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PARTIAL DIFFERENTIAL EQUATIONS

On the Conve
tive Cahn�Hilliard EquationbyChang
hun LIUPresented by Bogdan BOJARSKI
Summary. The author studies the 
onve
tive Cahn�Hilliard equation. Some results onthe existen
e of 
lassi
al solutions and asymptoti
 behavior of solutions are established.The instability of the traveling waves is also dis
ussed.1. Introdu
tion. In this paper, we investigate the 
onve
tive Cahn�Hilliard equation(1.1) ∂u

∂t
+ γ

∂4u

∂x4
=

∂2A(u)

∂x2
+

∂B(u)

∂x
, x ∈ I = (0, 1),where A(u) = γ2u

3 + γ1u
2 − u, B(u) = −1

4u4 + 1
2u2, and γ > 0, γ1, γ2 are
onstants.On the basis of physi
al 
onsiderations, as usual the equation (1.1) issupplemented with the natural boundary value 
onditions(1.2) u(0, t) = u(1, t) =

∂2u

∂x2
(0, t) =

∂2u

∂x2
(1, t) = 0, t > 0,reasonable for the thin �lm equation or the Cahn-Hilliard equation (see [1,2, 4℄), and the initial value 
ondition(1.3) u(x, 0) = u0(x).The equation (1.1) arises naturally as a 
ontinuous model for the forma-tion of fa
ets and 
orners in 
rystal growth (see [6℄, [12℄). Here u(x, t) denotesthe slope of the interfa
e. The 
onve
tive term (u3−u)∂u/∂x (see [6℄) stemsfrom the e�e
t of kineti
s (the �nite rate of atoms or mole
ules atta
hment2000 Mathemati
s Subje
t Classi�
ation: 35B40, 35K35, 35K55, 35K90.Key words and phrases: 
onve
tive Cahn�Hilliard equation, existen
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to the 
rystal surfa
e) that provides an independent �ux of the order param-eter, similar to the e�e
t of an external �eld in spinodal de
omposition of adriven system.During the past years, many authors have paid mu
h attention to theCahn�Hilliard equation(1.4) ∂u

∂t
+ k∆2u = ∆A(u), k > 0(see [3, 5, 14℄). However, only a few papers are devoted to the generalizedCahn�Hilliard equation. It was K. H. Kwek [7℄ who �rst studied the equation(1.1) for the 
ase with 
onve
tion, namely, B(u) = u. Based on the dis
on-tinuous Galerkin �nite element method, he proved the existen
e of 
lassi
alsolutions.This paper is organized as follows: We �rst dis
uss the existen
e andasymptoti
 behavior of 
lassi
al solutions. Then we dis
uss the instability oftraveling waves.2. Existen
e. In this se
tion, we prove the global existen
e of solutions.From the 
lassi
al approa
h, it is not di�
ult to 
on
lude that the problem(1.1)�(1.3) admits a unique 
lassi
al solution lo
al in time. So, it is su�
ientto make an a priori estimate.Theorem 2.1. If γ2 > 0, then for any initial data u0 ∈ H6(I) with

u0(0) = u0(1) = D2u0(0) = D2u0(1) = 0 and T > 0, the problem (1.1)�(1.3)has a unique global 
lassi
al solution.Proof. Multiplying both sides of (1.1) by u and then integrating theresulting relation with respe
t to x over (0, 1), integrating by parts, andusing the boundary 
onditions, we have
(2.1)

1

2

d

dt

1\
0

u2 dx + γ

1\
0

(D2u)2 dx

= −
1\
0

A′(u)(Du)2 dx +

1\
0

(
1

4
u4 − 1

2
u2

)
Dudx.Sin
e γ2 > 0, a simple 
al
ulation shows that A′(u) ≥ −C0, C0 > 0 andT1

0

(
1
4u4 − 1

2u2
)
Dudx = 0, so it follows from (2.1) that

1

2

d

dt

1\
0

u2 dx + γ

1\
0

(D2u)2 dx ≤ C0

1\
0

(Du)2 dx

≤ C0

1\
0

(D2u)2 dx
)1/2(1\

0

u2 dx
)1/2

≤ γ

2

1\
0

(D2u)2 dx + C1

1\
0

u2 dx.
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The Gronwall inequality implies that

1\
0

u2 dx ≤ C, 0 < t < T,(2.2)
t\
0

‖D2u(s)‖2 ds ≤ C, 0 < t < T.(2.3)Next, multiplying both sides of (1.1) by D2u and then integrating the re-sulting relation with respe
t to x over (0, 1), we obtain
(2.4)

1

2

d

dt

1\
0

(Du)2 dx + γ

1\
0

(D3u)2 dx

= −
1\
0

D2A(u)D2u dx −
1\
0

(
1

4
u4 − 1

2
u2

)
D3u dx.Note that

D2A(u) = A′(u)D2u + A′′(u)(Du)2

= (3γ2u
2 + 2γ1u − 1)D2u + (6γ2u + 2γ1)(Du)2.Hen
e,

1

2

d

dt

1\
0

(Du)2 dx + γ

1\
0

(D3u)2 dx + γ2

1\
0

u2(D2u)2 dx

= −
1\
0

(2γ2u
2 + 2γ1u − 1)(D2u)2 dx −

1\
0

6γ2u(Du)2D2u dx

−
1\
0

2γ1(Du)2D2u dx −
1\
0

(
1

4
u4 − 1

2
u2

)
D3u dx

≤ C

1\
0

(D2u)2 dx +
γ2

2

1\
0

u2(D2u)2 dx + C

1\
0

(Du)4 dx

+
γ

8

1\
0

(D3u)2 dx + C

1\
0

(
1

4
u4 − 1

2
u2

)2

dx.On the other hand, by (2.2), we have
1\
0

(Du)2dx = −
1\
0

uD2u dx ≤
(1\

0

u2 dx
)1/2(1\

0

(D2u)2 dx
)1/2

≤ C
(1\

0

(D2u)2 dx
)1/2

,
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and

1\
0

(D2u)2dx = −
1\
0

DuD3udx ≤
(1\

0

(Du)2dx
)1/2(1\

0

(D3u)2 dx
)1/2

.Summing up, we see that
1\
0

(Du)2dx ≤ C
(1\

0

(Du)2 dx
)1/4(1\

0

(D3u)2 dx
)1/4

.Thus
1\
0

(Du)2dx ≤ C
(1\

0

(D3u)2 dx
)1/3

,(2.5)
1\
0

(D2u)2 dx ≤ C
(1\

0

(D3u)2 dx
)2/3

.(2.6)In addition, by the Nirenberg inequality,
1\
0

(Du)4 dx ≤ C
(1\

0

(D3u)2 dx
)1/4(1\

0

(Du)2 dx
)7/4

.Using (2.5), we obtain(2.7) 1\
0

(Du)4 dx ≤ C
(1\

0

(D3u)2 dx
)5/6

.By (2.6), (2.7) and using the Hölder inequality, we have
C

1\
0

(D2u)2 dx ≤ γ

8

1\
0

(D3u)2 dx + C,

C

1\
0

(Du)4 dx ≤ γ

8

1\
0

(D3u)2 dx + C.On the other hand, by the Nirenberg inequality,
sup |u| ≤ C

(1\
0

(D3u)2 dx
)1/12(1\

0

u2 dx
)5/12

≤ C
(1\

0

(D3u)2 dx
)1/12

.Hen
e
C

1\
0

(
1

4
u4 − 1

2
u2

)2

dx ≤ γ

8

1\
0

(D3u)2 dx + C.Summing up, we see that
1

2

d

dt

1\
0

(Du)2 dx +
γ

2

1\
0

(D3u)2 dx +
γ2

2

1\
0

u2 (D2u)2 dx ≤ C.
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The Gronwall inequality implies that(2.8) 1\

0

(Du)2dx ≤ C, 0 < t < T.By Sobolev's imbedding theorem it follows from (2.2) and (2.8) that(2.9) sup |u| ≤ C.Multiplying both sides of (1.1) by D4u and then integrating the resultingrelation with respe
t to x over (0, 1), we have
1

2

d

dt

1\
0

(D2u)2 dx + γ

1\
0

(D4u)2 dx =

1\
0

D2A(u)D4u dx −
1\
0

(u3 − u)DuD4u dx.By the Nirenberg inequality,
‖Du‖∞ ≤ (‖D4u‖3/8‖u‖5/8 + ‖u‖),hen
e,

1

2

d

dt

1\
0

(D2u)2 dx + γ

1\
0

(D4u)2 dx

≤
∣∣∣
1\
0

A′(u)D2uD4u dx
∣∣∣ +

∣∣∣
1\
0

A′′(u)(Du)2D4u dx
∣∣∣ +

∣∣∣
1\
0

(u3 − u)DuD4u dx
∣∣∣

≤ C‖D2u‖‖D4u‖ + C‖Du‖∞‖Du‖‖D4u‖ + C‖Du‖‖D4u‖

≤ γ

2
‖D4u‖2 + C‖D2u‖2,and by the Gronwall inequality,

1\
0

(D2u)2 dx ≤ C, 0 < t < T,(2.10)
t\
0

‖D4u‖2 ds ≤ C, 0 < t < T.(2.11)By (2.8) and (2.9), we have ∂B(u)/∂x ∈ L2(QT ). On the other hand, by (2.2)and (2.8)�(2.10), we have ∂2A(u)/∂x2 ∈ L2(QT ). Then using the equation(1.1) itself, we obtain ∂u/∂t ∈ L2(QT ).De�ne the linear spa
e
X =

{
u ∈ H4,1(QT ); u(0, t) = u(1, t) =

∂2u

∂x2
(0, t) =

∂2u

∂x2
(1, t) = 0,

u(x, 0) = u0(x)

}
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where

H4,1(QT ) =

{
u;

∂u

∂t
∈ L2(QT ),

∂iu

∂xi
∈ L2(QT ), 0 ≤ i ≤ 4

}
,and the asso
iated operator T : X → X, u 7→ w, where w is determined bythe following linear problem:

∂w

∂t
+ γ

∂4w

∂x4
=

∂2A(u)

∂x2
+

∂B(u)

∂x
, x ∈ I = (0, 1),

w(0, t) = w(1, t) =
∂2w

∂x2
(0, t) =

∂2w

∂x2
(1, t) = 0, t > 0,

w(x, 0) = u0(x).From the dis
ussions above and by the 
ontra
tion mapping prin
iple, Thas a unique �xed point u, whi
h is the desired solution of the problem(1.1)�(1.3).Further regularity of the solution is obtained by the use of a bootstrapargument. Sin
e u ∈ H4,1(QT ), we have
Du ∈ L∞(QT ), D2u ∈ L2(0, T ; L∞(I)).It follows, by a dire
t 
al
ulation, that f(x, t) ≡ D2A(u(x, t))+DB(u(x, t)),then

Df ∈ L2(QT ), D2f ∈ L2(QT ).By [8℄, we know that if f ∈ L2(0, T ; L2(I)), and v0 ∈ H2(I), v0|∂I = 0 thenthe initial boundary value problem
∂v

∂t
+ γD4v = f,

v = D2v = 0,

v(x, 0) = v0has a unique solution v ∈ H4,1(QT ). Now it is easy to see that taking
f(x, t) = D4A(u(x, t)) + D3B(u(x, t)), v0 = D2u0yields v = D2u ∈ H4,1(QT ). This implies that f = (∂/∂t)(D2A(u)+DB(u))

∈ L2(QT ), assuming that ut(0, 0) = ut(1, 0) = 0. Hen
e
v =

∂u

∂t
∈ H4,1(QT )and by interpolation theory, this implies that

∂u

∂t
, D4u ∈ C(QT ).This 
ompletes the proof of the existen
e of a 
lassi
al solution.
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Theorem 2.2. Under the 
onditions of Theorem 2.1, if

γ >
1

2

(
γ2
1

3γ2
+ 1

)
,then the 
lassi
al solution u of (1.1)�(1.3) satis�es

‖u‖2 ≤ e−C1t−C2 , C1, C2 > 0.Proof. Multiplying both sides of (1.1) by u and then integrating theresulting relation with respe
t to x over (0, 1), integrating by parts, andusing the boundary 
onditions, we have
(2.12)

1

2

d

dt

1\
0

u2 dx + γ

1\
0

(D2u)2 dx

= −
1\
0

A′(u)(Du)2 dx +

1\
0

(
1

4
u4 − 1

2
u2

)
Dudx.Sin
e γ2 > 0, a simple 
al
ulation shows that A′(u) ≥ −C0 = −γ2
1/3γ2 − 1,

C0 > 0 and T10 (
1
4u4 − 1

2u2
)
Dudx = 0, and it follows from (2.1) that

1

2

d

dt

1\
0

u2 dx + γ

1\
0

(D2u)2 dx ≤
(

γ2
1

3γ2
+ 1

) 1\
0

(Du)2 dx.By the Poin
aré inequality,
1\
0

(Du)2dx ≤ 1

2

1\
0

(D2u)2dx +
1

2

(1\
0

Dudx
)2

=
1

2

1\
0

(D2u)2 dx.Hen
e
1

2

d

dt

1\
0

u2 dx + γ

1\
0

(D2u)2 dx ≤ 1

2

(
γ2
1

3γ2
+ 1

) 1\
0

(D2u)2 dx.

Sin
e γ > 1
2

( γ2
1

3γ2
+ 1

) and
1\
0

u2 dx ≤
1\
0

(Du)2 dx ≤
1\
0

(D2u)2 dx,we have
1

2

d

dt

1\
0

u2 dx + C

1\
0

u2 dx ≤ 0.Therefore
‖u‖2 ≤ e−C1t−C2 , C1, C2 > 0.This 
ompletes the proof.
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3. Instability of traveling waves. In this se
tion, we study the insta-bility of the traveling wave solutions of the equation (1.1). For simpli
ity weset γ = 1, γ2 = 1, i.e.(3.1) ∂u

∂t
+

∂4u

∂x4
=

∂2

∂x2
(u3 + γ1u

2 − u) − (u3 − u)
∂u

∂x
.Our main result is as follows:Theorem 3.1. All the traveling wave solutions ϕ(x − ct) of the equation

(3.1) satisfying ϕ ∈ L∞(R), ϕ(n) ∈ L∞(R) ∩ L2(R) (n = 1, 2, 3, 4) are non-linearly unstable in the spa
e H2(R). Here ϕ(n) denotes the nth derivative of ϕ.By [6℄, the equation (3.1) has a solution satisfying
lim

z→+∞
ϕ(z) = A1 + B1, lim

z→−∞
ϕ(z) = A1 − B1,where A1, B1 are 
onstants. In fa
t, we set(3.2) ϕ = A1 + B1 tanh[λB1(x − ct)].Substituting (3.2) in (3.1), one �nds that(3.3) λ3 − 1

2
λ − 1

24
= 0,and the following relations hold for A1 and B1:

A1 = − 2γ1λ

6λ + 1
, B2

1 =
2λ + 1

2(λ + 1/3)
+

2γ2
1λ2(6λ − 1)

(6λ + 1)2(λ + 1/3)
.It is su�
ient to take B > 0. Sin
e f(λ) = λ3 − 1

2λ − 1
24 satis�es f(0) < 0and f(1) > 0, by the intermediate value theorem there exists a λ ∈ (0, 1)su
h that (3.3) holds.We note that ϕ = A1 + B1 tanh[λB1(x − ct)] satis�es the 
onditions ofTheorem 3.1.To prove Theorem 3.1, we �rst 
onsider an evolution equation(3.4) ∂u

∂t
= Lu + F (u),where L is a linear operator that generates a strongly 
ontinuous semigroup

etL on a Bana
h spa
e X, and F is a strongly 
ontinuous operator su
h that
F (0) = 0. In [10℄ the authors 
onsidered the whole problem only on X, that isto say, the nonlinear operator maps X into X. However, many equations havenonlinear terms that in
lude derivatives and therefore F maps into a largerBana
h spa
e Z. Hen
e, Strauss and Wang proved the following lemma.Lemma 3.1 ([11℄). Assume the following :(i) X ⊂ Z are Bana
h spa
es and ‖u‖Z ≤ C1‖u‖X for u ∈ X.(ii) L generates a strongly 
ontinuous semigroup etL on Z, mapping Zinto X for t > 0, and T10 ‖etL‖Z→X dt = C4 < ∞.
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(iii) The spe
trum of L on X meets the right half-plane {Re λ > 0}.(iv) F : X → Z is 
ontinuous and there are ̺0 > 0, C3 > 0, α > 1 su
hthat ‖F (u)‖Z < C3‖u‖α

X for ‖u‖X < ̺0.Then the zero solution of (3.4) is nonlinearly unstable in the spa
e X.In this se
tion, we are going to use Lemma 3.1 to prove Theorem 3.1.Definition 3.1. A traveling wave solution ϕ(x−ct) of the equation (3.1)is said to be nonlinearly unstable in the spa
e X if there exist ε0, C0 > 0,a sequen
e {un} of solutions of (3.1), and a sequen
e tn > 0 su
h that
‖un(0) − ϕ(x)‖X → 0 but ‖un(tn) − ϕ(· − ctn)‖X ≥ ε0.If ϕ(x − ct) ∈ H2(R) is a traveling wave solution of (3.1), then letting
w(x, t) = u(x, t) − ϕ(x − ct), we have
(3.5) wt + ∂4

xw − (3ϕ2 + 2γ1ϕ − 1)∂2
xw − (12ϕϕ′ + 4γ1ϕ

′ − ϕ3 + ϕ)∂xw

− (6ϕϕ′′ + 6ϕ′2 + 2γ1ϕ
′′ − 3ϕ2ϕ′ + ϕ′)w = F (w)where

F (w) = − ϕ′w3 + (3ϕ′′ − 3ϕϕ′)w2 − w3∂xw − 3ϕ2w∂xw − 3ϕw2∂xw

+ w∂xw + 12ϕ′w∂xw + 2γ1w∂2
xw + 6ϕw∂2

xw + 2γ1(∂xw)2

+ 6ϕ(∂xw)2 + 6w(∂xw)2 + 3w2∂2
xw,with initial value(3.6) w(x, 0) = w0(x) ≡ u0(x) − ϕ(x).So the stability of traveling wave solutions of (3.1) is translated into thestability of the zero solution of (3.5). In order to prove Theorem 3.1, taking

Z = L2(R), X = H2(R), we need to prove that the four 
onditions of Lemma3.1 are satis�ed by the asso
iated equation (3.5). Condition (i) is satis�ed,by our 
hoi
e of Z and X.Denote the linear partial di�erential operator in (3.5) by
L = − (∂4

x + ∂2
x + β∂x) + [(3ϕ2 + 2γ1ϕ)∂2

x + (12ϕϕ′ + 4γ1 − ϕ3 + ϕ + β)∂x

+ (6ϕϕ′′ + 6ϕ′2 + 2γ1ϕ
′′ − 3ϕ2ϕ′ + ϕ′)]

= L0 + [(3ϕ2 + 2γ1ϕ)∂2
x + (12ϕϕ′ + 4γ1 − ϕ3 + ϕ + β)∂x

+ (6ϕϕ′′ + 6ϕ′2 + 2γ1ϕ
′′ − 3ϕ2ϕ′ + ϕ′)]with

L0 = −(∂4
x + ∂2

x + β∂x).Then (3.5) may be rewritten in the form (3.4),
wt = Lw + F (w).
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Note that F maps H2(R) into L2(R). Using the Sobolev embedding theorem,we have(3.7) ‖F (w)‖L2 ≤ C‖w‖2

H2 for ‖w‖H2 < 1,for some C > 0. So, 
ondition (iv) is satis�ed.To prove (ii), we need the following two lemmas.Lemma 3.2. Let L0 = −(∂4
x + ∂2

x + β∂x) for any real 
onstant β. Then
‖etL0‖Hm→Hm ≤ et/4 for m ∈ R

+, 0 ≤ t < ∞,(3.8)
‖etL0‖L2→H2 ≤ a(t) ≡ 5t−1/4 for 0 < t ≤ 1.(3.9)Proof. We write u(x, t) = etL0u0(x). By Fourier transformation,

û(ξ, t) = e−t(ξ4−ξ2+iβξ)û0(ξ).We have
‖u‖2

Hm ≡
∞\
−∞

(1 + ξ2)m|û(ξ, t)|2 dξ =

∞\
−∞

(1 + ξ2)me−2t(ξ4−ξ2)|û0(ξ)|2 dξ

≤ sup
ξ∈R

e−2t(ξ4−ξ2)
∞\
−∞

(1 + ξ2)m|û0(ξ)|2 dξ = et/2‖u0‖2
Hm .Hen
e

‖etL0‖Hm→Hm ≤ et/4.On the other hand, letting s = ξ2, we have
‖u‖2

H2 ≤ sup
s∈R+

f(s)

∞\
−∞

|û0(ξ)|2 dξ

with f(s) = (1+s)2e−2t(s2−s), t > 0. An elementary 
omputation shows that
sup
s>0

f(s) ≤
(

3

2
+

1√
2

t−1/2

)
et/2.Thus

‖u(x, t)‖H2 ≤
(

3

2
+

1√
2

t−1/2

)1/2

et/4‖u0‖L2and
‖etL0‖L2→H2 ≤

(
3

2
+

1√
2

t−1/2

)1/2

et/4 ≤ 5t−1/4 for 0 < t ≤ 1,sin
e et/4 ≤ e1/4 < 2. Thus Lemma 3.2 has been proved.Lemma 3.3. Let L be as above with ϕ, ϕ′, ϕ′′ ∈ L∞(R). Then
‖etL‖L2→H2 ≤ C1t

−1/4 for 0 < t ≤ 1,(3.10)
‖etL‖H2→H2 ≤ C2 < ∞ for 0 < t ≤ 1.(3.11)
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Proof. Consider the initial value problem
ut = Lu = L0u + (3ϕ2 + 2γ1ϕ)∂2

xu + (12ϕϕ′ + 4γ1 − ϕ3 + ϕ + β)∂xu

+ (6ϕϕ′′ + 6ϕ′2 + 2γ1ϕ
′′ − 3ϕ2ϕ′ + ϕ′)u,

u(x, 0) = u0(x).Then u(x, t) = etLu0(x), t ≥ 0, x ∈ R. Thus
u(x, t) = etL0u0 +

t\
0

e(t−τ)L0[(3ϕ2 + 2γ1ϕ)∂2
xu

+ (12ϕϕ′ + 4γ1 − ϕ3 + ϕ + β)∂xu

+ (6ϕϕ′′ + 6ϕ′2 + 2γ1ϕ
′′ − 3ϕ2ϕ′ + ϕ′)u] dτ.Set A = ‖ϕ‖L∞ , B = ‖ϕ′‖L∞ , C = ‖ϕ′′‖L∞ and M = A3 + 3A2 + (2|γ1|

+ 1)A + 3A2B + 12AB + 6AC + 6B2 + B + 2|γ1|C + 4|γ1| + |β|.
(3.12) ‖u(t)‖H2 ≤ ‖etL0‖L2→H2‖u0‖L2

+

t\
0

‖e(t−τ)L0‖L2→H2(3‖ϕ‖2
L∞ + 2|γ1|‖ϕ‖L∞)‖∂2

xu‖L2 dτ

+

t\
0

‖e(t−τ)L0‖L2→H2(12‖ϕ‖L∞‖ϕ′‖L∞ + 4|γ1|

+ ‖ϕ‖3
L∞ + ‖ϕ‖L∞ + |β|)‖∂xu‖L2 dτ

+

t\
0

‖e(t−τ)L0‖L2→H2(6‖ϕ‖L∞ + 2|γ1|)‖ϕ′′‖L∞‖u‖L2 dτ

+

t\
0

‖e(t−τ)L0‖L2→H2(6‖ϕ′‖2
L∞ + 3‖ϕ‖2

L∞‖ϕ′‖L∞ + ‖ϕ′‖L∞)‖u‖L2 dτ

≤ a(t)‖u0‖L2 + M

t\
0

a(t − τ)‖u(τ)‖H2 dτ,

where a(t) is de�ned in Lemma 3.2 and we use u(t) to denote u(·, t).By iteration,
‖u(t)‖H2 ≤ a(t)‖u0‖L2 + M

t\
0

a(t − τ)(3.13)
×

[
a(τ)‖u0‖L2 + M

τ\
0

a(τ − s)‖u(s)‖H2 ds
]
dτ
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= a(t)‖u0‖L2 + M

t\
0

a(t − τ)a(τ)‖u0‖L2 dτ

+ M2
t\
0

τ\
0

a(t − τ)a(τ − s)‖u(s)‖H2 ds dτ.

The se
ond term on the right of (3.13) is
(3.14)

t\
0

a(t − τ)a(τ)‖u0‖L2 dτ

= M‖u0‖L2

t\
0

5(t − τ)−1/45τ−1/4 dτ

= 25M‖u0‖L2

t\
0

t−1/2

(
1 − τ

t

)−1/4(τ

t

)−1/4

dτ

= 25MC3t
1/2‖u0‖L2 for 0 < t ≤ 1,where C3 =

T1
0(1− r)−1/4r−1/4 dr. By ex
hanging the order of integration inthe third term on the right side of (3.13), we get

t\
0

τ\
0

a(t − τ)a(τ − s)‖u(s)‖H2 ds dτ =

t\
0

[t\
s

a(t − τ)a(τ − s) dτ
]
‖u(s)‖H2 ds.

Now
(3.15)

t\
s

a(t − τ)a(τ − s) dτ = 25

t\
s

(t − τ)−1/4(τ − s)−1/4 dτ

= 25C3(t − s)1/2 ≤ 25C3 for 0 < s ≤ t ≤ 1.Therefore (3.12)�(3.15) imply
(3.16) ‖u(t)‖H2 ≤ [a(t) + 25C3M ]‖u0‖L2

+ 25C3M
2

t\
0

‖u(s)‖H2 ds for 0 < t ≤ 1.

Let v(t) =
Tt
0 ‖u(s)‖H2 ds. Then

dv(t)

dt
≤ [a(t) + 25C3M ]‖u0‖L2 + 25C3M

2v(t) for 0 < t ≤ 1.Multiplying both sides of the above inequality by e−25C3M2t and integratingthe resulting relation with respe
t to t over (0, t), we obtain
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v(t) ≤ e25C3M2t

t\
0

e−25C3M2s[a(s) + 25C3M ] ds ‖u0‖L2 .

Observing that v(t) =
Tt
0 ‖u(s)‖H2 ds, and substituting the above inequalityinto (3.16), we get(3.17) ‖u(t)‖H2 ≤ C1t

−1/4‖u0‖L2 for 0 < t ≤ 1,where C1 > 0. Thus (3.10) has been proven. To prove (3.11), repla
ing the�rst term on the right side of (3.12) by ‖etL0‖H2→H2‖u0‖H2 and using (3.8),we have(3.18) ‖u(t)‖H2 ≤ et/4‖u0‖H2 +M

t\
0

a(t− τ)‖u(τ)‖H2 dτ for 0 < t ≤ 1.Similarly iterating and 
omputing as above, we obtain(3.19) ‖u(t)‖H2 ≤ [2 + 25C3M ] exp[25C3M
2]‖u0‖H2 ≡ C2‖u0‖H2 .Hen
e (3.11) is proven and the proof of Lemma 3.3 is �nished. By Lemma3.3, 
ondition (ii) is proved.We now pro
eed to verify 
ondition (iii) of Lemma 3.1. Observe that if

u(x, t) satis�es
∂u(x, t)

∂t
= − ∂4u

∂x4
− ∂2u

∂x2
− β

∂u

∂x
+ (3ϕ2 + 2γ1ϕ)

∂2u

∂x2

+ (12ϕϕ′ + 4γ1 − ϕ3 + ϕ + β)
∂u

∂x

+ (6ϕϕ′′ + 6ϕ′2 + 2γ1ϕ
′′ − 3ϕ2ϕ′ + ϕ′)u,then u(x, s + t) also satis�es the above equation. By uniqueness of solu-tion, we prove easily that etL satis�es three 
onditions of the de�nition,hen
e L generates a strongly 
ontinuous semigroup on the Bana
h spa
e

H2(R) (see [13℄). By Fourier transformation, the essential spe
trum of L0 on
H2(R) is

σ(L0) ⊃ {−ξ4 + ξ2 − iβξ; ξ ∈ R}.The 
urve λ = −ξ4 + ξ2 − iβξ meets the verti
al lines Re λ = α for −∞ <
α ≤ 1/4 be
ause −∞ < −ξ4 + ξ2 ≤ 1/4.We now prove that the same 
urve lies in the essential spe
trum of L.Lemma 3.4. The essential spe
trum of L on H2(R) 
ontains that of L0.Proof. Let ξ ∈ R and let λ = P (ξ) = −ξ4 + ξ2 − iβξ. To prove that
λ ∈ σ(L), we use Theorem 4.4 in [9℄ stating that if there exists a sequen
e
{ηn} ⊂ H2(R) with

‖ηn‖H2 = 1, ‖(L − λ)ηn‖H2 → 0,
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and {ηn} does not have a strongly 
onvergent subsequen
e in H2(R), then
λ ∈ σ(L).Now let η0 6≡ 0 be a C∞ fun
tion with 
ompa
t support in (0,∞). De�ne

ηn(x) = cneiξxη0(x/n)/
√

n, n = 1, 2, . . . ,where cn is 
hosen so that ‖ηn‖H2 = 1. Then
‖ηn‖L2 = cn‖η0‖L2 and 1 = ‖ηn‖H2 ≤ kcnfor some positive 
onstant k. Hen
e cn ≥ 1/k > 0. Sin
e ‖ηn‖L∞ → 0 but

‖ηn‖L2 is bounded away from zero, {ηn} 
an have no 
onvergent subsequen
ein L2(R).It remains to show that ‖(L − λ)ηn‖H2 → 0. We write
L − λ = L0 − λ + (3ϕ2 + 2γ1ϕ)∂2

x + (12ϕϕ′ + 4γ1 − ϕ3 + ϕ + β)∂x

+ (6ϕϕ′′ + 6ϕ′2 + 2γ1ϕ
′′ − 3ϕ2ϕ′ + ϕ′)A simple 
al
ulation shows that

(L0 − λ)ηn(x) = eiξx
∑

1≤s≤4

P (s)(ξ)cnη
(s)
0 (x/n)/(s!n1/2+s),

∂(L0 − λ)ηn(x) = iξ(L0 − λ)ηn(x)

+ eiξx
∑

1≤s≤4

P (s)(ξ)cnη
(s+1)
0 (x/n)/(s!n3/2+s),

and
∂2(L0 − λ)ηn(x)

= −ξ2(L0 − λ)ηn(x) + 2iξeiξx
∑

1≤s≤4

P (s)(ξ)cnη
(s+1)
0 (x/n)/(s!n3/2+s)

+ eiξx
∑

1≤s≤4

P (s)(ξ)cnη
(s+2)
0 (x/n)/(s!n5/2+s).

Thus
‖(L0 − λ)ηn(x)‖H2

≤ (1 + |ξ|2)
∑

1≤s≤4

|P (s)(ξ)|cn‖η(s)
0 (x/n)‖L2/(s!n1/2+s)

+ 2|ξ|
∑

1≤s≤4

|P (s)(ξ)|cn‖η(s+1)
0 (x/n)‖L2/(s!n3/2+s)

+
∑

1≤s≤4

|P (s)(ξ)|cn‖η(s+2)
0 (x/n)‖L2/(s!n5/2+s) → 0,

as n → ∞. Moreover, for any positive integer m, ‖∂m
x ηn‖L∞ → 0 as n → ∞,
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so we have

‖(3ϕ2 + 2γ1ϕ)∂2
xηn‖2

L2 ≤ ‖∂2
xηn‖2

L∞(3‖ϕ2‖2
L2 + |2γ1|‖ϕ‖2

L2) → 0,

‖∂x[(3ϕ2 + 2γ1ϕ)∂2
xηn]‖2

L2 ≤ ‖∂3
xηn‖2

L∞‖3ϕ2‖2
L2 + ‖∂2

xηn‖2
L∞‖6ϕϕ′‖2

L2 → 0,and
‖∂2

x[(3ϕ2 + 2γ1ϕ)∂2
xηn]‖2

L2 ≤ ‖∂3
xηn‖2

L∞‖12ϕϕ′ + 4γ1ϕ
′‖2

L2

+‖∂2
xηn‖2

L∞‖6ϕϕ′′ + 6ϕ′2 + (2γ − 1)ϕ′′‖2
L2 + ‖∂4

xηn‖2
L∞‖3ϕ2 + 2γ1ϕ‖2

L2 → 0.Similarly to the above estimates, we have the other estimates, thus
‖(3ϕ2 + 2γ1ϕ)∂2

xηn + (12ϕϕ′ + 4γ1 − ϕ3 + ϕ + β)∂xηn

+ (6ϕϕ′′ + 6ϕ′2 + 2γ1ϕ
′′ − 3ϕ2ϕ′ + ϕ′)ηn‖H2 → 0.So from the estimates above,

‖(L − λ)ηn‖H2 → 0 as n → ∞.The proof of Lemma 3.4 is 
omplete.Therefore all the four 
onditions of Lemma 3.1 are satis�ed by the lin-earized equation (3.5) and Theorem 3.1 has been proved.
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