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Summary. Generalized reflected backward stochastic differential equations have been
considered so far only in the case of a deterministic interval. In this paper the existence and
uniqueness of solution for generalized reflected backward stochastic differential equations
in a convex domain with random terminal time is studied. Applications to the obstacle
problem with Neumann boundary conditions for partial differential equations of elliptic
type are given.

1. Introduction. Nonlinear backward stochastic differential equations,
BSDEs for short, were introduced by Pardoux and Peng in 1990 [PP]. Since
then, BSDEs have been studied extensively, due to their connections with
different mathematical fields, mainly partial differential equations (PDE for
short). Some of those results may be seen as generalizations of the cele-
brated Feynman—Kac formula. We should list here paper [P] that concerns
the Cauchy problem for parabolic PDEs and elliptic equations with Dirich-
let boundary conditions, and [PZ] that deals with parabolic equations with
Neumann boundary conditions.

The notion of reflected backward stochastic differential equations (ab-
breviated as RBSDEs) in a general convex domain was introduced in |GP].
Similarly to BSDEs, they give probabilistic formulas for appropriate obsta-
cle problems for PDEs. These connections for both parabolic and elliptic
PDEs were considered in [J1l, [PR]. Recently some authors have been inter-
ested in connections between so called generalized RBSDEs (GRBSDEs for
short) with deterministic terminal time and an obstacle problem of parabolic
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type with Neumann boundary conditions [J2, [RX]. By generalized we mean
equations with an additional component which is a stochastic integral with
respect to an increasing process.

The aim of the present paper is to show the existence and uniqueness
of solutions of GRBSDEs in general convex domains with random terminal
time and connections with an obstacle problem of elliptic type with Neumann
boundary conditions.

The paper is organized as follows. In Section 2 we give the definition of a
solution of a GRBSDE with random terminal time and we formulate a main
theorem of the paper. We consider an equation of the form

(11 Yi=&+ | f(s,Ye, Zo)ds + { (s, Ye) dAs — | ZodW, + K, — Ky,
tAT tAT tAT

t € Rt where 7 is an almost surely finite stopping time, W = (W})cr+ is an
m-~dimensional Wiener process and A = (A;);cr+ is a one-dimensional con-
tinuous and increasing process with Ay = 0. Next, in Section 3 we show the
connection between a GRBSDE with random terminal time and the obstacle
problem of elliptic type with Neumann boundary conditions. Finally, in the
last section we prove the main result of the paper, i.e. the theorem about
existence and uniqueness of a solution of (Theorem . We construct
a sequence of GRBSDEs for which existence of solutions follows from the
existence for GRBSDEs with deterministic terminal time (known from [J2])
and show that this sequence converges to a solution of . Moreover, we
give some properties of the solution of .

Throughout the paper we will use the following notation. By |-| we mean
the Buclidean norm in R?, while ||z stands for (trace(z*z))Y/2, where z* is
the transposition of a matrix 2 € R4*™. For a process K = (K!,..., K%) we
denote by |K|; = 25:1 | K|, its variation on [0,t], where |K?|; is the total
variation of K* on [0, ¢].

2. Generalized RBSDEs. Let ({2,G,P) be a complete probability
space carrying a standard m-dimensional Wiener process W = (Wy)ep+-
Let F = (Fi)icr+ be the usual augmentation of the filtration generated by
W and assume that A = (A;);cgr+ is an adapted, one-dimensional continuous
and increasing process with Ag = 0.

Let 7 be an almost surely finite F stopping time and let & be an F;
measurable, square integrable random variable with values in D, where D is
a convex subset of R, Suppose that functions f : RT x 2 x R? x R&>*™ — RE
and ¢ : RT x 2xR% — R? are measurable and there exist constants L, x > 0,
B <0, i € R such that for any t € R, 5,9/ € R?, z, 2/ € R&>™,

(A1) [f(t,y,2) = f(t o, 2] < Ly — o'l + Iz = &),
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<y y,a (t Y,z ) f(t7y,’ Z)> S :U"y - y’|2,
lp(t,y) —o(t,y")| < Ly — 9],

=y e(ty) —ety)) < Bly—y'?,
(5 0)| <k,

(A2)
(A3)
(Ad)
(A5)
(A6) for some real numbers A and v such that A > 2u + L? and v > 3,

T

EB(§eMh £(,0,0)[2dt + S M (1, 0)2 dAy) < oo,
0 0

(A7) BEerMtvA7([€]2 +1) < oo and

T T
E(g N £t 6, G2 dE 4+ [T p(t, &) 2 d/lt> < o0,
0 0
where & = E({|F;), ¢ is an F progressively measurable d x m-
dimensional process with E {7 [[¢]|2dt < oo and = E¢+ {7 ¢ dWy,
(A8) there exists ¢ > 2 such that for every M > 0,
M
E | |£(t,0,0)[*dt < .
0
DEFINITION 2.1. A solution of the generalized reflected backward stochas-
tic differential equation (GRBSDE) with random terminal time associated
with data (7,¢&, f, ¢, A) is a triple (Y, Z, K) = (Y, Zt, Kt)scr+ of F progres-
sively measurable processes in D x Rde x R? satisfying

T T

(2.1) Vi=¢+ | fs.Y, Z)ds+ | (s, i) dA,
tAT tAT

= | ZeaW. + K, — Kipe,  tERT,
tAT
and such that

T T
E(sup MY + S M| Z, || dt + S eMYy)? dAt) < 00
t<t
= 0 0

where K is a continuous process with locally finite variation, Ky = 0 and

-
(2.2) V (v, — 8 dE; <0
0
for every F progressively measurable process S = (S;);cr+ with values in D.
Moreover, on the set {t > 7} we have V; = ¢, Z, =0, K; = K.
THEOREM 2.2. Let 7 be an almost surely finite F stopping time and let
assumptions (A1)—(A8) hold. Then there exists a unique solution of (12.1)).

We defer the proof of Theorem [2.2] to Section [
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3. Partial differential equations. In [J2| and [RX] it was shown that
a GRBSDE with deterministic terminal time gives a probabilistic formula
for a viscosity solution to an obstacle problem for a parabolic PDE with
Neumann boundary conditions. Here we will show that a GRBSDE with
random terminal time gives a probabilistic formula for an obstacle problem
for an elliptic PDE with Neumann boundary conditions.

In this section we will assume that D = (ay,b1) X -+ X (aq,bq). Let O
and G be open connected bounded and smooth subsets of R” such that
GNO#Qand 00NG # 0, 0GN O # (). Suppose that O = {z; ¢(z) > 0},
00 = {z; ¢(x) = 0} for some ¢ € CZ(R™) such that |Ve(z)| = 1 for x € 9O.

Let b : R™ — R™ and o : R™ — R™*™ be such that for some L' > 0,
and all z,2’ € R™,

(B1) |b(z) = b(a)| + [lo(x) — o(a)]| < L'|z — ],
and let (X*, A%) be a solution of the SDE with reflection
t t
XP =+ \b(X0)ds + | o(X2)dW, + A7,  teRT,
0 0
where P(X* € O) = 1, A% is a process with locally finite variation |A®|,
which increases only if X} € 00; Af =0, Xo =2 € ONG (|LY]). Define
™ =inf{t > 0; X} ¢ G}.
Assume that
(B2) functions f : R™ x RY x R™>*™ — RY, ¢ : R™ x R — R? and
g: 0G N O — D are continuous and there exist constants x,p > 0,
L >0, €Rand < 0such that g+ L? < 0 and for any = € R™,
Y,y € R 2, 2/ € RIXm,
lg(2)] < k(1 + |z7),
(y—y' fz,y,2) = fla,y,2) < ply =y,
|f(xay7 Z) - f(:n,y’,z')\ < L(|y - y/| + ||Z - ZIH)?
[f(@,9,0)l < k(L4 1yl), ez, y)| < r
lo(z,y) — ¢(a,y)] < Lly — ¢/,
=y olz.y) —elz.y)) < Bly -y

x

B f(X7, 6, G)2 dt < oo,
0
(

where £ =
(B3) ET" < 0.

Let (Y*,Z% K¥) be a solution of the GRBSDE with data (7%, g(X*),

X%), & = B(g(XE)|F), €= BE+ () ¢ dWr.
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teRY, we R, yeRE ze RX™ e,

X X

Yie = 9(X5) + | F(XG. Y5, 25)do+ | o(X5,Yy") d|A™]g

tATT tAT®

T

— | zgaw, + K% - K}, teRT
tAT®

In this section we assume that g+ L? < 0. Then assumption (A7) reduces
to E(|X%|?P 4 |A%|,=) < oo. But note that from [PZ, Proposition 3.2] one
can deduce in particular that for all x € O and for any stopping time 7" such
that E|T| < oo, we have E|A%|r < oo.

We consider the following problem for a PDE with Neumann boundary
conditions: find u : O N G — D such that

(3.1)
min (u; () — a;, max (u;(z) — b, —Lui(z) — fi(z,u(z), (Vuio)(z)))) =0,
reONaG,
min(ui(:z:) - ai,max<ui(93) — by, *%@) — @i(w, U@)))) =0,
x € 00NG,

u(z) =g(x), 2€dGNO,
fori=1,...,d, where

1 82161' " Ou;
@) =5 ¥ g @eru@) £ Y S a)
1<j,k<m 1<j<m
DEFINITION 3.1 ([CIT]). (i) w € C(ONG;D) is called a wviscosity sub-
solution of (3.1)) if u;(x) < gi(x), 1 <i < d, x € 9G N O, and moreover for
any 1 € C2(R™), whenever z € O NG is a local maximum of u; — 9, then

(3.2)  min(ui(z) — a;, max(u;(z) — b;,
—Ly(x) — filz,u(z), (Vo)(z)))) <0
ifx e ONG, and

min <ui(x) — a;, max <uz~(a?) — b, min(—?ﬁ(x) = i(@,u(x)),
—Lp(x) — fi(z,u(x), (wa)(x))>)> <0, z€dONG.

(ii) u € C(ONG; D) is called a viscosity supersolution of (3.1]) if u;(x) >
gi(x), 1 <i<d, € dGNO, and moreover for any 1 € C?(R™), whenever
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r € ONG is a local minimum of u; — 1, then
min (u;(z) — a;, max (u;(z) — by, =Ly () — fi(z,u(z), (Vpo)(z)))) =0
ifxre ONG, and

min <ui(az) — a;, max (ui(m) — b;, max (g:i}(x) — @i(z,u(x)),

—L(x) — filz, ulz), (Vwa)(a:))))) >0, z€d0NG.

(iii) u € C(O N G; D) is called a viscosity solution of (3.1) if it is both a
viscosity subsolution and supersolution.

THEOREM 3.2. Assume (B1)—~(B3). The function u defined as u(x) = Yy’
for x € ONG is a continuous viscosity solution of (3.1]).

Proof. Note that the continuity of u follows by the same arguments as in
the proof of Proposition 4.1 in [PZ] upon using the proof of Proposition 4.1
in [P].

Of course, if z € G N O, then 7 = 0 and u(z) = Y = g(Xo) = g(z).
We will only show that u is a subsolution of ; the proof that it is a
supersolution is similar. Take any 1 <i < d, ¢ € C*(R™) and let z € ONG
be a local maximum of u; — . Without loss of generality we may assume
that u;(z) = ¢¥(x).

First, consider the case when € O N G. Note that if u;(x) = a; or
u;(x) = by, the inequality is obvious. Hence we can assume that u;(x) =
Y(z) € (a;,b;) and we have to show

—L(x) — filz,u(z), (Vipo)(x)) < 0.

Suppose for contradiction that Liy(z) + fi(z,u(z), (Viyo)(z)) < 0. From
continuity of ¢ and f we can choose o > 0 such that whenever |y — z| < «

then u;(y) < ¥(y), ¥(y) € (ai, b;) and
Lp(y) + fily, wly), (Vio)(y)) <0
Define v = inf{t > 0; | X7 — x| > a} A 7, A and let
(Y;fa Zt7 Kt) = ((K&g/c\v)lv 1[0,1}} (t)(ch)Zﬂ (KzéEAv)i)a te [07 a]’
For t € [0, ], the triple (Y, Z;, K;) satisfies the one-dimensional RBSDE

Yy = ui(X2) + 110,y (0) £i(X5 , u(XF), Zo) dO — \ Zy AW + Ko — K.
t t

On the other hand, by the It6 formula, the pair
(Ve Z4) = (0(Xir0)s Lo ()(Ve0)(XP)), ¢ € [0,0].
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is a solution of the BSDE

Yo = (X5) = | 110, (0) Lop(XF) d6 — | ZgdWy, ¢ € [0, 0.
t t

Since Y; € (ai,b;) for t € [0,q], the triple ()A/,ZA,O) is a solution of the
above RBSDE. Therefore by the assumption that u; < v and the choice of «
and v, and with the help of Lemma below, we deduce that Yy < ?0, ie.
u;(z) < (x), which is a contradiction.

Now we consider the case z € 90 N G. As above we can assume that
u;(z) € (a4, b;). Suppose towards a contradiction that

oY

max<8n<x> + il ula)), Lo(@) + file, ua), (vwaxw))) <o.

Let @ > 0 be such that whenever |y — z| < « then u;(y) < ¥(y), ¥(y) €
(a;, b;) and
0

max (3200 + 0 u) L) + 0,000 (V) ) ) <0

Define v = inf{t > 0; | X} — x| > a} A a A 7, and let
(}7;57 Zt? Kt) = ((Y;ty/ﬂ\v)lv 1[0,1}] (t)(ch)z7 (Kf/\v)i)ﬂ te [07 a]'
The triple (Y3, Z;, K;) satisfies the one-dimensional GRBSDE

Vi = wi(X3) + § L0, (0) i (X5 u(X5), Zo) dB

t
a

l[O,U](H)(pl(Xgau(Xg)) d|Am|9 - S ZG dWy + Ra - Kt'
t

+

~+ — O

On the other hand, by the It6 formula, the pair

(i/;fv Zt) = (w(Xtm/\v)v 1[0,1)} (t)(VdJO’)(th)), te [O’ a]’
satisfies the generalized BSDE

. ¢ A 0
= 0(XE) — | 10, (O)LU(XE) 40— | 10,1 (6) 9 (X5) d|A°ly
t t

—\Zgaw,, te0,q,
t

and V; € (ai, b;) for t € [0,a]. From wu; < ¢ and the choice of a and v,
with the help of Lemma we get Yy < Yo, i.e. ui(x) < ¢(x), which is a
contradiction. m
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4. Proof of the main theorem. Before proving Theorem [2.2] we will
show some useful facts.

ProroSITION 4.1. Let (Y, Z,K) be a solution of (2.1). Suppose that
conditions (A1)—(A4), (A6), (A7) are satisfied. Then for any a € D there
exists a constant C' > 0 such that

T
(a) E(sgpe”m—aFﬂeMM a|2d1}+s At||zt”2dt+§ Atd|1r<|)
t<rt

0 0 0
< CE(e”\g —a + [ M f(t.a, 007 dt + | Me(t,a) d/lt>,
0 0
T T
(b) E(sup e}\t+VAt|Y; _ a|2 + S €>\t+VAt|Y;5 o CL|2 dry + S e)\t-l—z//ltHZtHQ dt)
=T 0 0

< CE (eAT+VAT|§ — a2 + [ A £t a, 0)2 dt + (@) d/lt)>,
0

where I} = Ay + .

Proof. (a) From the It6 formula, for ¢t € RT,

41) AV —al? + | MY —al® + (|1 Z.)?) ds
tAT
.

=eME—a’ 42 S (Y, —a)f(s,Ys, Zs) ds

tAT
+2 | MV —a)dK, -2 | MV, - a)Z. AW,
tAT tAT

Using (A1)-(A4) we obtain
2(y — a, f(t,y,2)) < 2uly — af> + 2Lly — a| [|2]| + 2|y — al | f(t,a,0)]
1
< 2u+ L2 /e +n)ly —al* +ellz]* + 5!1"(& a,0)[?,

2(y — a,(t,y)) < 2Bly —af* + 2!1/ —al|p(t,a)l

A

2 2
< Bly — a +|5|!<Pta)!



Generalized RBSDEs 93

Let € and 7 be such that £ =1 —& > 0 and A = X\ — (2u + L%/e + 1) > 0.
With this notation, (4.1]) has the form
42) AW, —al + | MY —al + 8] Z4)1%) ds

tAT
r

+18] | ey —al?dAg

tAT
T

| *le(s,a)]* dA,

T

1 1
< Mg —al’ + ; | eIf(s,0,0)2ds + —

tAT |ﬁ| tAT
+2 | MY —a)dK, —2 | X(Y, — a)Z, dW..
tAT tAT

Using (2.2) and integrating we get
.

(4.3) E(e“t“)lYmT —af + | MY, —aPdl+ | )2 ds)

tAT tAT
< C’E(e”]{ —al*+ S | f(s,a,0))? ds + S (s, a)? d/ls).
tAT tAT

In order to get an estimate on E sup,, e**"7)|Y;, —a|? first note that from
the Burkholder-Davis—Gundy and Schwarz inequalities we have

T T

1

E sup S (Y, — a)Z,dW,| < ~EsupeM|Y; —al®* + CE S M| Zy|? dt.
i<t tAT 4 i<t 0

Therefore using (2.2)) and taking supremum in (4.2) we obtain

T

EsupeM|Y; —al? < CE(G)\T|€ —a* + S e*|f(s,a,0)|?ds

t<t 5
T 1 -
+]Mels, ) d4,) + 5B sup MY, — af + OB [ 24| ds.
0 t<r :
Hence by (4.3),

T

Esupe|Y; —al? < CE(e’\Tlf —al’ + S e*|f(s,a,0)*ds
t<t 0

-
+{e*le(s,a)? d/ls).
0
It is known that for any convex set D, (h — a,ny) < —dist(a,0D), h € 0D,
a € D\ 0D, where ny, is the normal inward vector at h € 9D (see e.g. [M]).
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Therefore,
T T T
{e¥(Vi — a)dK, = | (Y — a)ny, d| K|, < —dist(a, D) | ™ d| K|,
0 ¢ 0
and by (4.2),
E{MdK], < czz(&wg —a? + (£ (t,a,0)% dt + | e)‘t\go(t,a)IZdAt).
0 0 0
(b) We use integration by parts for e*\7)+v4inr|y, - — g|2. Similarly
to (a), we have

E€A(tAT)+VAtAT‘}/;§/\T o a’2 +E S 6)\8+VA5()\‘Y; o a‘Z + HZSHQ) ds
tAT

-
+vE S eAs—i—uAs‘sz _ CL‘2 dA,
tAT
T

< BN e —a)? + 2u+ LP /e +n)E | MY, —af? ds

tAT
1 T T
+ 2B | X f(s,0,0)2 ds +eE | e 24 ds
tAT tAT

T T
+BE | Ay, — a|?dA, +1E | e (s,a)[? dAs.
tAT |B| tAT
Let € < 1 and 1 be such that 2u + L?/e +n < . Since v > 3,
T

E(ex(tAT)JFVAW‘YW —al®+ S T (Y, — af*(ds + dA,) + ||ZS||2dS))

tAT

-
< CE( g —al 4 | (| f(s,0,0)2 ds + (s, @) 2 dA) ).
tAT
Again arguing as in (a) we complete the proof. =

REMARK. The above estimates for sup;, eM|Y; —al?, 5o eM|| Zy||? dt and
Sg eM|Y; — a|? dIy remain true for a € D.

LEMMA 4.2. Suppose that d = 1. Let f, f' and ¢,¢" satisfy (A1l)—(A4).
Let (Y, Z,K), (Y',Z',K') be solutions of the GRBSDEs with random ter-
minal time with data (1,&, f,¢), (1,&, ', ¢') respectively, where &, &' sat-
isfy (AT). If £ < &, f(t,y,2) < f'(t,y,2), p(t,y) < ¢'(t,y), P-as., then
Y; <Y/, t € RY, P-a.s. Additionally, if P(€ < &) >0, f(t,y,2) < f'(t,y,2)
or o(t,y) < ¢'(t,y), then Yy < Y.
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Proof. From the It6 formula

M (Yine =Y ) P+ | e (YVarr = YO ) TP + Loy | Ze — ZJ7) ds
tAT
T

= 6AT|(€ - 5/)+|2 +2 S eAS(}/S - Ys/)+(f(5a YSa ZS) - f/(sv Ys/a Z;)) ds
tAT

+2 | MY = Y) (s, Ys) — ¢ (5, YY) dA,

tAT
+2 | MY - Y)TA(K, - K -2 | MY - YI)T(Z - Z2) dWs
tAT tAT
<@up+LPe) | (Ve =Y) Pds+e | eMlyaypylZs — Zi ds
tAT tAT
£26 | vy Ve - YIPdA 2 | (Y = YD) (Z, — 20) W,
tAT tAT

Since (SB(YS — YNt (Zs — ZL) dW5)er+ is a martingale and 8 < 0, choosing
e < 1 such that 2y + L?/e < X\ we complete the proof. m
Proof of Theorem . First we will show uniqueness for (2.1). Suppose

that (Y, Z, K) and (Y', Z', K') are two solutions of (2.1). By the It6 formula
and arguing as in the proof of Lemma [£.2] we find that

T

MY = Vi P | N OYs = YIP + 1 Zs - Z2)17) ds

tAT
T T
< @u+L?fe) | MY, =Y Pds+e | )2, — Z[|ds
tAT tAT
+2p | MY -V PdA, -2 | (Y. = Y))(Zo — Z) dW,.
tAT tAT

Choosing € < 1 such that 2u + L?/e < A we obtain
T T
B(MMYine =] P4 | 20— ZUPds+ | Y, - YIPdA,) =0,
tAT tAT
which shows the uniqueness.
The proof of existence for ([2.1]) is divided into two steps. In the first step
we will construct a sequence (Y™, ZM KM) M e N, of solutions of some
GRBSDESs and in the second step we will show that this sequence converges

to the solution of ({2.1)).
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STEP 1. For each natural M we will construct a solution (Y™, ZM kM)
of a GRBSDE of the form

MAT MAT
(4.4) YM=e+ | fs,YM 20 ds+ | e(s, YY) dA
tAT tAT

.
—\ zMaw, + K}f,, — KI\,, teR"
A

tAT

in the following way. Let &y = E(&|Fy) and let AT be a stopped process
for the stopping time 7, i.e. A] = Ayp,. For t € [0, M] consider
M M
YM =6+ 1o () f (s, VM, 20 ds + | (s, YM) dA]
t t

M
-\ zMaw, + k3] - K.
t

The terminal value &3 is an Fj; measurable random variable, the function
1(0,r(w)) (t) f(t,w, y, 2) is Lipschitz continuous with respect to y and z, and by
(A3), p(t,w,y) is Lipschitz continuous with respect to y. Therefore by [J2]
there exists a unique solution (YM ZM KM) of ([4.4) on [0, M]. Note that
on the set {t > 7} we have &y = £ and

M

yM=¢+0- | zMaw, + Kif - KM

t
Since ¢ € D, by uniqueness of solution of BSDEs (see [P]) it follows that
K = KM = KM, Therefore V¥ = ¢ — Si‘/[ ZM dW;, and in particular
YM = E(¢|F,) = £ On the other hand, by the It6 formula

M
E(IYM2+ § 122 ds) = Blgl.
T
As a consequence, on the set {t > 7}, Y/ = ¢ and ZM = 0.
For t > M we put YM = ¢, ZM = ¢, and KM = K% Note that these
processes satisfy .
v =gz aw,
t
and on the set {t > 7} we have Y = ¢, = ¢, ZM = 0.
By Proposition [4.1)(a) the processes defined above satisfy
T
E(sup AMYM —af? + S AM(YM —al?dly + || ZM|)? dt + d|KM|t))
t<rt
s 0
T T

< C’E’<6M|£ —al? + {eM|f(t,a,0) dt + | M|o(t, a)? dAt).
0 0
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Since (YM,ZM KM), t € [0,M], is a unique solution of (£4), we have
E sup;<pr eMKM|? < 0o and SS/I(}QM—St) dKM < 0 for any F progressively
measurable process S = (S;);cr+ with values in D (see [J2, Definition 2.1]).
By the equality KM = KM on the set {t > 7} we also have
T
[ (vM =8y drM <o.
0
STEP 2. We will show that the sequence (Y, ZM KM) M € N, defined
above is a Cauchy sequence for the norm
Iy ™, zM, KM%
.
= B(sup MM 2+ [ (M 2y + | 22 dt) + sup KM )
t<t 0 t<t
Take N,M € N, N < M. For t € [N, M] we have Y = ¢~ _ZN dW;
and

MAT MAT
yM=g+ | [ 20N ds+ | (s Y dA,
AT thT
— | zMaw, + K}, — K}
tAT
In particular, Y{f =&~ 1}, ZNdW, and Y} = ¢, ZM dW,. By the

uniqueness of solution of BSDE on the set {M A7 <t < 7} it follows that
Y = E(¢|Fy) =YY and ZN = ZM (see [P]). Therefore

MAT MAT
VM -vN = | fe M2 ds+ | es, VM) dA,
tAT tAT
MANT
- S (ZS{W - Zév) dWS + K%/\T - Kt]/\{ﬂ'
tAT
And by the Ité formula for ¢ € [N, M],
MAT
HMYM YN | MY M YN 412 - 2% ds
tAT
MAT
=2 | MM YN (s, Y M, 2 ds
tAT
MAT MAT
+2 | M =Yy e(s, YA +2 | MM - YN A
tAT tAT
MAT

-2 | M-y 2zl - zY)aw..

tAT
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Arguing as in the proof of Proposition (see (4.2)) we have

MANT
@5)  MYM-YP+ | MOV Y P a2 - 287 ds
tAT
MAT
1l ) M - Y da,
tAT
1M/\7' 1 MANT
< E S 6A8|f(37Y;N7Z£V)’2d$+ m S eAS‘SO(s?}/;N)’QdAS
tAT tAT
MAT MAT
+2 | MM -vN)dKY -2 | MM -YN)(2) - ZY)aw.
tAT tAT

Since on the set {s > N} we have Y = &, ZN = (,, after integrating the
above inequality and by ([2.2)),

MANT
EMYM VNP +E | (VM - YNPar + || 2) = 2N ds)
tAT
MANT MANT
<CB( | MIf(s.6 P ds+ | eMpls &) dA,).
tAT tAT

Note that by the Burkholder-Davis—Gundy and Schwarz inequalities,

MAT
E sup AWM =YINZ = 27 aw
N<t<M tAT
1 MANT
< S E sup MY -V P+ CE | 2 - 28| dt.
N<t<M NAT
Hence by (4.5)),

MAT

E sup MYM-YNP+E | MM YN Par 4|2 - 2P ds)
N<t<M

NAT
MAT MAT
<CB( | Mf(s,6,¢)Pds+ | (s, &) ddy).
NAT NAT

It is clear that the right hand side of the above inequality tends to zero as
N — o0. By (4.4) we also get

lim E sup eMEKM - KNP?= lim E sup eMKM]?=0.
N—oo  N<t<M N—oo  N<t<M
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Suppose now that t < N < M. Since

NAT NAT
VM =vi'+ | vz ds+ | els, Y da,
tAT AT
NAT
\ zMaw, + kY - K},
tAT
we have
NAT
VM-V =y -+ | (Y 2 - f(s YN, 2))) ds
tAT
NAT
+ S (90(37Y;M) - 90(87)/3]\[)) dAs
tAT
NAT
-\ (ZM = z)aw, + Ky - KM - (KY - K1),
tAT

Arguing as in the proof of uniqueness we obtain

NAT
E<€>\(t/\r)mM _ YtN’2 n S 6,\3“2;\4 _ Zész ds) < EeA(N/\'r),y]{\[/[ _ YNN’2
0
T T
<CE( | If(s,6 G ds+ | (s )2 dd,),
NAT NAT

where the second inequality comes from the previous part of the proof (for
t € [N,M]). It is not difficult to see that ES;VATe’\S(|f(s,£5,CS)|2 ds +
lo(s, &s)|? dAs) converges to zero as N — oo. Similarly,

Esup 6)\t|}/;M - }/tN‘Q
t<N

<CE( | eMf(s.6,C)Pds+ | eMlpls &) dA),
NAT NAT

where the right hand side tends to zero as N — co. Hence

lim Esup e KM — KNP? =o0.
N—oo t<N

To finish the proof consider the case t > M > N. Since Y;¥ = VM = ¢,
K}Y = K and KM = K}, by uniqueness of solution we have Z}¥ = ZM.

Hence, for any ¢t € RT, the sequence (YM, ZM KM) defined by is
Cauchy for the norm ||(YM, ZM  KM)|| 4, and its limit (Y, Z, K) solves (2.1)).
(It satisfies estimates from Proposition ) Moreover, {7 (Y; — Sy) dK; <0
for any F progressively measurable process S = (S¢)icp+. ®



100 K. Janczak-Borkowska

Acknowledgements. This research was supported by the Polish Min-
istry of Science and Higher Education under Grant N N201 372 436.

References

|CIL] M.-G. Crandall, H. Ishii and P.-L. Lions, User’s guide to viscosity solutions of
second order partial differential equations, Bull. Amer. Math. Soc. 27 (1992), 1-67.

[GP] A. Gégout-Petit et E. Pardoux, Equations différenticlles stochastiques rétrogrades
réfléchies dans un convere, Stoch. Stoch. Rep. 57 (1996), 111-128.

[J1] K. Janczak, Discrete approximations of reflected backward stochastic differential
equations with random terminal time, Probab. Math. Statist. 28 (2008), 41-74.
[J2] —, Generalized reflected backward stochastic differential equations, Stochastics 81

(2009), 147-170.

|LS] P.-L. Lions and A.-S. Sznitman, Stochastic differential equations with reflecting
boundary conditions, Comm. Pure Appl. Math. 37 (1984), 511-537.

[M] J.-L. Menaldi, Stochastic variational inequality for reflected diffusion, Indiana
Univ. Math. J. 32 (1983), 733-744.

[P] E. Pardoux, Backward stochastic differential equations and viscosity solutions of
systems of semilinear parabolic and elliptic PDEs of second order, Stochastic Anal-
ysis and Related Topics, VI (Geilo, 1996), Progr. Probab. 42, Birkh&user, 1998,
79-127.

[PP] E. Pardoux and S. Peng, Adapted solutions of a backward stochastic differential
equation, Systems Control Lett. 14 (1990), 55—61.

[PR] E. Pardoux and A. Riscanu, Backward stochastic differential equations with sub-
differential operator and related variational inequalities, Stoch. Process. Appl. 76
(1998), 191-215.

[PZ] E. Pardoux and S. Zhang, Generalized BSDEs and nonlinear Neumann boundary
value problems, Probab. Theory Related Fields 110 (1998), 535-558.

[RX]| Y. Ren and N. Xia, Generalized reflected BSDE and an obstacle problem for PDEs
with a nonlinear Neumann boundary condition, Stoch. Anal. Appl. 24 (2006),
1013-1033.

Katarzyna Jariczak-Borkowska

Institute of Mathematics and Physics
University of Technology and Life Sciences
Kaliskiego 7

85-796 Bydgoszcz, Poland

E-mail: kajaQutp.edu.pl

Received November 19, 2009;
recetved in final form January 3, 2011 (7733)


http://dx.doi.org/10.1090/S0273-0979-1992-00266-5
http://dx.doi.org/10.1002/cpa.3160370408
http://dx.doi.org/10.1512/iumj.1983.32.32048
http://dx.doi.org/10.1016/0167-6911(90)90082-6
http://dx.doi.org/10.1016/S0304-4149(98)00030-1
http://dx.doi.org/10.1007/s004400050158
http://dx.doi.org/10.1080/07362990600870454

	Introduction
	Generalized RBSDEs
	Partial differential equations
	Proof of the main theorem

