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Summary. The paper 
ontains some su�
ient 
onditions for Mar
zewski�Burstin repre-sentability of an algebraA of sets whi
h is isomorphi
 to P(X) for some X. We 
hara
terizethose algebras of sets whi
h are inner MB-representable and isomorphi
 to a power set. We
onsider 
onne
tions between inner MB-representability and hull property of an algebraisomorphi
 to P(X) and 
ompleteness of an asso
iated quotient algebra. An example ofan in�nite universally MB-representable algebra is given.1. Introdu
tion. Let Y be a nonempty set and let F be a family ofsubsets of Y . Following the idea of Burstin and Mar
zewski we de�ne

S(F) = {A ⊂ Y : (∀P ∈ F)(∃Q ∈ F)(Q ⊂ A ∩ P or Q ⊂ P \ A)}and
S0(F) = {A ⊂ Y : (∀P ∈ F)(∃Q ∈ F)(Q ⊂ P \ A)}.Then S(F) is an algebra of subsets of Y , and S0(F) is an ideal on Y . Notethat Y ∈ S(F) so S(F) is a �eld of sets. (See [12℄, [4℄.)We say that an algebra A (respe
tively, a pair 〈A, I〉, where I is anideal 
ontained in an algebra A) of subsets of Y has a Mar
zewski�Burstinrepresentation (for short, an MB-representation) if there exists a family Fof subsets of Y su
h that A = S(F) (respe
tively, 〈A, I〉 = 〈S(F), S0(F)〉).If additionally F ⊂ A (respe
tively, F ∩ A = ∅) then we say that 〈A, I〉is inner (respe
tively, outer) MB-representable. Observe that if F is emptyor if the empty set belongs to F then 〈S(F), S0(F)〉 = 〈P(Y ),P(Y )〉. Weex
lude this 
ase from our 
onsiderations.2000 Mathemati
s Subje
t Classi�
ation: 28A05, 06E25, 03E20.Key words and phrases: Boolean algebra, power set, MB-representation, isomorphismof algebras. [239℄
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The operations S and S0 were introdu
ed by Mar
zewski [15℄ who appliedthem to the family of all perfe
t subsets of a Polish topologi
al spa
e Y . Thushe obtained a new pair of a σ-algebra and a σ-ideal of sets, latter studied byseveral authors. An old result of Burstin [9℄ states that the pair 
onsisting ofthe σ-algebra of Lebesgue measurable sets in R and the σ-ideal of Lebesguenull sets in R is of the form 〈S(F), S0(F)〉, where F 
onsists of the perfe
tsets of positive measure. (Burstin worked earlier than Mar
zewski and he didnot use the operations S and S0 expli
itly.) MB-representations of several al-gebras and ideals of sets were re
ently 
onsidered in [4℄, [1℄, [8℄, [10℄, [13℄, [16℄.Certain algebras of sets have rather natural MB-representations (e.g. thesets with the Baire property or the sets with nowhere dense boundary).On the other hand, the 
onstru
tions of 
olle
tions F MB-representing theinterval algebra or the algebra of Borel sets are nontrivial and need (in the
ase of Borel sets) some spe
ial set-theoreti
al assumptions [4℄, [1℄.We know only two ideas leading to a 
onstru
tion of a non-MB-repre-sentable algebra [1℄, [3℄, and only one example of su
h an algebra is givenin ZFC ([3℄). On the other hand, for every Boolean algebra A there existsa set Y and a family F ⊂ P(Y ) su
h that S(F) is isomorphi
 to A and

S0(F) = {∅} (see [3℄). P. Koszmider [11℄ has proposed the following de�ni-tion. A Boolean algebra A is 
alled universally MB-representable if whenever
B ⊂ P(Y ) is an algebra of sets isomorphi
 to A, then B = S(F) for some
F ⊂ P(Y ). It is easy to see that a �nite Boolean algebra A is universallyMB-representable. For a family F of MB-generators we 
an take B \ {∅} foran algebra B isomorphi
 to A, or (what is equivalent) the family of atomsof B.The following problem seems natural: �Is the algebra P(X) of all sub-sets of some in�nite set X universally MB-representable?� We dis
uss sev-eral aspe
ts of this question in this paper. We �nd some su�
ient 
ondi-tions for the MB-representability of an algebra of sets whi
h is isomorphi
to P(X), and we obtain a 
hara
terization of su
h algebras whi
h are innerMB-representable. This 
hara
terization seems to be the most useful resultof this paper and enables us to study 
onne
tions between properties of pairs
〈A,H(A)〉 (where H(A) is the ideal of hereditary sets of A) su
h as: hullproperty, inner MB-representability, and the 
ompleteness of the quotient al-gebra A /H(A). We also give two examples: of an MB-representable algebraof sets whi
h is neither inner nor outer MB-representable, and of an outerMB-representable algebra whi
h is not strongly outer MB-representable. Al-though the full answer to the problem of universal MB-representability ofalgebras P(X) remains open, we give a new example of an in�nite universallyMB-representable algebra.An early version of this paper is [6℄. Some appli
ations of the main resultshave re
ently been obtained in [7℄.
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2. Useful fa
ts and notationDefinition 1. Let F1,F2 ⊂ P(Y ). We say that F1,F2 are mutually
oinitial if F1 is dense in F2 and vi
e versa, i.e., any set in one of thefamilies F1, F2 has a subset belonging to the other one.Fa
t 1 ([4℄). If F1,F2 are mutually 
oinitial then 〈S(F1), S0(F1)〉 =

〈S(F2), S0(F2)〉. Conversely , if 〈S(F1), S0(F1)〉 = 〈S(F2), S0(F2)〉 and
Fi ⊂ S(Fi) for i = 1, 2 then F1,F2 are 
oinitial.Fa
t 2 ([2℄). 〈A, I〉 is inner MB-representable if and only if 〈A, I〉 =
〈S(A\I), S0(A\I)〉. Moreover , if 〈A, I〉 is inner MB-representable then sois 〈A,H(A)〉.Consider now a Boolean algebra A ⊂ P(Y ) with maximal element Y , iso-morphi
 to a power set algebra P(X). The isomorphism means that there ex-ists a monomorphism Φ : P(X) → P(Y ) su
h that Φ(X) = Y andA = im(Φ)(i.e. A = Φ(P(X))). (By a morphism from one Boolean algebra to anotherone we understand a fun
tion preserving the Boolean algebra operations.)Denote by Z the union of all atoms of A, i.e.(1) Z =

⋃

x∈X

Φ({x}).Then we have two homomorphisms of Boolean algebras
Φ1 : P(X) → P(Z) and Φ2 : P(X) → P(Y \ Z)de�ned by

Φ1(A) = Φ(A) ∩ Z,(2)

Φ2(A) = Φ(A) \ Z,(3)for any A ∈ P(X). Observe that Φ1 is a monomorphism and Φ1(X) = Z,
Φ2(X) = Y \ Z. We 
an des
ribe Φ1 by the formula

Φ1(A) =
⋃

x∈A

Φ({x}) for A ∈ P(X).Denote by J the kernel of Φ2 (in symbols, J = Ker Φ2). Then(4) J =
{

A ∈ P(X) : Φ(A) =
⋃

x∈A

Φ({x})
}

.Note that J 
ontains all �nite subsets of X. Moreover J = P(X) if andonly if Z = Y or (what is equivalent) if Φ2 is the zero-homomorphism. Bystandard algebrai
 
onsiderations, the algebra B of subsets of Y \Z de�nedby(5) B = im(Φ2)



242 A. Bartoszewi
z
is isomorphi
 to the quotient algebra P(X)/J . The symbols Z, Φ1, Φ2,J ,Bde�ned respe
tively by (1)�(5) retain their meaning throughout the paper.If Φ(A) = Φ1(A) ∪ Φ2(A), we will write Φ = 〈Φ1, Φ2〉.For any A ∈ P(X) denote by [A℄ the equivalen
e 
lass of A in the quotientBoolean algebra P(X)/J .Fa
t 3. For any ideal J ⊂ P(X) whi
h 
ontains all �nite subsets of
X there exists a set Y and a monomorphism Φ : P(X) → P(Y ) su
h that
Φ = 〈Φ1, Φ2〉, Φ(X) = Y and KerΦ2 = J .Proof. Set Y = X ∪W where W is the Stone spa
e for the quotient alge-bra P(X)/J or the spa
e des
ribed in [3, Th. 4℄ (assume that X ∩ W = ∅).Then we 
an de�ne Φ(A) = A ∪ Ψ([A]) for A ⊂ X, where Ψ is an isomor-phism between P(X)/J and the 
orresponding Stone algebra of 
lopen sets,or the algebra 
onstru
ted in [3, Th. 4℄, respe
tively. We have Φ1(A) = Aand Φ2(A) = Ψ([A]).Remark 1. Observe that if the quotient Boolean algebra P(X)/J isatomi
, we do not need the Stone representation in our 
onstru
tion. For Wwe 
an take At(P(X)/J ), i.e. the set of atoms of P(X)/J , and Φ2(A) =
{a ∈ At(P(X)/J ) : a < [A]} where < denotes the natural order in theBoolean algebra.Definition 2. A set of the form Φ({x}) (belonging to im(Φ1)) will be
alled a multipoint atom of A = im(Φ) if its 
ardinality |Φ({x})| is greaterthan 1.3. Results. The following theorem gives a su�
ient 
ondition for MB-representability of an algebra A isomorphi
 to P(X).Theorem 1. Assume that Φ : P(X) → P(Y ) is a monomorphism,
A = im(Φ) and Φ = 〈Φ1, Φ2〉. Let B = im(Φ2). If 〈B, {∅}〉 has an MB-representation 〈S(F0), S0(F0)〉 for some F0 ⊂ P(Y \ Z) then A is MB-representable.Proof. Suppose that B = S(F0). Let s be a sele
tor of the family
{Φ({x}) : x ∈ X}. Put f(x) = s(Φ({x})). Denote by F1 the family of multi-point atoms of A. Let

F2 = {f(A) ∪ K : A /∈ J , K ⊂ Φ2(A), K ∈ F0}.(For any A /∈ J there exists a K ∈ F0 in
luded in Φ2(A) sin
e S0(F0) = {∅}.)Take F = F1 ∪ F2. We 
laim that A = S(F). First let us prove A ⊂ S(F).Let P ∈ A. Consider two 
ases.
1o If P = Φ(A) for A ∈ J , then P = Φ1(A). Let F ∈ F . If F ∈ F1, wehave either F ⊂ P or F ⊂ P c. Assume that F ∈ F2. Thus F = f(B) ∪ K
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for some B /∈ J , and K ∈ F0 with K ⊂ Φ2(B). Hen
e

F \ P = (f(B) \ P ) ∪ K = (f(B) \ Φ1(A)) ∪ K = f(B \ A) ∪ K ∈ F2be
ause [B \ A] = [B] and K ⊂ Φ2(B \ A) = Φ2(B).
2o Suppose that P = Φ(A) for some A /∈ J . Then P = Φ1(A) ∪ Φ2(A).Let F ∈ F . For F ∈ F1 we have either F ⊂ P or F ⊂ P c. If F ∈ F2 then

F = f(B) ∪ K for some B /∈ J and K ∈ F0 with K ⊂ Φ2(B). Considerthe set Φ2(A) ∩ Φ2(B) (maybe empty). Then either there exists a K1 ∈ F0su
h that K1 ⊂ K ∩ Φ2(A ∩ B) ⊂ Φ2(A ∩ B), or there exists a K2 ∈ F0su
h that K2 ⊂ K \ Φ2(A ∩ B) ⊂ Φ2(B \ A). In the �rst 
ase B ∩ A /∈ Jand Q1 = f(A ∩ B) ∪ K1 ⊂ F ∩ P . In the se
ond 
ase B \ A /∈ J and
Q2 = f(B \ A) ∪ K2 ⊂ F \ P . So the in
lusion A ⊂ S(F) has been proved.To show that S(F) ⊂ A assume that P /∈ A. There are the followingthree possibilities:(I) P separates the points of some multipoint atom Φ({x}) of A. Thenfor F = Φ({x}) there is no Q ∈ F su
h that either Q ⊂ F ∩P or Q ⊂ F \P .(II) P = Φ1(A)∪Φ2(B) where [B] 6= [A] in P(X)/J . Then A△B /∈ J .Assume that A \ B /∈ J . Let F = f(A \ B) ∪ K, K ∈ F0, K ⊂ Φ2(A \ B).We have F ∩ P = f(A \ B) and F \ P = K. None of these sets 
ontains aset Q ∈ F . For B \ A /∈ J the argument is quite similar.(III) P = Φ1(A)∪S where S ⊂ Y \Z and S /∈ B. Then there exists a set
K ∈ F0 su
h that any K1 ∈ F0 is 
ontained neither in K ∩ S nor in K \ S.Set F = f(X)∪K. Then neither F ∩P nor F \P in
ludes any set from F .Let us make some 
omments on the above proof. Observe that withoutthe sets from F1 we 
annot show that for any P ∈ S(F) the set P ∩ Z isof the form Φ1(A) for some A ∈ P(X). On the other hand, if we do notuse the sele
tor s for the sets Φ({x}), then any set P =

⋃

x∈A Φ({x}) with
|Φ({x})| > 1 for x ∈ A belongs to S(F) (even though A does not belongto J ). Note that, for any ideal J ⊂ P(X) 
ontaining all �nite sets, thereexists a monomorphism Φ su
h that A = im(Φ) satis�es the assumptionsof Theorem 2 and J = Ker Φ2. This follows from [3, Thm. 4℄ applied to
P(X)/J and from Fa
t 3.The following theorem gives a 
hara
terization of inner MB-representabil-ity of an algebra A isomorphi
 to P(X).Theorem 2. Let A = im(Φ) where Φ : P(X) → P(Y ) is a monomor-phism, Φ = 〈Φ1, Φ2〉 and let B = im(Φ2). Then A is inner MB-representableif and only if the following two 
onditions are satis�ed simultaneously :

(∗) the set of all x ∈ X su
h that Φ({x}) is a multipoint atom of A,belongs to J ,
(∗∗) the algebra B is atomi
 and the atoms of B 
over Y \ Z.
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Proof. Suppose that A = S(F) where F ⊂ A. Then A = S(A \ H(A))(Fa
t 2) where H(A) is the ideal of hereditary sets in A, that is,

H(A) = {A ∈ A : (∀B ⊂ A)(B ∈ A)}.For A = im(Φ) we have H(A) = {Φ1(A) : A ∈ J & (∀x ∈ A)(|Φ({x})| = 1)}.Hen
e the families A \H(A) and F = F1 ∪ F2 are mutually 
oinitial where
F1 is the set of multipoint atoms of A, and F2 
onsists of the sets of theform F = Φ1(B) ∪ Φ2(B) for B /∈ J . Thus S(A \H(A)) = S(F) (Fa
t 1).Denote by A0 the set of all x ∈ X su
h that Φ({x}) 
ontains more thanone point. Consider Φ1(A0) =

⋃

x∈A0
Φ({x}). Then Φ1(A0) ∈ A if and onlyif Φ1(A0) = Φ(A0), whi
h means that A0 ∈ J . On the other hand, we have:

• F ⊂ Φ1(A0) for any multipoint atom F ,
• for any F = Φ1(B)∪Φ2(B) with B ∈ P(X), either the set A0 ∩Φ1(B)
ontains a multipoint atom of A, or F ∩ Φ1(A0) = ∅.So Φ1(A0) ∈ S(A\H(A)) = A and 
onsequently A0 ∈ J . Condition (∗) hasbeen proved.To show (∗∗), 
onsider an arbitrary y ∈ Y \ Z. The singleton {y} doesnot belong to A. Hen
e there exists a set F ∈ F su
h that y ∈ F and F \{y}has no subsets from F .Consequently, there exists F = Φ2(A) ∪ Φ1(A) su
h that y ∈ Φ2(A) andno proper subset of Φ2(A) belongs to B. (If not, i.e. if Φ2(B) ( Φ2(A), theneither F1 = Φ2(B)∪Φ1(B) ⊂ F \{y} or F2 = Φ2(A\B)∪Φ1(A\B) ⊂ F \{y}.)Hen
e Φ2(A) is an atom of B and y ∈ Φ2(A).Conversely, suppose that (∗) and (∗∗) are satis�ed. Denote by At(B)the family of all atoms of B. Let Φ2(A) ∈ At(B). Consequently, [A] ∈

At(P(X)/J ). It follows that for any B ∈ P(X) exa
tly one of the sets
A ∩ B and A \ B belongs to J . Denote by F1 the family of multipointatoms of A, and by F2 the family of sets of the form F = Φ1(A) ∪ Φ2(A)where Φ2(A) ∈ At(B). We will show that A = S(F). First we prove that
A ⊂ S(F). We have A ⊂ S(A \ I) for any proper ideal I in A ([4℄). Sin
e
F and A \H(A) are mutually 
oinitial, we have A ⊂ S(A \H(A)) = S(F).To prove S(F) ⊂ A suppose that P /∈ A. Then we have one of thefollowing possibilities:(i) P separates the points of some atom Φ({x}) of A. Then F = Φ({x})
ontains no subsets of F ∩ P and of F \ P whi
h belong to F .(ii) P separates the points of some atom T ∈ At(B). Then we 
an 
hoosea set A su
h that T = Φ2(A) and Φ1(A) does not 
ontain any multipointatom (by (∗)). The set F = Φ1(A) ∪ T = Φ1(A) ∪ Φ2(A) is a �bad� set in Ffor P (i.e., P ∩ F and F \ P do not 
ontain any set from F).(iii) P = Φ1(A) ∪ D where D does not separate points of any atom of
B but D 6= Φ2(A). Then one of the sets Φ2(A) \ D or D \ Φ2(A) 
ontains
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a T ∈ At(B). Let T = Φ2(B). Then we 
an 
hoose a set B so that either
Φ1(B) ⊂ Φ1(A) or Φ1(B) ∩ Φ1(A) = ∅, respe
tively, and B does not 
ontainany multipoint atom of A. Then the set F = Φ1(B)∪ T = Φ1(B)∪Φ2(B) is�bad� for P .Remark 2. If the set Φ2(X) = Y \ Z is empty, then A = S(At(A)).This representation is evidently inner.Theorem 3. Let Φ : P(X) → P(Y ) be a monomorphism and A =
im(Φ). Let Φ = 〈Φ1, Φ2〉 and B = im(Φ2). If B is atomi
 and the atoms of
B 
over the set Y \ Z then A is MB-representable.Proof. Let F1 be the family of multipoint atoms of A. Let s be a sele
torof the family {Φ({x}) : x ∈ X} and f(x) = s(Φ({x}). Put

F2 = {f(A) ∪ Φ2(A) : A ∈ P(X), Φ2(A) ∈ At(B)}.Take F = F1∪F2. Combining the reasonings from the proofs of Theorems 1and 2 we obtain A = S(F).Now we give examples of pairs 〈A, I〉 where A is an algebra isomorphi
to a power set and I ⊂ A is an ideal with some interesting properties.Definition 3. Let I ⊂ A ⊂ P(Y ) where I is an ideal and A is analgebra. We say that:(i) the pair 〈A, I〉 has the hull property provided for every U ⊂ Y thereis a V ∈ A (
alled a hull of U) su
h that U ⊂ V and for every
W ∈ A if U ⊂ W then V \ W ∈ I;(ii) 〈A, I〉 is 
omplete provided the quotient algebra A/I is 
omplete.(iii) 〈A, I〉 is topologi
al provided 〈A, I〉 = 〈S(τ \ {∅}), S0(τ \ {∅})〉 forsome topology τ on Y ; then I forms the ideal of nowhere dense setsand A forms the algebra of sets with nowhere dense boundary in τ .Baldwin [5℄ showed that:(a) if 〈A, I〉 has the hull property then 〈A, I〉 has an inner MB-repres-entation;(b) the hull property and 
ompleteness of 〈A, I〉 do not follow from ea
hother.In [2℄ the authors gave an example of a pair 〈A, I〉 whi
h is inner MB-repres-entable but does not have the hull property. Any topologi
al pair 〈A, I〉 is
omplete and has the hull property.Now, we are in a position to prove:Theorem 4. (1) There exists an algebra A isomorphi
 to P(X) su
hthat 〈A,H(A)〉 is 
omplete but is not inner MB-representable, and
onsequently does not have the hull property.
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(2) There exists an algebra A isomorphi
 to P(X) su
h that 〈A,H(A)〉has an inner MB-representation but does not have the hull property.(3) If the algebra A is isomorphi
 to P(X) and 〈A,H(A)〉 has the hullproperty then this pair is 
omplete.Proof. (1) Let A = im(Φ) for a monomorphism Φ : P(X) → P(Y ),

Φ = 〈Φ1, Φ2〉 where:
• Y = Z ∪ T for Z = (X × {0}) ∪ (X × {1}) and some T 6= ∅,
• Φ({x}) = {{x} × {0}, {x} × {1}}.Let J be a maximal ideal in P(X). Then Φ(A) = Φ1(A) ∪ Φ2(A) where

Φ2(A) = ∅ for A ∈ J and Φ2(A) = T for A ∈ P(X)\J . The pair 〈A, {∅}〉 is
omplete, be
ause A/{∅} is isomorphi
 to A and 
onsequently to P(X). Onthe other hand, A is not inner MB-representable be
ause Φ({x}) is a mul-tipoint atom for every x ∈ X. Note that, as opposed to Baldwin's example,the algebra A/H(A) = A/{∅} is atomi
.(2) Let now A = im(Φ) for a monomorphism Φ : P(X) → P(Y ) with
Φ = 〈Φ1, Φ2〉 where

• Φ({x}) is singleton for every x ∈ X,
• |X| = ω,and let
• {Xα : α < 2ω} be a family of almost disjoint subsets of X with |Xα|= ω,
• J =

⋂

α<2ω Jα, where {Jα : α < 2ω} is a family of maximal ideals in
P(X) with the following properties:(a) (∀α < 2ω)([X]<ω ∈ Jα),(b) (∀α < 2ω) (Xα /∈ Jα), and 
onsequently,(
) (∀α, β < 2ω)(α 6= β ⇒ Xα ∈ Jβ).Then for α 6= β we have [Xα] 6= [Xβ] in P(X)/J , and [Xα] is an atomin P(X)/J be
ause for every B ∈ P(X) we have either B ∩ Xα ∈ J or

Xα \ B ∈ J . So |At(P(X)/J )| = 2ω. Take W and Φ2 as in Remark 1. Let
Y = X ∪ W and Φ1(A) = A for any A ⊂ X. Then for B = im(Φ2) we have
|At(B)| = 2ω. Moreover, |B| ≤ 2ω be
ause B is a homomorphi
 image of
P(X) and |P(X)| = 2ω. Hen
e there exists a set E whi
h is a union of someatoms of B but E does not belong to B. (We have 22

ω di�erent sets whi
h areunions of atoms of B.) We 
laim that E does not have a hull. Indeed, if E ⊂
Φ1(B)∪Φ2(B) then there exists an Xα su
h that E ⊂ Φ1(B\Xα)∪Φ2(B\Xα)and Φ1(Xα) ∪ Φ2(Xα) /∈ H(A).(3) Assume that 〈A,H(A)〉 (where A is isomorphi
 to P(X)) has thehull property. Then 〈A,H(A)〉 is inner MB-representable. So 
onditions (∗)and (∗∗) of Theorem 2 are satis�ed. We 
laim that P(X)/J is 
omplete.Indeed, if not then there exists a set E whi
h is a union of atoms of an
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algebra B = im(Φ2) (isomorphi
 to P(X)/J ) and does not belong to B.(The supremum in B is simply the union of a family of sets be
ause theatoms of B 
over all the set Y \ Z.) By the same arguments as in (2), theset E does not have a hull.We now show that the algebra A/H(A) is also 
omplete. Re
all thatby (∗), the set

A0 = {x ∈ X : |Φ({x})| > 1}belongs to J . De�ne J0 = {A ∈ J : A∩A0 = ∅}. We 
an 
onsider J0 as anideal in P(X) and also in P(X\A0). Observe that
H(A)={Φ(A) : A∈J and (∀x ∈ A)(|Φ({x})| = 1}is the image of J0 under the monomorphism Φ. Hen
e by standard algebrai

onsiderations we observe that

• A/H(A) is isomorphi
 to P(X)/J0.
• P(X)/J0 is isomorphi
 to the dire
t sum of P(X \A0)/J0 and P(A0).
• P(X \ A0)/J0 is isomorphi
 to P(X)/J .SoA/H(A) is isomorphi
 to the dire
t sum of two 
omplete algebras P(X)/Jand P(A0). Consequently, the pair 〈A,H(A)〉 is 
omplete.Remark 3. The proof of part (2) of Theorem 4 shows that the impli-
ation in Theorem 1 
annot be reversed. Indeed, the 
onstru
ted algebra Ais MB-representable (even inner MB-representable) but it is not the 
ase forthe pair 〈B, {Θ}〉. The family F0 for whi
h 〈B, {Θ}〉 = 〈S(F0), S0(F0)〉 must
ontain all atoms of B and 
onsequently S(F0) = P(Y \ Z).Remark 4. Both assumptions in (3) are essential. Indeed, if we take thealgebra P(R) and the ideal of all 
ountable sets, then su
h a pair has the hullproperty but is not 
omplete [5℄. (The ideal of 
ountable sets is not equalto H(P(R)).)On the other hand, 
onsider the following example. De�ne A ⊂ P(ω)as the algebra generated by all possible unions of the sets {2n, 2n + 1},

n ∈ ω, and �nite sets. Then H(A) is the ideal of �nite sets. It is not di�
ultto see that the pair 〈A,H(A)〉 has the hull property and that A/H(A) isisomorphi
 to P(ω)/fin, hen
e the pair 〈A,H(A)〉 is not 
omplete.Re
ently, making use of Theorem 2 the author has obtained the followingresults:Theorem 5 ([7℄). The following two 
onditions are equivalent :(I) there exists a set Y and an algebra A ⊂ P(Y ) isomorphi
 to P(ω),with 〈A,H(A)〉 
omplete, whi
h is inner MB-representable but nottopologi
al ;
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(II) there exists an ideal J ⊂ P(ω) su
h that P(ω)/J is isomorphi
to P(ω1).Some 
onsequen
es of Stepr	ans' results [14℄ and Theorem 5 lead to thefollowingCorollary 1 ([7℄). The existen
e of a pair 〈A, I〉 whi
h is 
ompleteand has the hull property but is not topologi
al is 
onsistent with ZFC.In [1℄ the authors strengthened the notion of outer MB-representabilityof an algebra of sets. We say that an algebra A ⊂ P(X) is strongly outer MB-representable if for any family C ⊂ P(X) su
h that A ⊂ C and |C| = |A| thereexists a family F ⊂ P(X) disjoint from C for whi
h A = S(F). Evidently,if A is strongly outer MB-representable then it is outer MB-representable.Now, we show that the 
onverse does not hold.Theorem 6. There exist algebras of sets A1,A2 whi
h are isomorphi
to some power sets and additionally have the following properties:(a) A1 is outer MB-representable but not strongly outer MB-represen-table.(b) A2 is MB-representable but neither inner nor outer MB-representable.Proof. The proof is based on two simple observations:
Observation 1. If an algebra A of sets has an atom A su
h that |A| = 2then A is not outer MB-representable.Indeed, let A = {x, y}. Suppose that A = S(F) for some family F ofsets. Sin
e A does not belong to H(A), there exists an F ∈ F su
h that

F ⊂ A. If F = {x} or F = {y} then F ∈ A, whi
h is impossible be
ause Ais an atom. So F = {x, y} and the representation is not outer.
Observation 2. If an in�nite algebra of sets A has an atom A su
h that

1 < |A| < ∞ then A is not strongly outer representable.Indeed, let C = A ∪ P(A). Then A ⊂ C and |A| = |C|. But if A = S(F)then there exists a set F ∈ F su
h that F ⊂ A and hen
e F ∈ C. So, therepresentation is not strongly outer.Now we are in a position to 
onstru
t the algebras with the desiredproperties.(a) Let A1 be an algebra with an in�nite number of atoms su
h thatany atom A 
ontains exa
tly three points. A set B belongs to Aif and only if B is the union of atoms. (Then A is isomorphi
 to
P(X) where |X| = |AtA|.) By Observation 2, A1 is not stronglyMB-representable. On the other hand, A1 = S(F) where F 
onsistsof all sets whi
h have exa
tly two elements and are 
ontained in atomsof A1.
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(b) Let X be an in�nite set and A2 = im(Φ) for a monomorphism Φ :

P(X) → P(Y ) and Φ = 〈Φ1, Φ2〉. Assume that |Φ({x})| = 2 for all
x ∈ X and J is a proper maximal ideal in P(X). Then A2 is MB-representable by Theorem 1 but it is not inner MB-representable byTheorem 2 and it is not outer MB-representable by Observation 1.The next theorem shows that there exists an in�nite universally MB-representable algebra.Theorem 7. Let X be an in�nite set. Then the algebra A 
onsisting ofthe �nite and 
o�nite subsets of X is universally MB-representable.Proof. Standard algebrai
 
onsiderations show that any monomorphism

Φ : A → P(Y ) is of the form Φ(A) =
⋃

x∈A Φ({x}) if A is �nite, and
Φ(A) =

⋃

x∈A Φ(x)∪T , where T = Y \
⋃

x∈X Φ({x}), if A is 
o�nite. Denoteby A′ the image of A under Φ. Let s be a sele
tor of the family Φ({x}). Put
f(x) = s(Φ({x})) ∈ Φ({x}) for x ∈ X. If F1 is the family of all multipointatoms Φ({x}) and F2 
onsists of all sets of the form f(Φ1(A)) ∪ T for A
o�nite, then A′ = S(F1 ∪ F2). The proof of this fa
t is quite similar to theproof of Theorem 2.A
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