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Summary. Conditions which imply Morita equivalences of functor categories are de-
scribed. As an application a Dold—Kan type theorem for functors defined on a category
associated to associative algebras with one-side units is proved.

1. Introduction. Let F denote the category whose objects are finite
sets [n] = {0,...,n} and whose morphisms are maps f : [n] — [m]. The
category A of finite totally ordered sets is a subcategory of F with the same
object set. The morphisms of A are all arrows of F which preserve the natural
order {0 <1 < --- < n}. Let S be the subcategory of A consisting of all
order preserving surjections. Its morphisms are compositions of elementary
order preserving surjections s; : [n] — [n — 1] such that s;(i) = s;(i + 1).
Let D be the subcategory of A consisting of all order preserving injections.
Its morphisms are compositions of elementary order preserving injections
d; : [n — 1] — [n] such that ¢ does not belong to the image of d;.

We will also consider subcategories F, and F* which have the same
objects as F. The morphisms of F, (resp. F*) are based maps f : [n] — [m]
such that f(0) =0, (resp. f(n) =m). Let A®* = ANF°*, Ay = AN F, and
D* =DNF*. The maps d; : [n—1] — [n], for i = 0,...,n—1, belong to D*.
The categories S°P and D*® are isomorphic.

We will prove the following result.
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1.1. THEOREM. Let C' be a category with the same object set as F and
with two subcategories, with the same object sets, S’ and D', isomorphic to
S and D® respectively. If the relations

/

! g/ ! / : - ! ! /
sidy =d;_y8;  for j<i—1, s;d;=d;sj_4

J fori<gj, sid;,=id
hold in C', then, for every functor M : (C')® — Ab and n > 1, there exists

a decomposition

I | | (| Ker(M(dj): M[k] — Mk — 1]).

1<k<n seS'([n],[k]) 0<i<k—1

If C' = A®, then such a decomposition can be obtained as a consequence
of the Dold~Kan Theorem [1-3] which concerns simplicial abelian groups,
i.e. contravariant functors from the simplicial category A to the category Ab
of abelian groups.

In [5-6] a similar fact is proved for functors defined on the category I
of finite based sets. It can be obtained from 1.1 for the category C' = QD*®
described below. It follows from the definition that the categories Fq and F*°
are isomorphic. Usually I' = F, but we will consider the category F*. Let
(D*)* be the subcategory of F*, with the same objects, whose morphisms
are compositions of the surjections d} : [n] — [n — 1], for i =0,...,n — 1,
such that

d&G)=4 ifj<i, di()=j—-1 ifi<j, d'@)=n—1.
Then @QD* is the subcategory of F* generated by D*® and (D*®)*.

1.2. PROPOSITION. The categories A® and QD® satisfy the assumptions
of Theorem 1.1. m

A general result which implies decompositions of functors defined on
A* and QD*® is proved in [7]. In this note we will prove that there exists
a category U satisfying the assumptions of 1.1 and such that, for every
category C’ satisfying the assumptions of 1.1, there exists an appropriate
functor U — C’. Hence decompositions for A®* and QD*® can be obtained as
special cases of the decomposition for . The category U will be defined in
Section 2 as a subcategory of a monoidal category associated to associative
algebras with one-side units (2.4(i)). (The category A can be considered
(2.2(1)) as a subcategory of a monoidal category (PRO) associated to unital
associative algebras.) The category U does not satisfy the assumptions of
the theorems proved in [7]. In Section 3 we will generalize certain results
of that paper which are consequences of Morita equivalences of appropriate
functor categories. Theorem 1.1 will be proved in Section 4, using the results
of Section 3.
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2. Categories associated to algebras with one-side units. Let R
be a commutative ring. If A is an associative R-algebra, then it induces
a monoidal functor A : S — R-Mod, where R-Mod is the category of R-
modules ([4]). For every [n] € S,

A= A®p - ©g A= AT,
5i(a0 @ @ an) = a0 ® -+ ® 441 @ -+ - @ .
A coassociative R-coalgebra (C, p) induces a functor C : S°® — R-Mod in a
similar way:
SP(Co®@ @) =C® -+ @ Cim1 @ pe; @ Cig1 -+ @ Crm.
This implies the following fact.

2.1. PROPOSITION. Let S* = S5°P and let P be the category generated by
S, S* and the relations
sjs; = sj_18; forj<i—1, sjs;=s;sj_1 fori<j—1L1.
If B has the structure of an associative R-algebra and an associative R-co-
algebra, then it induces a functor B on P such that B[n] = B®"*1. u
The following examples and Proposition 2.4 imply Proposition 1.2.

2.2. EXAMPLES. (i) Let A be an R-algebra with unit e. Then the functor
A : S — R-Mod can be extended to a functor A — R-Mod such that
di(a0®---®an_1) =R X1 QeRa; X ap.
The unit e give us two R-coalgebra structures p1, p2 : A — A®p A such that
pir(a) =a®e, paa) =e®a.
There are two functors associated with these coalgebra structures, pj : P —
Ae C A and p)y: P — A® C A, such that
Pi(s)) =div1,  pa(s]) =di,  pi(si) = ph(si) = si.

(i) @D* is the category with morphisms generated by d; € D*® and d

together with the relations

d;kdZ = di_ld; lf] < 1, d;kdZ =id, djdZ = did}:l lfj > 1.
There exists a natural surjection p : P — QD® such that pu(s;) = df and
p(sy) = di.

Let V be an R-module with a given element e € V and an R-homo-
morphism f : V — R such that f(e) = 1. Let p(v) = e ® v and vy.v3 =
f(vi)va. Then one can define a functor Vg : QD* — R-Mod such that
V = Vo,u.

2.3. DEFINITION. (i) P is the category generated by S, D and the rela-
tions
dei = diflsj for j <i—1, dei = disjfl for ¢ < j.
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(ii) P, (resp. P) is the factor category of P associated to the relations
si—1d; =1id (resp. s;d; = id).

(iit) U = (P))* is the subcategory of P, generated by S and D®.

The following results are easy to prove.

2.4. PROPOSITION.

(i) If A is an algebra with a right (resp. left) unit then the functor A
can be extended to a functor defined on P, (resp. Py).

(ii) There exist natural projections P — A, P, — A, P — A and
A can be considered as the factor category of P associated to the
relations s;_1d; = s;d; = id.

(i) There exists a natural projection p : P — U. The functor py : P —
A® defined in 2.2(1) factorizes through a functortd — A®. The factor
category of U associated to the relations s;—1d; = id is equal to
the A®. The natural surjection u : P — QD® factorizes through a
surjection U — QD®. QD*® is isomorphic to the factor category of
U associated to the relations s;_1d; = d;—18;—1.-

3. Decompositions of categories and Morita equivalences in
functor categories. Let C be a small category. The category whose mor-
phisms are all identity morphisms (resp. endomorphisms) of C will be denoted
by Ide (resp. E¢). The morphism sets of C will be denoted by C(c, ) and
the morphism set functor by C : C°? x C — Set. The category of all functors
from C to D will be denoted by (C, D).

We will use R-categories whose morphism sets are R-modules and whose
compositions are R-module homomorphisms. If A is a small category, then
R[A] is an R-category with the same objects as A. The morphisms of R[A]
form free R-modules generated by the morphisms of A. The functor category
(A, R-Mod) is isomorphic to the category of R-functors from R[A] to R-Mod
and will be denoted by R[A]-Mod.

If M : C — R-Mod and M": C°? — R-Mod then M'®pgc) M is the coend
of the bifunctor M’ ®p M. Every R-bifunctor U : R[C°P x '] — R-Mod gives
us functors

— ®@gjen U : (C"", R-Mod) — (C°P, R-Mod),
Hompe) (U, —) : (C°P, R-Mod) — (C"*", R-Mod).

In particular, given an R-functor F' : R[C'] — R|[C], we can take Up(c,c') =
R[C](¢, F(c')) and Ug(d,¢) = RIC](F(),c). In this case we will use the
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following notation:
TeC = — QR[] Up =— QR[C] R[C] : R[C']°P-Mod — R|[C]°P-Mod,
HeC = Hompe(R[C], —) = Hompgen(Up, —) : R[C'|°P-Mod — R[C]°P-Mod.
3.1. DEFINITION. Let A be the inclusion subcategory of D consisting
of all order preserving injections which are compositions of the injections
dy, : [n—1] — [n]. We will say that A is an N-category if the morphism sets
of A are finite, and if there exists a functor 7 : A — N which is an inclusion
on object sets.
The following facts are immediate consequences of the definitions.

3.2. PROPOSITION. Let A or A°P be an N -category. Let C = E 4 be the
endomorphism category of A.

(i) There ezists a canonical projection p 4 = R[A] — R|C] of R-categories.

(i1) Assume that Ay consists of all morphisms of A which are not endo-

morphisms. For every functor M : A°°> — R-Mod and every functor
N : C°° — R-Mod we have

TAC(M)(x) = M(x)/ ) ImM(a),
a€Ao, a:x—y
HaC(M)(z)= () KerM(a),
a€Ap, a:y—x

TeAN)(z) = P N) @ric)yy) RIA(,y),
y€Ob A

HeAN)(@) =[] Hompyqy) (RIAI(y, ), N(y)).
yeOb A
3.3. DEFINITION. Let C, C1, Ca, C' be small categories with the same
object sets such that Cy, Cy are subcategories of C' and C = C; N Cs.

i = C;-¢Cq if the morphisms of C’ can be represented as compositions

i) C"=Cy1-¢Coif th hi fC’ b ted iti
f1fo of morphisms f; from C;, uniquely up to morphisms from C. If
z,y € Ob(’, then

Cl(x>y) = ( H Cl(zay) X CQ(.T,Z))
2€0bC -
where (f1f, f2) ~ (f1, ff2) for morphisms f; of C; and f from C.
(ii) Cq ¢ Ca=C1Ca if C =1de, = Idg,.
3.4. EXAMPLES. A= DS, A* = D*S, QD* = D*(D*)*.
3.5. PROPOSITION. Let A, B, C, D be small categories with the same
object sets such that A and B°P are N -categories, C = ANB = E4 = Ep
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and D = A-¢ B.
(i) The projection p4 : R[A] — R|C] induces a projection R[D] — R[B]
which gives an R[D°P]-module structure on R[B].
(ii) The projection pp : R[B] — R[C| gives an R[D]-module structure on
R[A].
(iii) For every functor M : D°? — R-Mod and every functor N : C°P —
R-Mod, there are natural isomorphisms

TsC(M) = M @gp) R[A], H4C(M) = Hompip)(R[B], M),
TeB(N) = N ®@pa R[D],  HeA(N) = Hompp (R[D], N).
Proof. The result is a consequence of 3.1-3.3. =

Let
u(z,y) : R[B|(y, ¥) ®r(e)(y,y) BIAl(z,y) — R[C](z, x)
be defined by using composition in D and the projection pp = pg ® p5 :
R[D] — R|C]. We will consider the following homomorphisms induced by u:

](l’,y) : R[B](y,l‘) - HomR[C}(:v,a:) (R['A] (x7y)a R[C](l‘,$>),

j/(xvy) : R[A](ﬂ?,y) - HomR[C](x,m)(R[B](y7$)7R[C](xvx))
3.6. THEOREM. Suppose that the assumptions of 3.5 are satisfied and
that, for every pair x,y € D, R[A|(z,y) is a free R[C](z,z)-module and

j(x,y) and j'(x,y) are isomorphisms. Then the pairs of adjoint functors
TeB, HAC and He A, TC define Morita equivalences of categories

(D°?, R-Mod) and (C°?, R-Mod).
Proof. The result is an immediate consequence of the following facts

which can be proved by induction on the cardinality of the object set of D
using the same arguments as in the proof of 1.6 in [7].

(i) The natural transformations Id — HACT¢B and TgCHe A — 1d
are equivalences of endofunctors defined on (C°P, R-Mod).

(ii) The natural transformations TeBH 4C — Id and 1d — H¢ ATRC
are equivalences of endofunctors defined on (D°P, R-Mod).

(iii) The composition of the natural transformations T¢B8 — Id —
He A of functors from (C°P, R-Mod) to (D°P, R-Mod) is a natural
equivalence.

(iv) The composition of natural transformations H4C — Id — TC of
functors from (D°P, R-Mod) to (C°P?, R-Mod) is a natural equiva-
lence. =

4. Proof of Theorem 1.1. It follows from Section 2 that I/ is the
category generated by S, D® and the relations

dei = diflsj for j <i-—1, dez' = disjfl for ¢ < j, s;d; = id.
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Let C' be a category satisfying the assumptions of 1.1. Then one can de-
fine a functor &/ — C’, and Theorem 1.1 is a consequence of the following
specialization.

4.1. PROPOSITION. For every functor M : U°P — R-Mod, and forn > 1,
there exists a decomposition

M= [T 11 (| Ker(M(d;) : M[k] — M[k — 1]).
1<k<n seS([n),[k]) 0<i<k—1
Proof. Lett; = s;_1d; : [n] — [n]fori=1,...,n+1 be a morphism of P,.
Let T be the subcategory of P, with the same objects and with morphisms
which are compositions of ¢;. We have t? =t; and t;t; = t;t;. Let
T*=TNU=TNP, D*=D'T*, S*=T1°S.
There exist decompositions
U=D"T*S = D® -1« S°.
Let
Mo[k] = | Ker(M(d;): M[k] — Mk — 1)).

It follows from the definitions that My consists of elements annihilated by
D*® and that it is a functor defined on R[D®]. Using Theorem 3.6 one can
prove that
M = Mo ® g jye) RIU] = Mo @ gire) R[S®] = Mo ®ppuag) RIS].
We have to check that the composition of the multiplication
R[S®] ®gpre) R[D®] — RU]
with the natural projection R[U] — R[T*] induces isomorphisms

R[S*)(x,y) — Hompire|(y ) (RID*)(y, ), R[T*](y,y)),
R[D*](x,y) — Homgize)(z ) (R[S*)(y, ), R[T*](2, x)).
Recall that D* = D*T* and S® = T*S. Now the composition rules in D®
and S® and the fact that we have isomorphisms
R[S](z,y) — Homg(R[D®](y,z), R), R[D®|(z,y) — Homg(R[S](y,z), R)
induced by composition of morphisms in A imply the result. =

Acknowledgments. This work was partially supported by Polish KBN
Grant 1 PO3A 005 26 and MNiSW Grant NN 201 387 034.

References

[1] A. Dold und D. Puppe, Homologie nicht-additiver Funktoren. Anwendungen, Ann.
Inst. Fourier (Grenoble) 11 (1961), 201-312.



40 J. Stominska

[2] D. M. Kan, Adjoint functors, Trans. Amer. Math. Soc. 87 (1958), 294-329.

[3] —, Functors involving c.s.s. complexes, ibid. 87 (1958), 330-346.

[4] J.-L. Loday, Cyclic Homology, Grundlehren Math. Wiss. 301, Springer, 1998.

[5] T. Pirashvili, Dold—Kan type theorem for I'-groups, Math. Ann. 318 (2000), 277—298.

[6] —, Hodge decompositions for higher order Hochschild homology, Ann. Sci. Ecole
Norm. Sup. 33 (2000), 151-179.

[7]] J. Stominiska, Dold—Kan type theorems and Morita equivalences of functor categories,

J. Algebra 274 (2004), 118-137.

Jolanta Stominska

Faculty of Mathematics and Information Sciences
Warsaw University of Technology

Plac Politechniki 1

00-661 Warszawa, Poland

E-mail: jolslom@impan.pl

Received December 14, 2010;
received in final form February 7, 2011 (7806)


http://dx.doi.org/10.1090/S0002-9947-1958-0131451-0
http://dx.doi.org/10.1090/S0002-9947-1958-0131873-8
http://dx.doi.org/10.1007/s002080000120
http://dx.doi.org/10.1016/j.jalgebra.2003.10.025

	Introduction
	Categories associated to algebras with one-side units
	Decompositions of categories and Morita equivalences infunctor categories
	Proof of Theorem 1.1

