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Summary. We study actuarial methods of option pricing in a fractional Black—Scholes
model with time-dependent volatility. We interpret the option as a potential loss and we
show that the fair premium needed to insure this loss coincides with the expectation of
the discounted claim payoff under the average risk neutral measure.

1. Introduction. In [I] Bladt and Rydberg introduced a new method
of option pricing by replacing the option pricing problem with an equivalent
insurance problem. Their idea is to discount risk free and stochastic future
prices according to the risk free interest rate and the so-called expected rate of
return, respectively. With these discounted prices they calculated the price
(fair insurance premium) of a European call option as the expected value
of the difference between the actual price and the strike price (in present
values) when exercising the option. Later on the above actuarial approach
was used to option pricing in many papers (see e.g. [3, [l [16]).

In the present paper we apply the actuarial approach to option pric-
ing in a fractional Black—Scholes model with time-dependent volatility. Let
(Bf')tejo1) be a fractional Brownian motion (fBm) with Hurst parameter
H € (1/2,1) defined on some probability space (2, F, P), i.e. a continuous
zero-mean Gaussian process with covariance

EBIBI =1 + 27 — |t — s|*),  s,t€0,7).
We consider a continuous market model consisting of stock whose price S

evolves under the underlying measure P according to the stochastic differ-
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ential equation

t t
(1.1) S = So + \ p(u)Sy du+ \o(u)S, dBY, e[0T,
0 0

with some deterministic functions u, o : [0,7] — R, and of bond whose price
B is given by

(1.2) B; = exp(rt), te][0,T],

for some r > 0. For o constant the above model was considered by Valkeila
[15] and Sottinen and Valkeila [I3] [4]. Since B is not a semimartingale
and there is no martingale measure on the market described by . .,
the classical option pricing methods do not apply. To overcome this diffi-
culty Valkeila [I5] and Sottinen and Valkeila [I3] [14] proposed to replace
the martingale measure by a measure () equivalent to P under which the
discounted stock price is given by a geometric fractional Brownian motion.
This measure resembles the martingale measure in the sense that it has the
property that

(1.3) B 'Eg(S) = Sy, te]0,T).

In [I5] it is proved that such a measure @, called the average risk neutral
measure, exists and is unique. In [I5] and [13] [14] the measure @ is used to
derive an option pricing formula for a European call option. A drawback of
the above papers is the lack of economic justification of the pricing formula
based on Q.

In the present paper we first use a Girsanov-type theorem for Wiener in-
tegrals with respect to fBm to extend the results of Valkeila [15] and Sottinen
and Valkeila [I3], [14] on existence and uniqueness of the average risk neutral
measure to the model , with time-dependent volatility. Then we
prove that for a general functional F' : C[0,7] x R — R the fair insurance
premium of the option of the form Fr = F(S, K) is equal to

C(Fr) = By Eq(F(S. K)).

where F': C[0,T] x R — R is some modified functional determined by F.
It is worth noting that F = F if r = 0, and if 7 > 0 then F = F in the
important case of European options of the form Fr(S, K) = f(St, K) with
f: R xR — R such that f(cx,cy) = cf(z,y) for c € RT, z,y € R. This
class of options includes call and put options, chooser options, binary options
and others (see Remark . In particular, the price of the European call
option with expiration time T and strike price K is given by C'((Sp—K)") =
B'Eq(St—K)*, which leads to the analogue of the Black—Scholes formula:

(1.4) C((Sr — K)*) = So@(y1) — Ke " (ya),
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where
log +7T + 3o, 0)if log +7T — Yo, o)l

(o, 0)f (o, 0)F

and

15)  (o,0)f = H2H -1)\{ow)o(s)|u— s> 2dsdu, te0,T).
00

2. Preliminaries

2.1. Integration with respect to fBm. Since B¥ is not a semimartin-
gale, the classical It6 integration theory cannot be used to define the stochas-
tic integral with respect to BH. However, the integral can be easily defined
if we restrict ourselves to deterministic integrands f : [0,7] — R such that

T v S\ 1
||f||L[10<I;] = <§|f(s)] / ds) < 00.

To define it, let us denote by & the set of all step functions, i.e. functions
of the form f(t) = Y71, fil, ,—¢,(t), where 0 =t < t; < --- < t, =T,
fi € R. For f € £ we define the integral with respect to BY by

T

| £(s)dBI = Zfz (Bff =B/ ).

0
It is easy to see that EBf BY = H(2H — 1) 80 §o lu — v[*2 du dv, which
implies that for every f,g € £ we have

T T
(2.1) B( | f(s)dBI § g(s)dBI) = (.9
0 0

where (f, ) = H(2H —1)§] § f(t)g(s)[t — s|*" =2 dsdt. In [9] it is proved

that (f, g)4f is an inner product in IL,[O/T]7
\/H
[0,1)>

whereas in [6] it is proved that for

every f el

(2:2) (f Hi < CHHfH]L[lo/f;]'

Therefore we can define the stochastic integral (usually called the Wiener

integral) as follows. Let f € }L[l({ I;{]

tions such that f, — f in ]L[l({ I;] Then by 1’ and 1} the sequence
{Sg fn(s)dBH} is Cauchy in L2(£2). Since L2(£2) is complete, we may define
SE)F f(s)dBE € 1L2($2) as the limit of {S w(s)dBI} as n — oco.

and let {f,} be a sequence of step func-



184 A. Falkowski

To construct the stochastic integral with respect to the fBm of non-
deterministic integrands we follow Ruzmaikina [10] (see also [2], [12]). Let
C® be the space of a-Hélder continuous functions on [0,7]. Since B € C®
for @« < H with probability one, it follows that the Stieltjes integral
SOTX(s,w) dBH (w) exists for almost all w € 2 and X (-,w) € C7 with v >
1—oa.

2.2. Girsanov-type theorem. Consider the so-called fundamental mar-
tingale, i.e. the process

t
0

where k(t, s) = rp's' /2 (t — s)1/2~H ky = 2HB(3/2 — H,H +1/2) and
B is the Euler beta function. It is obvious that M¥ is a centered Gaussian
process. Let wfl = \;14272H ¢ € [0,T), where Ay = (2HI'(3 — 2H)I'(H +
1/2))/(I'(3/2 — H)) and I" stands for the gamma function. It follows from
Theorem 3.1 in [§] that M has independent increments and E(M{)? = w}?.
In particular, M* is a martingale. It is easy to verify that the process

12t
Wt _ < )\H ) SSH—I/Q dMH
0

is a centered continuous martingale with quadratic variation [W]; = t. There-
fore, by Lévy’s theorem W is a Brownian motion and we also have

_ 12t
(2.4) M = <2 A2H> st/2Haw,, telo,T].
H
0

We now recall the Girsanov-type theorem for Wiener integrals with re-
spect to the fBm. In what follows, {F;},c(o,7] is the o-field generated by W.

TuroreM 2.1 ([5]). Let M be the fundamental martingale defined by
(2.3) and let rgp = (2—2H)B(3/2— H,3/2— H). Suppose that f, ¢ are such
that

t
iy - _n ()
2.5 t) = p g\ g1/2H (p g1/ H d telo,T
( ) pH() TH dt§)8 ( 8) f(S) S, G[ ) ]7
1s well defined for almost every t with respect to the Lebesgue measure and

T
(2.6) S P2 (s) dwl! < oo.
0
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If we define Q on Fr by

dQ T 1 T

(27 99 _ (= | pur(syana — L 2,6 awt).
ap 5 27

then the process §, f(s) dBE + 1, c(s) ds has the same finite-dimensional dis-

tributions under Q as §, f(s )dBH under P.

THEOREM 2.2. Under the assumptions of Theorem 2.1], Q defined by
1s the only measure equivalent to P such that the process S f(s)dBH +

So ( )ds has the same law under Q as \ f(s) dBH under P.

Proof. Suppose that there exist two measures @)1 and Q)2 equivalent to
P such that Y = { f(s)dBY + { c(s)ds under @ and under Qs has the
same finite-dimensional distribution as X = {; f(s) dB under P. It is easy
to check that
t ¢

Sk(t,s)@ds:SpH(s)dwf, t €10,7).
Hence, by (2.3), M7+ pp(s) dwf = {  k(-,5)f~(s) dY; has under both Q1
and Q; the same finite-dimensional distribution as M# =  k(-,s) f~!(s) dX,
under P. From this and 1} it follows that the process W defined as

) 12t
) Vs (s ettt 0.1
0

Wt:Wt+<

is a Brownian motion under both ()1 and @)s. By the Radon—Nikodym theo-
rem there exists a random variable Zp such that Q1(A) = S AT dQs for all
A€ Fr. Let

Ly = EQQ(ZT | ft), te [O,T].

Since Z is a martingale under ()9, it follows that
t
Zy=1+\H,dW,, telo,1],
0

for some progressively measurable process {Ht}te[O,T]' Note that, since W is
a (Q1-martingale, for all A € F; we have

S ZW dQy = S Eg,(Zr | F)W dQz = S ZrW;dQo = S W, dQq

A A A A
= | Eq,(Wr | F) dQ1 = | Wr dQ1 = § ZrWr dQs.
A A A

Therefore Z,W,; = Eq, (ZTWT | F¢), so ZW is also a Q-martingale. As a
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consequence,
t

\Hods=[2,W],=0, tel0,T].

0
It follows that H; = 0 for a.e. t € [0,T]. Thus Zr = 1 and Q1(A) = Q2(A)
for all A € Fr, which completes the proof. m

In general, the verification that assumption (2.6) in Theorem holds
true may cause difficulties. We shall give a simple (but convenient for our

purposes) sufficient condition for (2.6)) to hold.

LEMMA 2.3. If f, ¢ are absolutely continuous on [0,T] and f(t) # 0 for
all t € [0,T) then pg given by (2.5) is well defined. Moreover, if for some
CeR,

(2.8)

then (2.6) is satisfied.

Proof. First observe that pp is well defined, because from the rules of
fractional calculus (see Theorem 14.8 in [I1]) it follows that the function
t— Sg F(z)(t —z)Y/2~Hdz, where F(t) = t'/2=He(t)/ f(t) for t € [0,T], is
differentiable a.e. with respect to the Lebesgue measure. We now show that

(2.8)) implies ([2.6)). Since

~ d (s)
_ 12019 ( 1/2-H;  \1/2-H
pa(t) =rgt o (S)s (t—s) 5) ds
1
10519 [0 _ g c(ut)
_ 12019 (2 9H( 1/2-H 1/2-H
ot p (t Su (1—w) ) du)
‘ c(ut)
_ -1 1/2—H 1/2-H
=r 2-2H)\u 1 du
1
_ g d [ c(ut)
N /2=H (| )1 /2-H % d
+ (S)u (1—u) dat \ flut) )" )
using the elementary inequality (a + b)? < 2(a? + b%) we obtain
T
| pir(s) dwl!
0

—2y-1 3T12H : 1/2—H 1/2—m c(ut) ?
< 2PNy [(2—2}1) 1 <Su/ (1—u)/?" f(ut)du> dt
0 0
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+(2-2H) gtSQH <§u1/2H(1 - u)l/H’% (?(Z?)) du) zdt]

=1 + I.
Clearly I < (4 SoT =21t = (Cy/(2 — 2H))T?72" for some C; € R. Fur-

thermore,

T : d ( c(ut) 2
I < 2r 2252 - 2H) St3_2H<Su1/2_H(1 —w)l/2- 1 ( ) ’ du> dt

5 5 dt \ f(ut)
T 1 )
< WAL (2 — 2H)C? S t3—2H<Sul/2—H(1 ) V2 H 2H-12H =2 du) dt
0 0
T
= Cy | ?Hat = (Cy/2H)T?H,
0

and the proof is complete. »

2.3. Absolute continuity of (o,c)!. The following lemma gives con-
ditions ensuring absolute continuity of (o, ) defined by (1.5)).

LEMMA 2.4. If f is an absolutely continuous function on [0,T] and H €
(1/2,1) then g : [0,T] — R given by
g(s) = 2f(8)§f(7“)(8 =) dr, s €[0,T],
is also absolutely continuouz and for every t € [0,T],
§g(s) ds = §§ f(s)f(r)]s — r* =2 drds.
0 00

Proof. Since f is absolutely continuous, f(r) = f(0)+ {; f'(u) du. Hence

29) §09(s P2 = O () )5 =P
0 0 O

Using Fubini’s theorem we obtain

§ (gf’(u) du) (s—r)
0 0

o
T
.

U

3

I
Ot I Ol 0 Ol
™
B
/N
5
<
~—
[\
iy
&)
S
3
N—
U
IS

O e 3
-l
—
&
—~
=
&
[V
Y
[\]
QL
IS
joH
3
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which implies that g is absolutely continuous. Using Fubini’s theorem once
again we have

2§f(s)<§f(7")(s — )22 dr)ds = §f(s)(§f(r)(s — )22 dr)ds

0

+1 6 (L£0) 0= 92 dr ) ds
=\ £(s) £ ()]s — PP ~2dr ds,

00

which is our claim. =

Observe that from Lemma [2.4]it follows that if ¢ is absolutely continuous
on [0,7] then

(2.10) (0,0)0 = Sg(s) ds, tel0,T],
0
where
(2.11) g(t) =2H(2H — 1)o(t) {o(s)(t — s)*"2ds, t€[0,T].
0

H

Therefore (o, 0)" is also absolutely continuous.

3. Main results. We consider the model described by and
with p € C[0,7] and o € C*[0,T] such that o(t) > 0 for t € [0,T]. We
assume that there are no dividends and no transaction costs.

By Lemma 3.1 and Theorem 4 in [I0] the unique pathwise solution of

is given by
t t

(3.1) Sy = Spexp (Su(s) ds + | o(s) dBf), t €10, 7).
0 0

DEFINITION ([I]). The ezpected rate of return v of S is defined by the

formula
t

exp((&)y(s) ds) =Sy, ES;, te0,T).
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REMARK 3.1. By (3.1),

t t
Sy'ES, = exp< S wu(s) ds)E(exp S o(s) dBf), t€[0,T7.
0 0
Since
t H
HY\ _ <O—7 J)t
(3.2) Eexp((&)a(s) dB, ) = exp< 5 >
(see e.g. [7]), it follows from ([2.10)) that
t
(33 vt =ut)+ 20, e,
where ¢ is given by .

Our aim is to calculate the price C(Fr) for options of the form Fp =
F(S,K), where F : C[0,T] x R — R. Following Bladt and Rydberg [I] we
interpret the price as the fair insurance premium.

Let

t
S, =5, exp(— S v(s) d5>, t € 0,7, K=Ke T,
0
DEFINITION ([I]). Assume that Fp(S,K) is integrable. The fair pre-
mium of the option Fr = F(S, K) is given by
C(Fr) = E(Fr(S,K)).
DEFINITION ([I5]). Let @ be a measure equivalent to P. We say that
Q is an average risk neutral measure if under @ the discounted stock price
process is given by
¢ - H
B 'S, = S’oexp<ga(s) dBH — «"?t), t €[0,T],
0

where B is a Q-fractional Brownian motion.

REMARK 3.2. Note that by (3.2)) the average risk neutral measure satis-
fies (1.3).

The main result of the paper is the following theorem.
THEOREM 3.3.

(i) The average risk neutral measure exists and is unique.
(ii) For any F : C[0,T] x R —» R,

(3.4) C(Fr) = By Eq(F(S,K)),
where F : C[0,T] x R — R is such that
Fr(S,K)=eTFp(Se ™, Ke™'T).
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Proof. (i) Note that the @ is the average risk neutral measure if and only
if the process

(3.5) Sa(s) dBH + Su(s)ds —rt+ w’?{{, t € [0,7],
0 0

has the same finite-dimensional distribution under @ as {; o(s) dB! under P.
Let
t

c(t) =u(t) —r+ H(2H —1)o(t) S o(s)(t —s)*1"2ds, te[0,T].

0
Fix t € (0,7"). By Lemma the function c is absolutely continuous and
t t H
(3.6) Sc(s) ds = Su(s) ds —rt + w’?t
0 0
We have
d (c(t)\| _ |c@)a'(t) = (B)o(t)
dt\ot))| o2(t)
c(t)o’(t) ' ( 1 ) /
< + | sup c(t
il @ |\ o)
and

dt)=p'(t)+ H(2H —1) [0/(75) Sa(r)(t —r)2H=2 gy

< sup |u/(t)] + sup |o’()| sup |o(t)|HT*™

t€[0,T] t€[0,T] t€[0,T]
d t
+HQH —1)( sup [o@®)|)—=(\o(r)(t—r)2H2).
H = 1)( sup | <>|)dt(§) (r)(t = r)2?)
By (2.9).
d t - - t -
= (T =m72) = o) 4 [o/ (u) (t = w)*" 2 du
0
/ t)
<o(0 $2H=2 4 sup 0(’T2H1.
( ) te[0,7) 2H -1
Hence

|/(t)] < 3Ky + |o(0)| H(2H — 1) sup_|o(t)[t*7 2,
te[0,T7]
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where K1 = max(sup;cjo 11 |1 ()], supsepo, ) [0 ()] supsepo ) lo(t)|HT?H—1),
which implies that

dt \ o(t) T2H-2
with
c(t)o'(t) ‘ 1 ‘ o(0) ‘
Ky= sup | —5-—~=|+3K; sup |—| and K3= sup |—=|.
tejo,r)] o2(t) tefo,r]| o () tefo,| o (t)

Assertion (i) now follows from Lemma and Theorems and 2.2 Since
v admits the decomposition (3.3]), in much the same way as in the proof of

(3.6) one can show that
t ¢ o
Vv(s)ds =\ u(s)ds + <05>t
0 0

Since the process defined by (3.5) has the same distribution under @ as
§o0(s)dBI under P, Fp(Se™, Ke ™) has the same distribution under Q
as Fr(S, K) under P, which completes the proof. m

REMARK 3.4. (a) If r = 0 then F' = F.

(b) If Fr(S,K) = f(St, K) for some f : RxR — R such that f(cx,cy) =
cf(z,y), c € RY, z,y € R, then F = F for r > 0. The class of such options
includes for instance the call option (f(z,y) = (x — y)*), the put option
(f(z,y) = (y — z)T), the chooser option for which

r— )t i _K)t _ +
f(w,y):{( y)* i C((S, = K)T) = C((K = S1,) ™),

(y —x)*t  otherwise,
for some fixed Ty < T', the binary option cash-or-nothing (f(x,y) = al{zs.
or f(z,y) = aly,<,), the binary option asset-or-nothing (f(z,y) = 21,5,
or f(a.y) = w1y

COROLLARY 3.5 (Fractional Black—Scholes formula). The fair insurance
premium of a Furopean call option with expiration time T and strike price

K is given by (1.4).
Proof. By (33).
C((Sr - K)T)

o 1 (o,0)H T
=e T 27r]§{<5’oexp<\/<a,a>¥y+rT—2 T) —K> e V2 dy
= e_rT—l OSO<SO exp(y/ (0,0l y+rT — <U’G>¥> — K> ev?/2 dy
/27[_ yo 9 T 2 )
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where Y
W& er g 9
Yo =
(0,0)1F
Hence

2

(1
= 500 (\/(o. o)l = ) — ¢ TK(@(~0))

= So®(y1) — Ke " d(ys),

which completes the proof. m
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13|
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