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Summary. Let K be a unique factorization domain of characteristic p > 0, and let f €
K|z1,...,zn] be a polynomial not lying in K[z7,...,z%]. We prove that K[z7,...,z5, f]
is the ring of constants of a K-derivation of K|[z1,...,z,] if and only if all the partial
derivatives of f are relatively prime. The proof is based on a generalization of Freuden-
burg’s lemma to the case of polynomials over a unique factorization domain of arbitrary
characteristic.

1. Introduction. Nowicki and Nagata in [I0] considered various ques-
tions about the number of generators of rings of constants of derivations,
both in zero and positive characteristic cases. In particular, they proved in
[10, Proposition 4.1] that if k is a field of positive characteristic, then the
ring of constants of an arbitrary k-derivation of the polynomial k-algebra
klx1,...,zy] is finitely generated over k. In [I0, Proposition 4.2] they proved
that if chark = 2, then the ring of constants of a nonzero k-derivation of
k[z,y] is a k[x?, y?]-algebra generated by a single polynomial. They also gave
a counter-example in the case of chark = p > 2. It is natural to ask when
the ring of constants of a k-derivation of k[z1, ..., x,], where chark = p > 0,
is generated over k[zf,...,a}] by a single element.

The present author presented in [5] a discussion of sufficient conditions
and necessary conditions for an element to be such a single generator of a ring
of constants. In Theorem 2.3 of [5] the author proved that for a polynomial
f€Klx,...,z,]\ K2, ... ,2h], where K is a UFD of characteristic p > 0,
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the condition

af af
— .., ] =1
is sufficient and the condition
af of
(xx) gcd(f—l—h, axl,...,awn) =1 forevery h € K[z,... aP]

is necessary. The conditions (%) and (%) are necessary and sufficient in
the case of characteristic 2 (|5, Theorem 3.7|). The proof was based on the
following analog of Freudenburg’s lemma.

PropOSITION 1.1 ([, 3.6]). Let K be a UFD of characteristic 2. Let
f € Klxi,...,z,] and let g be a prime element of K[z1, ..., x,] not belonging
to K[z3,...,22]. Ifg\g—i fori = 1,....n, then g*| f + h for some h €
Klz3,... 22].

r'n

The original version of this lemma was presented by Freudenburg for two
variables over C in [3].

LEMMA 1.2 (Freudenburg). Given a polynomial f € Clz,y], suppose g €
Clz,y] is an irreducible non-constant divisor of both Of /0x and Of /Dy. Then
there exists ¢ € C such that g divides f + c.

This fact was generalized to polynomials over an arbitrary algebraically
closed field of characteristic zero by van den Essen, Nowicki and Tyc in [2]
Proposition 2.1].

PROPOSITION 1.3 (van den Essen, Nowicki, Tyc). Let k be an algebraical-
ly closed field of characteristic zero. Let P be a prime ideal in k[z1,. .., xy)
and f € k[xy,...,xy]. If for each i the partial derivative Of/0x; belongs
to P, then there exists ¢ € k such that f +c € P.

The natural analog of Freudenburg’s lemma appeared to be, in general,
false in characteristic p > 2 (J5]). The condition (sx) also turned out to be,
in general, not sufficient.

In this article we generalize Freudenburg’s lemma to polynomials over a
UFD of arbitrary characteristic (Theorem [3.1]). In positive characteristic it is
a weaker version of this lemma than the one mentioned above. This enables
us to obtain in Theorem [£.2] the equivalence of some conditions for f to be
a single generator of the ring of constants of a derivation, in particular, we
obtain the condition ().

2. Preliminaries. Throughout this paper by a ring we mean a commu-
tative ring with unity and by a domain we mean a commutative ring with
unity, without zero divisors.
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Let K be a domain. We denote by Kj the field of fractions of K, and
by K* the set of all invertible elements of K. Two polynomials f,g €
Klzy,...,z,] are called associated if f = ag for some a € K*; we then
write f ~ g. A polynomial f € KJz1,...,x,] is called square-free if it is not
divisible by a square of any polynomial from Klz,...,z,] \ K*. If K is a
domain of characteristic p > 0, then a polynomial f € K|[zy,...,x,] is called
p-free if it is not divisible by any polynomial from K[z, ... ah] \ K*.

Let K be aring and let A be a K-algebra. A K-linear map d: A — A is
called a K -derivation of A if d(fg) = d(f)g+ fd(g) for every f,g € A. The
kernel of a K-derivation d is called the ring of constants of d and is denoted
by A%

If the K-algebra A is a domain of characteristic p > 0, then AP = {a?;
a € A} is a subring of A. Denote by K AP the K-submodule of A generated
by AP and observe that K AP is a K-subalgebra of A. The ring of constants
of every K-derivation of A is a K AP-subalgebra of A. In particular, the
ring of constants of every K-derivation of K[z1,...,z,] is a K[z},... ab]-
subalgebra of K[x1,...,z,].

Recall some definitions and facts from [4].

DEFINITION 2.1. Let A be a domain of characteristic p > 0, and let R
be a subring of A. If p = 0, we put 7P = 1 and Ry[T?] = Ry. An element
a € A is called separably algebraic over R if w(a) = 0 for some irreducible
polynomial w(T') € Ry[T] \ Ro[TP]. The set of all elements of A separably
algebraic over R is called the separable algebraic closure of R in A and is

denoted by I

PROPOSITION 2.2. Let A be a domain of characteristic p > 0. Let R be
a subring of A such that AP C R. Then R = RoN A.

The following theorem from [4] concerns rings of constants of K-deriva-
tions, where K is a domain. It is a generalization of Nowicki’s characteri-
zation (|9, Theorem 5.4|, [8, Theorem 4.1.4]) and Daigle’s observation (|1,
Theorem 1.4|); see also [6, Theorem 1.1].

THEOREM 2.3. Let A be a finitely generated K-domain, where K is
a domain (of arbitrary characteristic). Let R be a K-subalgebra of A. If
char K = p > 0, assume additionally that AP C R. The following conditions
are equivalent:

(1) R is the ring of constants of some K -derivation of A,

2) R* =R.

The following corollary of the above theorem will be useful in the proof
of Theorem [3.11
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COROLLARY 2.4. Let A be a finitely generated K-domain, where K is a
domain. Then the smallest (with respect to inclusion) ring of constants of a

K -derivation of A is of the form EA, where:
(a) B is the canonical homomorphic image of K in A if char K = 0,
(b) B= KAP if char K =p > 0.

In particular, for char K = p > 0, the smallest ring of constants contain-
ing a given element f € A is of the form

BOT" = Bo(f) N A = By[f] N 4,

where B = K AP.
The general definition of a p-basis can be found, for example, in [7, p. 269].
In this paper we deal only with the one-element case.

DEFINITION 2.5. Let A, B be domains of characteristic p > 0 such that
AP C B, and let R be a subring of A. An element f € A is called a one-
element p-basis of R over B if R is a free B-module with basis 1, f,..., fP~1.

The following fact is an adaptation of Lemma 1.3 from [5]. It will be
useful in the proof of Theorem [£.2]

LEMMA 2.6. Let K is a domain of characteristic p > 0. For an arbitrary
polynomial f € K[z1,...,z,) \ K[2], ..., 2h] put
C(f)y=K(@,....20, [N K[z1,...,x,)].
Then the following conditions are equivalent:
(i) K[a,...,ah, f] is the ring of constants of a K -derivation,
(ii) f is a one-element p-basis of C(f),
i

)
(11; C(f)=Kl|zt,...,ah, f],

(iv) for every wo,w1,...,wp—1 € K(2f,... ah), if
w0+w1f+"'+wp*1fp EK[Z‘l,...,l‘n],
then wo, w1, ..., wp—1 € K[z, ... ah].

3. An analog of Freudenburg’s lemma. In this section we prove the
following analog of the lemma of Freudenburg.

THEOREM 3.1. Let K be a UFD, and let P be a prime ideal of the poly-
nomial algebra K|x1,...,xy,]. Consider a polynomial f € Klx1,...,xy,] such
that Of /Ox; € P fori=1,...,n

(a) If char K = 0, then there exists an irreducible polynomial W (T) €

K|[T] such that W(f) € P
(b) If char K = p > 0, then there exist b,c € K[z¥,...,zh] such that
ged(bye) ~1, b€ P and bf +c € P.

The proof is based on the following observation.
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LEMMA 3.2. Let K be a domain, let I be an ideal of K[x1,...,x,] and let
§ be a K-derivation of the factor algebra A = K(x1,...,x,|/I. Then there
exists a K-derivation d of K[x1,...,x,] such that §(f) = d(f) for every
f € k[z1,..., 1], where f denotes the coset of f in A.

Proof. Put 6(;) = h;, where h; € K[z1,...,2,)], for i = 1,...,n. Define
a K-derivation d of K[z, ..., 2,] such that d(z;) = h; fori =1,...,n. Then,
by a straightforward computation, one can verify that §(f) = d(f) for every
fe ]f[.%'l,... ,$n]. =

Now we can prove Theorem

Proof of Theorem . Note that if d is a K-derivation of K|z1,...,zy],

then of of
d(f) = 5-d ~—d(zn),
(1= L)+ + 2 d(en)
sod(f) e P.
Consider the factor algebra A = K][xi,...,zy]/P. Since P is a prime

1deal A is a domain. If § is an arbitrary K- derlvatlon of A, then, by Le Lemma
2| there exists a K-derivation d of K[x1, ..., z,] such that §(f) = d(f) =
since d(f) € P. We conclude that f belongs to the ring of constants of every
K-derivation of A.

- A . .

If char K = 0, then, by Corollary(a), f € B", where B is the canonical
homomorphic image of K in A. Hence U(f) = 0 for some polynomial U(T) €
By[T]\ By. Let U(T) = a,T" + --- + a1 T + ag, where a,,...,a1,a9 € Ky,
and put W(T') = a, 7" +- - -+ a1T +ap. We may assume that the polynomial
W (T) belongs to K[T] and is irreducible in K[T']. We deduce that W (f) € P.

If char K = p > 0, then f € (KAP)y N A, by Corollary 2.4(b) and
Proposition [2.2} Therefore b - f = —c for some b,c € K[z},...,2h], b ¢ P,
where we may assume that ged(b, ¢) ~ 1. We infer that bf +c€ P.

In a special case when P is a principal ideal, we obtain a stronger result.

PROPOSITION 3.3. Let K be a UFD. Consider f,g € K[z1,...,2,] \ K
such that g is irreducible and g divides Of /Ox; for i =1,...,n. If char K =
p > 0, assume additionally that f,g & K[z}, ..., ah].

(a) If char K = 0, then there exists an irreducible polynomial W(T) €
K|[T), such that g* divides W (f).

(b) If char K = p > 0, then there ezist b,c € K%, ... a}] such that g
divides bf + ¢, g does not divide b and ged(b, c) ~ 1.

Proof. (a) Applying Theorem [3.1] to the prime ideal P = (g), we obtain
W(f) = gh for some h € K[z1,...,x,]. Since g € K, we have ag # 0 for

some 7, and then g1 %. Taking the partial derivative with respect to x; of
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both sides of the equality W (f) = gh we obtain
0 0 Oh
W) oL = h

aﬂfi B 8561 +ga$i7
S0 g | h(%gi. Hence g | h and g% | W (f).
(b) We use the same arguments as in case (a) with a polynomial W (T') =
bT +c € K'[T], where K" = K[z},...,2}]. =
Note that as a consequence of the above proposition we obtain a char-
acterization of polynomials with relatively prime partial derivatives. In the
case of characteristic zero we have the following theorem.

THEOREM 3.4. Let K be a field of characteristic 0, and let f € Klzq,...
Zn] \ K. The following conditions are equivalent:

(i) ged(@f /0, ..., 0f J0a) ~ 1,
(i) for every irreducible polynomial W (T) € KT, the polynomial W (f)
s square-free.

4. One-element p-bases. In this section we obtain a characterization
of one-element p-bases of rings of constants of K-derivations of K[z1, ..., x,],
where K is a UFD of characteristic p > 0.

If f= Zil,...,z‘nzo ail,...,inx? o 1:%", where a;, .. ;, € K, then we set

_ . A i
f(p) = E @iy oin ] o Ty
11500000 >0
plit,.-,plin

We can improve Proposition 3.3 from [5] in the following way.

PROPOSITION 4.1. Let K be a UFD of characteristic p > 0. Let f €
Klz1,...,xp] and ge K[zl ..., 2b]. If | af fori=1,...,n, theng| f—fy)

Proof. By [5l, Proposition 3.3], under these assumptions we have g | f +h
for some h € K[zf,... 28], so f + h = gw, where w € K|x1,...,x,]. Since
g € K[z},... ah], it is easy to check that (gw) ) = gwgy. Then f) +h =
(f+h)@p) = gw), and we obtain f — f,y = g(w —w,), that is, g| f — f()

Now, we can prove the main theorem.

THEOREM 4.2. Let K be a UFD of characteristic p > 0, let f € Klzq,...
) \ K[, ..., 2h). The following conditions are equivalent:

§) scd(0f /0ur,....0F /0) ~ 1

(i) Ka¥,...,ah, f] is the ring of constants of a K -derivation,

(iii) for every b,c € K[, ... ,ah] such that b # 0 and ged(b,c) ~ 1, the
polynomial bf + ¢ is square-free and p-free,

(iv) the polynomial f — f(,) is p-free and, for every b,c € Kb, ... ab]
such that b # 0 and ged(b, ¢) ~ 1, the polynomial bf+c is square-free.
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Proof. The implication (i)=-(ii) was proved in [5, Theorem 2.3]. The
implication (iii)=-(iv) is obvious.

(ii)=-(iii). Assume that K[zf,...,zh, f] is the ring of constants of some
K-derivation of K|[z1,...,,] and consider b,c € K[z,... zh] such that
b# 0 and ged(b,c) ~ 1. If h|bf 4 ¢ for some h € K([zf,... ah]\ K*, then
(b/h)f+c/h € K[z, ..., x,), whereb/h,c/h € K(2f,...,2}). By Lemmal[2.6]
we deduce that b/h,c/h € K[z},..., 28], so h|b and h|c, a contradiction.

Suppose that g2 | bf+c for some g € K[z1, ..., 2, \K*. If p= 2, then ¢g* €
K(z},...,2h], and this is the case we have just considered. Assume that p > 2
and put 7 = (p + 1)/2. Note that gP | g>" and ¢*" | (bf +¢)", so g? | (bf +¢)".
We have (bf +¢)" =b"f"+---+c",s0 (0" /gP) fT+-- -+ /gP € K[z1,...,%n).
Since r < p, we deduce by Lemma that b"/gP,c"/gP € K|z, ... ah], so
g|band g|c, a contradiction.

—(i)= —(iv). Assume that gcd(0f/0x1,...,0f/0xy) » 1 and consider an
irreducible polynomial g € KJz1,...,x,] such that g | % fori =1,...,n.
If g belongs to K[z, ..., 23], then g| f — f(,) by Proposition If g does
not belong to K[z¥,..., 2], then, by Proposition g% |bf + ¢ for some
b,c € K[zl ..., ah] such that b # 0 and ged(b, ¢) ~ 1. In both cases condition
(iv) does not hold. =
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