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Summary. We study the family of curves Fy,(p) : ¥ + y* = m, where p is an odd prime
and m is a pth power free integer. We prove some results about the distribution of root
numbers of the L-functions of the hyperelliptic curves associated to the curves Fp,(p). As
a corollary we conclude that the jacobians of the curves F,(5) with even analytic rank
and those with odd analytic rank are equally distributed.

1. Introduction. Let E be an elliptic curve over Q given by the equation
y? = 2% +ax +b (a,b € Z). If d is a squarefree integer, then we define the
dth quadratic twist Eg of E to be the elliptic curve defined by the equation
dy? = 23 4ax+0b. It is widely expected that for a given E the set of squarefree
integers d such that rank(E4(Q)) = 0 has a positive density, but this is only
known for special cases. Such an expectation follows, under the Riemann
hypothesis, from the work of Iwaniec and Sarnak [5]. Conditional results in
more general situations (including abelian varieties) are also proved in [2].
One can consider other families of elliptic curves (or abelian varieties) as
well.

In general it is very difficult to calculate the rank of any specific elliptic
curve (or abelian variety). It is much easier to treat the global root number
g(A) of an abelian variety over Q. Let us recall that the parity conjecture
states that €(A) = (—1)"4, where r4 denotes the rank of Q-points of A.

Mai 6] showed that the set of cubefree natural numbers m for which the
root number of E™ : 23 + 42 = m is positive, has density 1/2. The parity
conjecture implies that in this family (of cubic twists of the Fermat curve
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23 +y3 = 1) the rank of Q-points of E™ is even for half of the cubefree
natural numbers m.

In this article we will generalize the result of Mai to the family of curves
Fn(5) : 2° + y°> = m (Corollary 2).

According to the referee’s suggestion, we will include the proof of a more
general result (Theorem 1). The remaining part of the introduction contains
definitions and constructions leading to the formulation of that result. We
will consider the curve F,(p) : 2P + y? = m (p is an odd prime) of genus
(p—1)(p —2)/2. We also consider the curves of genus (p —1)/2

Cnsp):yP =2z(m—2x)° fors=1,...,p—2.

The curves Cy, (,—1)/2(p) and Cy, p—2(p) are birationally equivalent; the cor-
responding map Cm,(pfl)/Q(p) — Cryp—2(p) is
y yr?
(@y) = (m (m — 2)@D72 (m — ;,;)(p—S)/2> '
For s =1,...,p — 2 we define the maps
¢m,s : Fm(p) - Cm,s(p)

by the formula
Om,s(2,y,1) = (2P, 2y°,1).

The map ¢, s induces the well-defined map Jp,(p) — Jm,s(p) between the
corresponding jacobians. Similarly to [3], [4] we obtain the isogeny defined
over Q

p—2 p—2
(1) ¢ = H Pm,s + Im(p) — H Jim,s(p)-
s=1 s=1

In particular, the problem of computing the rank of J,,(5)(Q) reduces to
calculating the ranks of J,, s(5)(Q) for s =1,2.

For s = 1,(p — 1)/2,p — 2 the curves Cy, s(p) are hyperelliptic. By the
substitution

) 4m\? Y 1 4m\ P! y 1
(@) = {m— |~ opmr-172 2 )\ 4 pm-1/2 2

in the equation of Cy, p—2(p) and (z,y) — (y/2P+m/2, —x/4) in the equation
of Cp,1(p) we obtain the hyperelliptic curves

App:y? =aP + (Am)P~Y By, y? = af + 4P Im?

We assume that m is a pth power free positive integer and p t m.

2. Proof of the main result. Using the results of [8] we can calculate
the sign of the functional equation of the L-functions of the hyperelliptic
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curves Ay, p, Bmp. Let
P) = {m e N : ptm, m is pth power free}.
For m € N we put

nim) = #{a € P a2 qlm, () =1},

Let Wi, p, Wrﬁp, Wnlip denote the (global) root numbers of the curves F,(p),
App, Bm,p respectively. Tt turns out that W3 wa (for fixed p and m)

m,p’
depend only on the parity of 7,(m) and on the remainder of m modulo P2,
For example (p =5, m odd)

WA, = (—1)smtetom) B pymsim)tem)

where
0 form==+1,+2,+7 +11 (mod 25),
e(m) = {
1 for m = 43,44, +£6,+8, 49, £12 (mod 25),
0 form=+1,4+3,4+4,£7 (mod 25),
eB(m) = {
1 for m = 42,46, 8, +9, £11, 12 (mod 25).

THEOREM 1. The sets {m € N®) W,ﬂ,p =1} and {m € N®) . wh =1}
have density 1/2 in the set N®).

COROLLARY 2. The set {m € N®) : W,,, 5 = 1} has density 1/2 in N©®).

Proof. From isogeny (1) we have W, 5 = (Wn‘i} PWB. =wpB

m5 m,5- ™

The proof of Theorem 1 splits into a few lemmas.
LEMMA 3. For any Dirichlet character x of conductor k we have
Z (=)™ (m) = O(VX log?2 XVklog k),
meN®)
where Ng?) ={m e NP .m < X}.
Proof. Each m € N® can be uniquely written in the form nfj_lng_Q e

ng_znp_l, where the n; are squarefree, pairwise coprime and not divisible
by p. Then 7,(m) = 7,(n1) + 7 (n2) + - - - + 7p(np—1), hence

Y (=1)7x(m)

mENg?)

SRR | (NSRS Y | (IO

1
nzl) np_1<X i=1 n’l) ~np_1<X i=1
n; squarefree n; squarefree
and coprime and coprime

pina-np 1



202 T. Jedrzejak

where ¢(-) = (5) (therefore ¢(z) = (—=1)"®) for z squarefree not divisible
by p). Let x, be the principal character modulo 2a, i.e. x4(b) = 1if (2a,b) =1,
and 0 otherwise. Then

Y (=1)™x(m)

mGNg?)

= > Pm)x(md xa(n) > »(n2)x(n5 %) xn, (n2)

n1 squarefree 7;2 squar efrele
2
X e X Z Y (n2)X(12) Xny-nps (Mp—2)

np—2<VX /4 /nlf_lu-nf;_3

nyp_2 squarefree

X Z Y (np—1)X (Mp—1)Xns-my—z (Mp—1)-

p—1 2
np_1<X/nf g,

np—1squarefree

The last sum can be written in the form

Z ¢(npfl)X(npfl)Xn1---np_2(npfl) Z (1)

p—1 .2 2
np—1<X/ny" " nZ_, Plnp—1

=Y RN X, (1)

X > ()X ()Xo ().
n’SX/nf71~~-n§72l2

Now we use the Polya—Vinogradov inequality: If x is the primitive char-
acter modulo k > 2, then »_, v x(n) = O(Vklogk). Tt implies

Z w(n/)X(n/)Xn1~~-np72 (nl) = O(\/Elog k),
n’§X/n€_1~--nI2,72l2
hence
Z w(np—l)X(np—l)annnpfz (np—l)

p—1 2
np_1<X/ny Mo

np—1 squarefree X
nl ... np72

Next by using the well-known estimate »°, -y 1/n =log X + v+ O(1/X),



Jacobians of Fermat Curves 203

where v ~ 0.577 is the Euler constant, we obtain successively

> (=1)™Mx(m)
mENgf)
= Z W(n)x(nd~)xa(na) Z P (n2)X (5~ )Xn, (n2)
<P Yx —2/ -1
nTi 1S(_quarefree n2§2 unaiiégi
X
X e X > 0 ( I B
ny-2 VXl e, ! 2

np—2 squarefree

== ) dmx a(m)
n<P VX

n1 squarefree

X ‘ / logf -log » 13/ \flogk:

2 1
na<P7{/ X / p=
ng squarefree

[ X X
= Z O( ?log\/)?log P2 p—1
<P VX ™ ™

n1 squarefree

= O0(VXlogVX ---log " VX log "VXVklogk)
= O(VXlog" 2 XVklogk).

Vklog k)

Vklog k)

LEMMA 4. The set N®) has a positive density in the set of natural num-
bers.

Proof. Let p, denote the nth prime. We define
{pn if pn = p,
Qa =
ok it #p

Then (an,ar) = 1 for n # k, N®) = {m € N : q;, { m for every k}, and the
series ), 1/an converges. Recall that by Theorem 2.18 in [7] the density
of N®) is

[ 2) I )i =

neN qeP

LEMMA 5. The set {m € N®) : 7,(m) even} has density 1/2 in N®).
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Proof. This follows from Lemma 3:

>
meNg?)

7p(Mm) even
Y Ay =L S 1 OVE o7 X). m
mENE? mENg?>

Proof of Theorem 1. Let C denote A, , or By, ,, and W¢ be the sign of
the functional equation of the L-function associated with C. Then

o= > 1+ >,

meN{P) meN{®) meN{p)
We=1 Tp(m) even Tp(m) odd
m (mod p?)eU m (mod p?)eT

where U and T are disjoint nonempty sets of integers modulo p? such that
UUT contains all numbers modulo p? nondivisible by p. Let m = k (mod p?),
where (k,p) = 1. Then by Lemma 3 we have

Y 1= Y g X xm®)

mENg?) N(p) X (mod p?)
7p(Mm) even Tp (m) even
m=k (mod p?)

1 _
= m Z X(k) Z x(m)
X (mod p?) meN®)

Tp(Mm) even

=5 2 XK DL xm)L+ (=17
X (mod p2) meNg)
1 Y J—
==y 2 X)X x(m)+ O(VXloghX)
X (mod p?) meN(P>
2(p2 —p) Z Z m) + O(VX logP~2 X)
meN®) x (modp?)
1 J—
) > 1+0(VX1ogh? X).
meNg‘(’)
m=k (mod p?)

In view of the above equalities (similar computations have to be done for
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7(m) odd with factor 1 — (—1)7(™) and Lemma 5 we obtain

21:1 > 1+% > 1+ 0(VXlog"? X)

2
meN{®) meN® meN{)
We=1 m (mod p?)€U m (mod p?)eT
1 -2
=5 > 14+ 0(VX1logh? X).
mGNg?)

Now the assertion follows from Lemma 4.

REMARK. We note that if the curve F,(5) has an affine rational point
(this occurs if m is a sum of two integer 5th powers), then the curves A,, s,
B,, 5 have nontrivial rational points. One can show that the rank of the
groups Ja,, ;(Q) and Jp,, ;(Q) is at least 1. Taking into account the isogeny
(1) we obtain rank(J,,(5)(Q)) > 3. The set {a® +b° : a € N, a® + V°
is 5th power free} (b € N fixed) is infinite (even more: it can be proved
by standard sieve methods to have a positive density), hence there are in-
finitely many nonisomorphic curves z° + y° = m with rank(J,,(5)(Q)) > 3.
If additionally the sign of the functional equation of the L-functions of the
curves Ay, 5, By s is +1, then conjecturally rank(J,,(5)(Q)) > 6. This hap-
pens e.g. for m = 33. In [1] we prove that the unboundedness of ranks in
the family J,,(5)(Q) is equivalent to the divergence of certain infinite se-
ries.
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