t5) = £l < Cd(ty, tjen)e™ (N) (1 - Njﬂ@('f(d()tj tJ(H])H)‘))'

This implies that

(1) 1f(t) — f(to)]

-1
<O d(ty,ti)e  (N))
§=0
d(u, Ti)p ' (Ny) [ 1f(u) = f(mi(w))]
i C%u%-‘q Nk-l—l SO< d(u,ﬂ'k(U)) )

LEMMA 1. The following inequality holds:
-1

D d(ty tip)e (V)

§=0 k=0

IN
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Proof. We first show that for each 0 < j <[ we have
j—k
(5) (e, )6 (Ny) < Z ( ) A(t, T)e ™ (),

where ¢ is the constant in (3). The proof goes by reverse induction. The case
j =1 is trivial, so we may assume that

l i+1—k
- 2\’" -
©  dete s 3 (2) e (v
k=j+1
Note that the definition of 7; implies that

d(tj,tj1) = d(mj(tj1), tj1) < d(m(t), 1) < d(t,mi(1)) + d(t, tj41),
which combined with d(t,t;) < d(t,t;41) + d(tj,tj41) results in
d(t,t;) < d(t,mj(t)) + 2d(t, tj41).
From (3) we obtain
d(t, t)o ™" (Nj) < (d(t,mj(1)) + 2d(t, mia ()~ (V)
< dlt, () (N7) 4 2 dlt, i3 ()9~ ()

The induction assumption (9) now yields (8). We finish the proof of the
lemma by first checking that

-1 l
(10) D dtg,tiea)e  (N;) <2 d(ts ) ()
—

and then applying (8) so that

l l
d(t, ) (V) < 3 (Z

M-

<
I
o
<.
=~ 1
o

We use (7) and Lemma 1 to show that

2CC ! 1
If(t) — f(to)] < -3 ;d(t7Tk)¢ (Nk)
d(u, Tr)e ' (Ni) [ 1f(u) = f(mr(u))|
roy 3 dedie B, (UG- El)

k=0 uETk_H
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From the property limy_ . d(t,T;) = 0 we deduce that

F(t) = f(to)| < — sggzd u, )~ (Vi)
d(u, i)™ (Ng) [ 1f(w) = f(mx(w))]
”C;M;m (M)

Since ty = mo(T) is the only point in Ty which does not depend on ¢, it is
clear that for any s,t € T' we have

1) |f(s) = FD)]

< 2 qup > du, T (V)
€T 2ueT o

A T~ (Vi) (F(u) — f(melw)
HC%U;T;H (M)

Having thus established the result for any continuous functions f on (T, d)
we turn to its stochastic version. By a standard argument (see Theorem 2.3
of [3] or Theorem 3.1 of [1]) it suffices to prove Theorem 2 for processes with
a.s. Lipschitz samples (with respect to d). By the Fubini theorem and (1) we
obtain

E sup | X(s) — X (t)]

supZduTk Ni)

s,teT - ueTk —0
d(u, Tiy) 1 (Ng) (f(u) — f(ﬂ'k(u)”)
+ 2C Ep
kzo; N Aoy (u)
d(u, Ti,) ™ (Ny)
SupZduTk Nk —i-QCZ Z . m
~2uel k=0 u€T) 1 Ni+1

3. Construction of a sequence of admissible nets. We describe
how to construct a sequence of admissible nets when we have a majorizing
measure m on (7', d) (thus in particular supp(m) = T'). Let

ri(t) ;== inf{e > 0: m(B(t,e)) > 1/Ng},

where (Ng)r>o satisfies (3). Clearly m(B(t,ri(t))) > 1/Nj and ro(t) <
D(t,T). In [1] two simple properties of r are given; we repeat their proofs
for completeness.

LEMMA 2. The functions ri, k > 0, are 1-Lipschitz for allt € T.
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Proof. A geometrical argument shows that
B(S’ Tk‘(t) + d(S, t)) ) B(tv rk(t))7
and consequently m(B(s,r(t) + d(s,t))) > 1/Ng. Hence ri(s) < ri(t) +
d(s,t) and similarly ri(t) < rg(s) + d(s,t), which implies that ry is 1-
Lipschitz. =
LEMMA 3. For each 0 <0 < D(t,T) we have
6

me{rk L0 o (V) < Ci 1 Scpfl <m> de.

0

Proof. Observe that there exists ko > 0 such that rg,41(t) < < i, (2).
Clearly

(1) - 1 -
S Ny ) €2 2 (00 = re(0)™ (),

and in the same way we show that

6
_ 1 _
rk0§1(t)¢ 1 (m(B(t,E))> de 2 (0 = Thoa(£)e I(Nk())'
Thus using (3) we deduce that
é
1 1

e ()

> Y (k) = e ()9 (NR) + (6 = Trgr1 ()0 (Nky)

k=ko+1
> D (@ (V) — 9 (Nk-1) + 8 (Vi)
k=ko+1
> LS e (k) + 06 (V).
k=ko+1
Since i
Z‘P k Zc_ksp_l(Nko) < C_%(P_l(Nko)
k=0
we finally obtaln
1)
1 1
(S)«p (m(B(t’E)Q t), 6}~ (Nk)
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The construction of a sequence of admissible nets 7 = (T} )x>0, assuming
the existence of a majorizing measure, is based on the following intermediate
result:

THEOREM 4. There exists a sequence of nets T = (T )k>0, T C T, that
satisfies the following conditions:

L [To| =1, [T| < Ni;

2. B(t,ri(t)) are disjoint fort € Ty;

3. for each t € T we have d(t,Ty) < 4ri(t);

4. r(t) < 2rp(x) for each t € Ty, and x € B(t,ri(t)).

Proof. Fix k > 0. We define ¢ as a minimum point of r, that is, ri(t1) =
inf;er 7 (t) (we use the fact that (7', d) is compact). Then we define an open
subset A1 in T by

A ={seT:2(rp(s) +ri(t1)) > d(s,t1)}.

Suppose we have constructed points #1,...,% and open sets Aq,...,A;. If
T\ Ué’:l A; is non-empty, then we define ¢, as a minimum point of r;, on
this set (which is again compact), and set

A i={s € T : 2(ri(s) + ri(ti+1)) > d(s, tip1) }-

Note that by the definition d(t;,¢;) > 2(ry(t;) + rr(t;)) if j # [, and hence
B(tj,ri(tj)) and B(t;,ri(t;)) are disjoint. It follows that
1= T) > B(t; t; > —.
nll) > 3Bt >
Thus |T}| < Ng, which implies that our construction stops after a finite
number of steps. Clearly Ny = 1 implies that |Ty| = 1. For each t € T there
exists the smallest [ = [y such that ¢ € A;. By the construction we have
2(ri(t) + ri(ty,)) > d(t, ty,) and ri(t;,) < ri(t), hence d(t, Ty) < 4ry(t).

To prove the last assertion we consider z € B(t,, ri(t;,)) with t;, € Tk.
There exists the smallest | = [; such that x € Aj; if lp < {3 then 74 (t;,) <
rk(t;,) < ri(x), which ends the proof in this case. If I; < lp, then t;, ¢

?:1 Aj and so d(ty,,t1,) > 2(rk(ty,) + 7% (¢, )). Consequently, by the triangle
inequality,

z(rk(tlo) + Tk(th)) < d(tlmtll) < d(x’tll) + d($’tlo) < d(x7tll) + Tk(tlo)v

where the last inequality follows because x € B(t;,,7k(t;,)). On the other
hand, z € 4;,, so

d(.%',tll) < 2(7%(.1‘) + T‘k(tll)).
It follows that
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2(rk(ty) + i) < d(z,tyy) + ri(ty) < 2(rk(@) +rr(ty) + re(ty),

and hence r(t;,) < 2r(z) as desired. m

Proof of Theorem 3. By Theorem 4 there exists an admissible net 7 =
(T} )k>0 such that d(t,T}) < 4ry(t). Consequently, Lemma 3 shows that for
each ¢ € T' we have

DAt Te)e ™ (V) <4 ()™
k=0 k=0

which implies that
4c

su d(t, Ty) Ni) < —— M(m, p).
m??% e (Vi) < — M(m, )

To show the second claim we first check that since 1/Ni11 < m(B(t,r5+1(1)))
and d(t,Ty) < 4ri(t) one can see that

az Y W S o (N md).

N,
t€Ths1 k+1 €Ty B(t,rpp (1))

By the Lipschitz property of r (Lemma 2) we derive that r(t) < ri(z) +
Tk+1(t) for © € B(t, r41(t)). Therefore

Vo (N mde) < § (@) + e (D) (Ny) mida).
Blt,rin (1) Bltrin (1)

The last assertion in Theorem 4 implies that r511(t) < 2rpiq(x) for any
t € Ty41 and o € B(t,1541(t)). Hence

| e (N mde)< | (r(@) 4 2ra (@) (Ny) mda).
Bltricn (1) Bltris (1)

Since B(t,ri4+1(t)) are disjoint for ¢ € T} (the second claim in Theorem 4),
we derive

>V e (k) m(da) < 2\ (rk(@) + 24 (2) H(Nk) m(da).
teTy B(tirpia (1)) T

Combining the above inequality with (12) and (3) (with ¢ > 2) we deduce
that

S HETDE N 4 {3 1) () ).
k=0 k+1 T k=0
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It remains to use Lemma 3, which yields

(o]
d(t, Ti,) e~ (N, de —
S AT ) A R, ).
=0 k41 Cc—
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