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Summary. We construct a set B and homeomorphism f where f and f~! have property
N such that the symmetric difference between the sets of density points and of f-density
points of B is uncountable.

1. Introduction. The notion of f-density is a fairly new one. The den-
sity of a point, z, of a measurable set, A, is defined as

lim m(AN (z — h,x+h)).

h—0 2h
If this limit exists and is equal to 1, then x is called a density point of A,
and we denote the set of these points #(A). In contrast, the f-density of a
set A at a point x, where f is a homeomorphism and both it and f~! have

property N, is defined as

iy M (A) O (f(2) — R, f(2) + h))

im .

h—0 2h

Similarly, x is said to be an f-density point of A if this limit exists and is equal
to 1, and we call the set of these points ®¢(A). A function having property
N is characterized by mapping null sets to null sets, and measurable sets (if
f is continuous) to measurable sets. The property is important to f-density
because it allows us to prove an analogue of the Lebesgue density theorem
for f-density points. We remember that the Lebesgue density theorem says
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that a set and its density points only differ by a null set. Thus, the analogue
for f-density says that a set and its f-density points only differ by a null set.

The symmetric difference between two sets A and B, denoted A A B, is
defined as (AN B¢) U (A°N B). It is fairly simple to construct a set A and f
with the required conditions such that @(A) A®¢(A) # 0. It is more difficult,
however, to construct a symmetric difference between ¢(A) and ®¢(A) that
is uncountable. One reason for this difficulty is the following theorem:

THEOREM 1. If A is a set, and f is a homeomorphism such that f and
[~ have property N, then ®(A) A ®¢(A) is a null set.

The theorem follows immediately from the Lebesgue density theorem
(A A P(A) is null) and its analogue for f-density (A A @f(A) is null) [1].
Thus, the symmetric difference must be both uncountable and null. A well-
known set with these properties is the Cantor set, and so it is natural to
build our construction of an uncountable difference off this set.

Lastly, we define the “overall density” of a set A on an interval I as

m(ANI)
m(I)
This fraction is sometimes called “average density”. It is a notion that be-
comes important in proofs below.

2. Description of the set B and function f. Denote by I; the first
interval removed in the construction of the Cantor set, and let a; and by
be the left and right endpoints, respectively, of I;. In I, construct the set
A1 such that it is a two-sided interval set with density points at aq and b;.
Specifically, let the left-hand half of I; consist of the set

fe'e) 1 1 1
U gntgn 1@ 1)
6 36 3

n=1

This is merely the standard interval set which has been scaled and translated
to fit inside the left-hand half of the interval I;. Similarly, let the right-hand
half of I; consist of the mirror-image of the left-hand set. Specifically, this is

() ( L2 T, 2) |
S\ 6 376 3

We define the set A; as the union of these two interval sets. It has been
proved in [2] that 0 is a right-hand density point of the standard interval
set, and so it is obvious that a; and by are left-hand and right-hand density
points, respectively, of Aj.

Denote by I3 and I3 the next two intervals removed from [0,1] in the
construction of the Cantor set, and denote by a3 and b} the left-hand and
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right-hand endpoints of I3, and a2 by and b2 the left-hand and right-hand
endpoints of 13. Scale and translate the set

o
111
E:U<W+MQWJ
n=1

so that it fits in the left-hand half of the interval I}, which means the trans-

1.1
by—ag

formation of E with the use of the function g(z) = aj+ 25" -z. Specifically,

this is
fe'e) 1 1 1
U i N i
18 9’ 18 9

n=1

Put the mirror-image set inside the right-hand side of I}. Place the same set
that is in I3 inside 3. Denote by Al the set that is inside I1, and by A3 the
set that is inside 12.

In a similar way, define all A{ fori € Nand j € {1,2,...,2°71} where the

I f s removed in construction of the Cantor set consist of two-sided interval

sets of the form (2% + ﬁ, 2%) but scaled and translated to fit inside their

respective intervals. Define the set

oo 2071

B=|J 4.

i=1j=1

For the two-sided interval set Ag within each I f we introduce the following
notation. The centermost interval of Ag is a union of both the right-hand
interval set and the left-hand interval set. Call the right-hand endpoint of
this interval 257, and note that z” is slightly to the right of the midpoint
of I f . Then denote all successive endpoints of the interval set to the right of

zé’j by 259 where n > 0, and those to the left of zé’j by 259 where n < 0. So

we note that
oo

Al= U G =),

n=—o0
Now define
f{(zzj) = Z:L’il’
and let ff (z) be linear for z € (27, z;’il)
Define

f(w):{fzj(x) for z € I wherei e N, j=1,...,21" 1,
x for z € C.
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We note that

oo 271
=culJUyr,
i=1 j=1
so f is defined on all of [0, 1].

3. f is a homeomorphism, and f and f~! have property N
THEOREM 2. f is 1-to-1.

Proof. We first show that on all Iij ) ff () is 1-to-1. By definition of the
set A7 and the function f/, 27 < 220, and f} (2 7 < ff( TL+1) for n € Z.
Since these points are connected by linear line segments, the function is

strictly monotone, and therefore 1-to-1.

If ¢ I for all i and j, then = € C, and since f(z) = z for the Cantor
set, f(x) is 1-to-1. m

LEMMA 1. For every interval Iij, f(I;Z) = IZJ

Proof. Letx €I ZJ . Assume without loss of generality that x is in the right—
hand half of I} (ie., z > z ) So there exists an n such that z; < x < 2 iy
By definition of f, f([z47, n+1]) = [z n_H,zn’iZ] C Il. So f(I/) ¢ I]. Now
we show reverse containment. Let x € IJ Once again, assume Without loss
of generality that x is in the right-hand half of IJ (e, z > 2 ), and note

that there exists an n such that 257 < 2 < 2 e By definition of f~1,
[~ 1([223,27{11]) = [z a1 So f7H(I7) € I and hence f(I]) =17 . u

THEOREM 3. f is onto.

Proof. 1If z ¢ Iij for any 7 and j, then x € C, and so f(z) = z. By this
fact, Lemma 1 above, and [0,1] = C' U J;2, U?:ll Il-j, f is onto. m

THEOREM 4. f is continuous.

Proof. Since f(]0,1]) = [0, 1] and f is monotone, f is continuous. =

THEOREM 5. f has property N.

Proof. Let S be a null set. Since

S=(SNCYUu(S\O)
we have
f(S) =F((SNC)U(S\C)) = f(SNC)U f(S\C).

Since f(z) = x for x € C, we see that f(S N C) is null set. We must
prove that f(S\C) is a null set. Since this part of S is not in C, it is in some
set of I] ’s. Therefore, it is defined using a collection of fj ’s. Since these fj ’



Uncountable Difference between ®(B) and $¢(B) 125

consist of line segments connected at endpoints, f(S\ C) is a null set. Since
the union of two nullsets is a nullset, f(.5) is a null set, and f has property N.
It is analogous to show that f~! has property N. m

4. C C ¢(B). We first introduce lemmas which will help us in proving
C C #(B).

LEMMA 2. If

e}

Ag = U (22}{ 1»2271)

n=—oo
ff(zﬁ;]) zh, I C I s an interval, and

mAnn _ 1
m(I) n

for some n € N\ {1}, then

m(fA) N _1

m(I) n’

Proof. Since A] Un,_oo(zifl 1’Z2n) and fj( 7y = an (the intervals
between points are connected by line segments), then | ;2 (ZQ’TJL, zQ’TJL 1) =
f(A)) ~ (A])e = Ufbo,_oo[z%, z2n+1] because f(Aj) and (AJ) only differ at
the endpoints of the intervals which are a nullset. Thus, if

m(Al N 1) 1
S
m(I) n
then ‘
((AD°nI) _ m(f(4)NT1) 1y _1
- i <1-(1--)=".u
m(I) m(I) n n
LEMMA 3.
, L 1 1
AJ ¢ +2 S = T
m((4)) = T2 g = s

Proof. We note that Ag is the two-sided interval set
O (L. 1o

2 (i 4 2)n 2n 1
n=—oo

scaled to fit inside I} J and the measure of I J is —. For measurement purposes,

it will be equivalent to just consider a single 1nterval set inside If . So we see

that
; 71 1 1
Jyc _ _
(Az‘) _U |:2n’2n+(7;+2)n:|’

n=1
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and so, before we scale the set, we have

(&%) 1
m((A)) ="

) 142 1
n=1

1
i+2)"  1—L  (+D@+2) i+l

Then, scaling this interval set, and therefore its measure to fit inside Il-j ,

we find . )
ANy = — .
m((A)) = 55—

)

to obtain our lemma. =

LEMMA 4.

m(4]) _ m(A%L)
m(—’ijl) m(IiJj—l)
for each i and each jy € {1,...,2°71} and jo € {1,...,2'}.
Proof. From Lemma 3, we have

m(AY)  m(IY) —m((AM)°) 3~ s

2

L = , - :
m(I}") m(I") 3

The inequality

1 _ 1 o1
37 T 3(i+1) 3T T 3FI((i+1)+1)
1 < 1
37 3T
holds because
. i il 1 21
(T (A ) BT (AN ) BT (R ) 3TFI(i42) ~ 3F1(i+2)
i1 L T T < 1
31’ 3i 3i+1
i+1 )
_ 3FIG42) i+ 1
— : = -

istruefori € N. m

LEMMA 5. For any interval Il-j, the interval I* such that the ratio
m(A] N I*)/m(I*) is at a minimum where I* shares an endpoint with I}
is the interval which is 3/4 the measure of I} and shares either endpoint

with If Additionally, on this interval I, the overall density of Ag can be
expressed as follows:

m((A2) N T1%)) 3i% + 5i

m(I*) 0 3i24+9i+6

Proof. Let I ZJ be an interval removed during construction of the Cantor
set. For convenience, we examine the left-hand half of I/ . Contained in I} is a



Uncountable Difference between ®(B) and $¢(B) 127

two-sided interval set, Ag . We note that I* will contain at least the left-hand
half of I/ because the way the interval set is defined means

(A] (ZQn 1’22n))< (Aj (ZQn 3722n 2))

m(z%i 1 er{) m(zgi_?), 2271—2)

Also, since Ag consists of mirror-image interval sets, we can deduce from
Lemma 3 that for the left-hand half of I ZJ ,

m(A] 0 I} left-hand) L1
m(I? left-hand) i+ 1

So we must determine if we can make I* bigger such that m(Af NI*)/m(I*)
is even smaller. The “overall density” of the first 1/2 of the interval set on
the right-hand side is

1_ 1
2 7 2
T .
2
Since
. 1_ 1 .
v 1 S 2 2 ¢
i+1 i+ 1 1 i+ 2

for i > 1, we will always obtain a smaller m(Ag N I*)/m(I*) when we include
the first 1/2 of the right-hand side. So we wonder if I* can be made yet larger
such that m(AJ N I*)/m(I*) is even smaller. We examine the subsequent 1/4
of the right-hand side of I7. J The measure of AJ on this part is

1 1
4 (i+2)?
1
4
Since . )
1 17 (i+2)2 4
i+1 1 (i +2)2

for i > 1, m(A] N I*)/m(I*) will always be larger if we include this subse-
quent 1/4, and therefore we will not include it.

Thus, when I* shares either endpoint with I7, m(A} N I*)/m(I*) is at a
minimum when I* contains the entirety of the left-hand or right-hand half
and the first 1/2 of the right-hand or left-hand side, respectively. So the
measure of I* is 3/4 the measure of I7.

We now obtain the formula in the lemma. For the left-hand side of Iij ,
the “overall density” is

m(A} N I/ left-hand) L]
m(I? left-hand) i+ 1
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and for the first 1/2 of the right-hand side, the “overall density” of Ag is
1 1

2 i+2

D=

Since the ratio of the measure of the left-hand side of I ZJ to the first 1/2 of
the right-hand side is 2 : 1, we can use a weighted average to obtain the
formula of the “overall density” of A7 on I*:

m(A{ﬂI*)_2.<1_ 1 >+1.< i )

m(I*) 3 i+1) 3 \i+2
3i% + 5i

3G+ D)i+2) "

THEOREM 6. For any xg € C, xo € $(B).

Proof. Let xg € C. If xg is an endpoint of I}', then it is a density point

of B from one side based on how we defined each A‘Z Thus, we will prove
that xq is also a density point from the other side of B. This proof will also
apply when z is not the endpoint of any interval I. We must show

m(B N (xg — h,xo + h))

li =1.
hli% 2h
Let € > 0. We must find H > 0 such that
BNz —h h
m(BAle—hathl)

2h
for all h < H. We only examine the right side of x, as the argument will be
analogous for the left-hand side. Thus, we examine the interval (z,z + H).
We observe the formula laid out in Lemma 5. Since
?)Z + 5Z . 1(7)
3124+ 9+ 6
as 7 — 0o, we can find ¢* such that
3(i%)? + bi*

1«
3(i")2 + 9i* + 6 ©

Set H = % . 3% because % is the measure of Iij and % is the ratio of
the measure of I* (the interval containing an endpoint of Iij and yielding
the minimum overall density on I, l] ) to the measure of Iij . Set Hs such that
(xo,x0 + H2) does not contain any Iij such that ¢ > ¢*. This is possible
because, xg not being an endpoint of any Iij , there is a sequence of disjoint
Iij ’s whose endpoints both converge to xg, and there are only finitely many
I’s such that i < i*.
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We claim that if H = min{H;, Ha}, then
m(B N[z — h,z + h])
2h

CASE 1. Suppose H = H;. Then (z,x+ H) does not include any Iij such
that ¢ > ¢*, and

>1—¢ forh< H.

m(BN[z,x + HJ)
H

by Lemma 5. It will suffice to show that this remains true for h < H. Since
any interval about x contains infinitely many I7’s, the measure of every inter-
val which has a non-empty intersection with [x,z + H) is necessarily smaller
than H, and so from Lemma 4, the overall density of B intersected with
those intervals contained in [x, 2+ H) will be less than B on the interval I..
This will remain true as we restrict h, because the interval (z,z + h) will
continue to contain intervals whose measure is smaller than H. In addition,
at most one of those intervals will intersect (z,x 4 h) in a way in which the
overall density of B on that interval is at a minimum, but even this over-
all density will still be larger than B on I, because the interval is smaller
than IZJ*

CASE 2. Suppose H = Hj. In this case, h < Hj and the interval (z, z+h)
does not include any I such that ¢ > i*, and therefore
m(B N[z — h,z+ h])
2h

>1—c

>1—¢

by Case 1. =
THEOREM 7. For any xg € C, xg ¢ P¢(B).
Proof. This result follows from Lemma 2 and Theorem 5. =

Since C' is uncountable, Theorems 5 and 6 show that ®(B) A @;(B) is
uncountable.
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