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On Truncated Variation of Brownian Motion with Drift
by
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Summary. We introduce the concept of truncated variation of Brownian motion with
drift, which differs from regular variation by neglecting small jumps (smaller than some
¢ > 0). We estimate the expected value of the truncated variation. The behaviour resem-
bling phase transition as ¢ varies is revealed. Truncated variation appears in the formula
for an upper bound for return from any trading based on a single asset with flat commis-
sion.

1. Introduction. Let (W:, ¢ > 0) be a Wiener process on the interval
[0,T] with drift p, Wy = ut + By, where (B, t > 0) is a standard Brownian
motion.

It is well known (cf. [4]) that for any a < b, the variation of this process
on [a,b] is infinite:

n—1

sup sup Z Wi,y — Wy, | = +o0.

n a<ti<-<tn<b iy

However, if we restrict ourselves to jumps greater than some ¢ > 0 and
define the truncated variation of (W, t > 0) on [a,b], V/i[a,b], as

n—1
Vila,b] = sup sup Z max{|W;,., — Wy,| — ¢, 0},

n a<t;<--<tn<b i—1

then we obtain a random variable which is finite almost surely. (A technical
remark: for a > b we put V;’"[a,b] = 0.) Truncated variation is shift invari-
ant, i.e. for 0 < a < b, V/f[a,b] has the same distribution as V/[0,b — a.
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However, this functional is no longer additive, i.e. for 0 < a < b < d we do
not have a.s. the equality

Vila,d] = Vi[a,b] + Vi[b,d].

In this paper we will estimate, up to universal constants, the expected
value of V70,71, i.e. we will find a function of parameters u,c and T,
F(u, ¢, T), such that the ratio EV/[0,T]/F(u,c,T) is separated from 0 and
infinity. We give some numerical constants for this separation, but we do not
attempt to obtain the best possible ones.

Since the truncated variation has the same value for the process (W4,
t > 0) as for the process (—Wi,t > 0), we will assume p > 0. Let us also

define
e2me — 1 —2ue 2
x(e p) = g ey et

The function F' has the form

T/c+ uT if VT > x(c, p);
Flu,e,T) = VT + uT — ¢ if ¢ — uT < VT < x(e, p);
) 9 . . 2
7372 &XP( ((’Z _’Z?)Q/QT)) if VT <c—uT.

If we notice that x(c, 1) is of order ¢ when pec < 1 and of order e#/u when
pe > 1 we get even simpler formulae than above.

Thus EVMC[O,T] reveals some interesting behaviour. It is approximately
linear in T for large T' but decreases rapidly for small 7. Small changes of ¢
may also lead to dramatic changes of V[0, T7.

Truncated variation appears naturally when profit from a trading strat-
egy based on a single asset is considered in the presence of transaction
costs. If the dynamics of the prices of the asset, P, is a geometric Brow-
nian motion process, P, = exp(ut + 0B;), and the cost of every transaction
dealing with this asset is proportional to the value of the transaction (flat
commission), then the highest possible rate of return from any trading of
this single asset during the time interval [0,7] is bounded from above by

exp(aV://g([O, T])) — 1 with ¢c=In %, where y is the fraction of the trans-

action value paid for commission.

The paper is organized as follows. In the next section estimates of the
expected value of the truncated variation for long time intervals are presented
and in the last section we deal with short time intervals. In the appendix we
explain how truncated variation appears in the upper bound for return from
trading a single asset in the geometric Brownian motion model.



Truncated Variation of Brownian Motion with Drift 269

2. Preparatory lemmas and estimates for long time intervals.

In order to estimate EV/f[a, b] we first define
T.=inf{t >0: W, < sup W, —c},
0<s<t

i.e. T, is the first time the process W; drops below its maximum to date by c.

Let Tg,, be the last instant when the maximum of W; on [0,7¢] is at-
tained, and let T}, <Tg,, be such that Wre = info< s<T&, W.

In order to ease notation we put (a); = max{a,0} for any real a.
Let us start with the following

LEMMA 1. The random time T, is a stopping time which is a.s. finite,
and

(2.1) V;[O, TC] = (WTSCup — VVT;;f — C)+.

Proof. By results of Taylor (cf. |[7]) we know that ET. < oo, which im-
mediately yields T, < oo a.s.

Now we prove (2.1). Let 0 < t; < --- < t; < T, be a partition of the
random interval [0,7¢]. For any 1 < i < j <[ we have Wy, — W}, > —c,

hence (|Wy,., — Wy,| — )4 > 0 if and only if W, , > Wy, +c. Let j < k
be two consecutive indices such that Wy, , > Wy, +cand Wy, ., > Wy, +c.
Then

Wiy = Wil = ) + (Wi — Wiy = o)+
=Wy — Wi, —c— Wy, = Wi, + ¢
< Wtk+1 - Wtj —Cc= (|Wtk+1 - Wtj| - C)+~
Iterating the above procedure we obtain

-1
> (Wi = Wa | =€) < (Wi, — Wre, — ).

sup
i=1

Taking the supremum over all partitions 0 < t; < --- < t; < T, we get
Vi[0,Te) < (Wrg,, — Wre, — ¢)4. Since the opposite inequality is obvious,
we finally get (2.1). m

We also have

LEMMA 2. The following inequalities hold:

(2:2) Vi([0,T)) < VE0, Te] + ¢ + Vi [Te, T),
(2.3) Ve([0,T]) < Ve[, T] + (WT;@ ~ inf Wi c)+
+ VEIT, T,

Proof. Since for T, > T the inequalities (2.2) and (2.3) are self-evident,
we will assume T, < T.
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We will prove that for any partition 0 < t; < --- < t,, < T of the interval
(0,7] and S = S0 (|[Wa,,, — Wi,| — ¢)+ we have

i+1
(2.4) S < VIO, Te] + e+ VT, T
and
(25)  S<VO,T]+ ((WT - inf Wt’ - c)+ + VO[T, T).

Taking the supremum over all partitions 0 <t} < --- <t, <T in (2.4) and
(2.5) we obtain (2.2) and (2.3) respectively.
Let 0 <ty < -+ <ty <T.If t, <T, then (2.4) and (2.5) are obvious,
hence we may assume that ¢; < T, < t;41 for some [ < n. Further, let us set
-1

S1= Z(|Wti+1 ~ Wil =)+ < V;[O,TC],
=1
n—1

S2 = Z (|Wti+1 - Wti‘ - C)-i— < V,uc[Tc’T]'
i=l+1

Since
S=5+ (‘th+1 - Wtz‘ - C)-‘r + 52,
we may assume that (|[W;,, — Wy|—c)y > 0. Hence Wy, > Wy +cor
Wiy < Wy —c
Let us consider a few cases.

oWy ., >Wy+c and Wy, > Wr,. In this case
(‘Wtz+1 - th‘ - C)-‘r < (’Wtz+1 - WTc’ - C)-I—
and we have (|Wy_, — Wr.| —¢)4 + S2 < V[T, T] so
S=5+ (’Wtz+1 - Wtz‘ - C)-I— + 5 < VJ[O,TC] + VNC[chT]'

hd th+1 > th + Cy th < WTC = WTscup - ¢ al’ld thJrl S WTscup' In thlS
case t; < TS, (since for TS, <t < T, Wy > Wr,) and

sup sup =
(‘th+1 - th‘ - C)-‘r < (’WT? - Wtz‘ - C)-I-'

sup
Just as before, 51 + ([Wre,, — Wy, | — ¢)4 < V[0, T¢] and

S=51+ (Wi, =Wyl —c)4 + 52 < V[0, Te] + V[T, T1.

° th+1 > th + ¢, th < VVTC = WTscup —c and th+1 > WTScup. In this

case again t; < Tg,, and

(|th+1 — th| — C)+ = th+1 — th — C= th+1 — WTC + WTsCup — th — 2¢c
= (’WT? - th| - C)+ + (‘WtH—l - WT(:‘ - C)-i-'

sup
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Again S1+(|Wre —Wy|—c)+ < V[0, T ] as well as (|Wy,,, —Wr,|—c)++52
< Vi[Te, T, so we get
S=51+ (Wi, =Wyl —c)4 + 52 < V[0, Te] + V[T, T1.
o Wi, < W —c. In this case [Wy,, — Wy | > ¢, hence
(‘th+1 - th’ - c)+ = ‘Wtz+1 - th’ —cC
< ((Wr. =Wyl =) +c+ ([Wyyy —Wr| =)
< (|Wr, =Wyl = o)+ + e+ (Wi, = Wr.| —c)+.
We also have

10 = (i~ g, ] ) -

Thus we get (2.4) and (2.5), completing the proof. =
We will also need the following

LEMMA 3. For any p >0 and ¢ > 0,

1 7
P(T.< -ET. | < -.
(7 <55m) <5

Proof. By results of Taylor (cf. [7]), T. has the following moment gener-
ating function:

E exp(—T,) = \V 12 + 23 exp(—pc)
‘ V12 + 283 cosh(v/ 2 + 23¢) — psinh(y/p2 + 28¢)

From the above formula one can derive moments of T:

g, = {120/ C4) >0

c? for u =20

2 1
:c2<1—|—uc+,u202+-~>

3 3
and
ET? — { 5364:6 — 6e2Hpc + e +2u2c? — 2)/(2ut)  for >0
2c for p =0
= ZC4<1+§§MC~|—2§MQC2+--->.
By the Paley—Zygmund inequality, for A € (0,1),

2 (ETe)?
ET? °
For y = 0 we have (ET.)?/ET? = 3/5, and for yu > 0 with standard calculus

P(T. > AET,) > (1 — \)
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one can show that
(ET.)? 1 (€2 — 1 — 2puc)? 21
ET2 2 edrc — Ge2nepc + e2u¢ + 22c2 — 2 — 2

Finally, from the above inequalities, for A = 1/2 we obtain

1 1 11 7
IP’<Tc < 2IETC> 1 P(Tc Z 5 IETC> 1 13- "

Now we are ready to prove estimates of EV/([0,T]) for T' comparable
with ET,.. We have

THEOREM 1. For any T > %ETC,

%20 (ET )T <EVE([0,T)) < 64<E;C + u)T.

Proof. First we estimate EV/[0,7] from above. Let us observe that
V/f[O,T] (Wre — Wre  — )y < Wre . since Wre > —c. Now, from

sup

this, (2.2) and independence of (W; — Wr.,t > T,) and T it follows that
1
EV:([O, T]) < EWTscup +c+ E [V;[TC, T T, < 5 ETC]
1
+ E |:V,uc[Tca T]7 Tc Z 5 IEjﬂc:|
1
< EWre, + ¢ +EVE[0,T] - IP’(TC <3 ETC>
+EVS 1IET T -PlT. > 1II:'CT
17 2 (] c 2 C .
Since EWre = ¢+ pET, > c (cf. [7]), the last inequality and Lemma 3 give
EWre +c

c su c 1
EV([0,T]) < IP’(T—plET) +EV, [2 ETC,T]

2EW e

1
<t L gVe|ET,T
=T [ ]

< 16EWre, +EV{ [2 ET,, T] .
Applying shift invariance of Vi and iterating this inequality [27"/ET.| times

we get EV7([0,T]) < 16EWre - ([2T/ET:] + 1). Applying the identity
EWTr,,, = ¢+ pET, and the inequality |27/ET.| > 1 we finally obtain

EV(0,T]) < 16EWrs, - (|2T/ET.] + 1)

4T
<1 ET, 4 T.
6(c+p )ET <6 <IET )
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In order to get an estimate from below let us divide [0, 7] into |27"/ET, |
intervals of length $ET.: [0,T] = [0, $ET.] U [3ET,,ET.] U---U[|2T/ET,] -
ET,,T]. Let a; = (j/2)ET,, j = 0,1,...,|2T/ET,|, AT = iET, > 1¢? and
Yy = %c + nuAT. We have

|2T/ET. |1
(2.6) EVS([0,7]) > > EVi(laj,a; + AT))
L2T/J1E:7?0J—1
§ j§=:0 E<0§SsipAT Ways = Wa, = c>+
> [2T/ET,J(y — C)P( S W, > y)-

For the process (W, t > 0) we have
(2.7)  P( sup W, >y)>P(War >y) =P(Bar >y — pAT)

0<s<AT
1 Yy — ,uAT)
= - Erfe| =—F—= |,
o
where Erfc(x) is the complementary error function, Erfc(x) = % > et dt.

Since AT > %02 we have

1 Sc+ uAT — pAT
2.8 ]P’( sup W, > ) > Erfc(2
(28) ogsgpAT Y 2 Ve

1

Now, from (2.6) and (2.8) we get the estimate from below

EV(0.7]) > [2T/ET.|(y — B(_ swp W; > )

T (3 1 1 3
> S et = uET, — ¢ )= Exfe( 2
—ETC<2C+2“ ¢ C)z ”<2>

1 3 & 1 C
= 4Erfc<2>< 2 +,u)T 120( 2 +M>T "

COROLLARY 1. For T > iET,,

1 1 1
— | = T <EVS0,T) <64( — T.
264<C+u) <EV;0,T] < (C+u>

Proof. The upper bound follows immediately from Theorem 1 and the
inequality

e 1 -2 2 1
€ He 2 2 2 2
El,=———5——= 1+ -pc+-pc"+... ) >c.
c 22 C<+3MC 3P >_

In order to prove the lower bound let us consider two cases.
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e yc > 1. In this case we have 1/¢ < p and, by Theorem 1,

1 1 /11 1
c > _— T > -
EV[0.7) > oo nT > 120( =+ 2u>T

1 /1
T.
240( +“’)

e puc < 1. In this case, since ET,/c? is an increasing function of pc, we
have ET,/c? < (e2 —1—2)/2 < 2.2. Thus ¢/ET. > 1/2.2¢, and by Theo-
rem 1,

1 /1 1 /1 1
EVS[0,T )T ()T
0.71 =2 155 (2.20 +“> = 120(2.20 93 ”)

1 /1
T.
264( +”>

3. Estimates for short time intervals. In order to prove estimates of
Vi([0,T7) for small T's (smaller than %ETC) we will need two more lemmas.

LEMMA 4. For any T < 3ET.,

J— 3 . < C
E<023£th Ll W, —c) <EVE(0.7))

< IGE( sup Wy — inf W, —c)
0<t<T 0<t<T +

Proof. The estimate from below is self-evident. In order to obtain the es-
timate from above we apply Lemma 1, Lemma 2, independence of
(Wy — Wrp,t > T,) and T, and Lemma 3:

EVi([0,T)) < E(Wre, — Wre, — )+

+E( W, in We—e),
+E[VE(T., T); T < T)

< 2E( sup Wy — mf Wi — c)

0<t<T +

+EV[T., T] - (T < ZET.
7
< 2]E< sup W; — inf W; —C) + -EV 0 [0, T7.
0<t<T 0<t<T + 8

Thus we get

c < — i —c) .
EVM([O’T])_lﬁE(OzltlgTWt o%?éTWt c)+ n
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LEMMA 5. If VT + uT > ¢, then

1
= VT + uT — <[E( W—'fW—)
11 +uT —c) < e, We— inf, Wi—e),

< 1.6(2VT 4 uT — ¢),
and if VT + pT < ¢, then

1 gjp (e HT2/2D)
- < _ _
T e SE( e, Wil Wic)
—(c—pT)?/(2T)
< 3.273/2 e
(¢ — pT)?

Proof. Let us first consider the case VT + pT > ¢. We have

IE( sup Wy — inf Wt—c)
0<t<T 0<i<T +

SE( sup B; — <i?£TBt+ﬁ+MT_C)+

0<t<T 0
:IE< sup By — inf Bt—l—\/f—i—ut—c)
0<t<T 0<t<T

= (/8/7 + VT + uT — ¢

< 1.6(2VT + pt — ¢).
In order to get the estimate from below we apply formula (2.7). We have
inngth Wi < Wy =0, so that

IE( sup W; — OgntliTWt — c)+

0<t<T
> (2\/T+MT—C)IF’< sup Wy > 2\/f+,u,T>
0<t<T
1 2VT + uT — ,uT>
> (2VT + uT — ¢ Erfc<
( pT =) 5 Non

1
= (2VT 4 uT — ¢) 5 Erfc(v/2)
1
> ﬂ@ﬁﬂﬁ—c).
In the case VT + uT < ¢ we have to apply more exact formulae. For the
estimate from below we calculate

E( sup Wy — inf Wt—c> EE( sup Wt—c)
0<t<T 0<t<T + 0<t<T +

IF’( sup Wy > y) dy
0<t<T

T y — puT
Exf dy.
S rc( 2T>y

C

>

N | = nwg
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For the estimate from above we use the following formula valid for a standard
Brownian motion (B, t > 0) and y > 0 (cf. [1] or [3]):

o) k‘y
IP( sup B 1nf B; > ) =4 -1 k“kErfc( >
OgtET - 0<t< t=y ;( ) V2T

ForkZlandyZ\/Twehave

(2k + 1)y> 2 T e
EI‘fC< = —= S dt
2T VT (2k+1)y/x/ﬁ
_ 2 OSO o~ (t+y VD gy
f 2ky /2T
T 2ky/\/ﬁ

2k 2ky
< —— Frfe| —=
—2k+1 er<\/2T>’

. y
IP’( sup B, — inf B, > )§4Erfc< )
ocior b ogier =Y V2T

hence

and

IE( sup W; _Ogi?iTWt —c)

<E< By~ inf By+ul — )
0<t<T o S ogntlgT LA ¢ +

+ 0<t<T

— > d
| P swp B~ int Bi>y)dy

The last step is to estimate

e}

S Erfc <y\;%T> dy = V2T S Erfe(z) dz
¢ (c=nT)/V2T

for ¢ > pT + +/T. The known estimate

_42 2
2 e~ e~

Vrdr e <o) = TW—MW
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for d > 0 (cf. [5]) and the equality {° Erfc(z) dz = e~/ /7 — dErfe(d) for
d> 1/\[ yield

[e¢] _d2d

| Erfe(z) dz > ¢

) f wa

B e’ VT i e
d? 41+ /1 +7/(4d?))2 ~ 16 d?
and
o0 _d2 _d2
2 e %“d
Erfc dz<
| Bre(e) ds < S - oS

e~ 4 2 1 e

< .
& Jr(1+\/1+2/d%)? ~ 27 d°
Putting together the above inequalities for d = (c — uT)/V2T > 1/v/2 we
finally get the assertion. m

REMARK 1. In the proof above we could have tried to use the ex-
act formula for E(sup0<t<T Wy — info<i<7 Wi — ¢)4, since the formula for
P(supgei<cr Wi— info<i<r Wi > y) is known (cf. [1], [2] or [6]); however, we
preferred to avoid this because the latter formula seems much more compli-
cated than the one for B;.

Lemmas 4 and 5 immediately yield

THEOREM 2. If ¢ — uT < VT < \/1ET, then

vl (2\F+MT —¢) SEVE([0,T]) < 26(2VT + uT — ¢),

and if VT < min{c — uT, \/SET.} then
1 s e—(c=pT)?/(2T)

12 (¢ — uT)?
Combining Corollary 1 and Theorem 2 we get

. 3jp e (coHD/CT)

COROLLARY 2. Set x(c,pn) = VET, = c\/l + %uc + %,LLQCQ +e
o If VT > x(c, 1), then

1 1 1
T <EVS0,T] < 64 T.
264( +M> V[O ] 6<c+u>

oIfc—uT<\F<x(c w), then

747(2f +uT — ¢) <EVE[0,T) < 340(2VT + uT — c).
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o If VT < ¢ — uT, then
—(e—uT)2
1 732 € (e—uT)?/(2T)

—(c—nT)?/(2T)
227 (¢c—uT)?

< EVE[0.T] < 49373/2 ¢
< EVS[0,T] < 493 Ty

Proof. The estimates for /T > x(c, ) follow from Corollary 1. By The-

orem 2 we need only prove that if max{c— uT, x(c, 1) /vV2} < VT < x(c, 1),
then

(3.1) (2VT + uT — ) <EVE[0,T] < 340(2VT + T — ¢),

1
747
and if x (¢, 1) /v2 < VT < ¢ — uT, then

1 e—(c=uT)?/(2T) e—(c—uT)?/(2T)

32) TP <EVY0,T] <4937

(32) 227 (c—uT)?2 — ul0T] = (¢ — uT)?

In order to prove the lower bound in (3.1) let us notice that for T >
x2(c, 1t)/2 > ¢ /2 we have 1/c > 1/v/2T, and by Corollary 1,

S Y
2é4(vﬁvﬁ'+“T>:>74A2vﬁ—+uT-@

To prove the upper bound we consider two cases.

e pc > 1. In this case 1/¢ < p. By Corollary 1, since V2V/T > ¢ we have

. 1 /1

ol —,uT<—(2\/>+,uT—c)

— 32 32
e uc < 1. In this case, since x%(c, ) /c* = (e2*¢ — 1 — 2uc)/(2p2c?) is an
increasing function of pc and T < x?(c, u) we have

T 2 2-1-2
—<CX(C"M)<06 > < 2.2¢.

Now, by Corollary 1 and the inequality ¢ < v2v/T,
EV7[0,T] < 64< +M>T < 64(2.2¢+ uT)
< 64(2.2V2VT + puT)

64 - 2.24/2
< S22 (o BT T+ VT - )
2-V2

< 340(2VT + uT — c).
Now let us prove (3.2). Again, for T > x?(c, 1)/2 we have 1/c > 1/+/2T,
and by Corollary 1 and the inequality VT < ¢—uT we have e~ (c=nT)?/(2T) <
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6_1/2, SO

1 1/ 1
EV70,T] > — T> — | — T
0.7 264( +“> —264(@+“)

— VT >
264+/2 T 26427 1/2 (c — puT)?
(e—uT)?
- LT?’/? e—(c—uT) /(2T).
- 227 (¢ — uT)?
In order to prove the upper bound let us observe that ¢/ V2 < VT < e—uT,
so (¢ — puT)/VT <2, T/c <T and uT < (1 —1/4/2)c. By Corollary 1,
. 1
EV[0,T] < 64(c + u)T <64(VT + (1 —1/V2)e)
< 64(VT + (1 — 1/V2)V2VT)

— 64v2V/T < 64v2VT 2 e TV /CT)
- - “((c—uD)/VT)?

v
w
~Z
[\
@

(c—pT)?/(27T)
<4 T3/26—
93 (e aT)? n

4. Appendix. Now we will explain how truncated variation appears
in the upper bound of return from trading a single asset in a geometric
Brownian motion model. Let us assume that the dynamics of the prices P;
of some financial asset (e.g. stock) is P, = exp(ut + 0 Bt). We are interested
in the maximal possible profit coming from trading this single instrument
during the time interval [0,7]. This means that we buy the instrument at
times 0 <1, <--- <tp, <T and sell it at times t5, < --- <t,, <7, such
that &, <ts, <tp, <tls, <:--- <tp, <ls,,in order to obtain the maximal
possible profit.

Furthermore, we assume that for every transaction we have to pay a
flat commission and < is the fraction of the transaction value paid for the
commission.

The maximal possible rate of return from our strategy is

sup sup Py 1= 7. B, 1=7
n0<ty, <ts, <<ty <ts,<T Doy, 1+7 Py 147

Indeed, if at time ¢;, we buy e.g. ny stocks for Ptbl, then we have to invest
ny - Ptbl (14 7). At time t5, we sell n; stocks and after paying commission
we obtain ny - P, - (1—7). The rate of return from these two tradings equals

Ptsl ]_,
Ptb 1+’y

— 1. We again invest the money obtained and after n transactions
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we get the rate of return
(P 1—x .
[z )
Let M,, be the set of all partitions

T={0<ty <ty <---<ty, <ts, <T}.

To see that exp(JV://g [0,7]) — 1 with ¢ = In }J_r—z is an upper bound for the
rate of return let us compute

P, 1- 5 (exp(uts, +0Bi,)
supsupH{ 14_7}—supsup};[{exp(ﬂtbi+03tbi)e }
- C
= SUp Sup exp (02 { (Mtsi +Bts.> - <“ th, +Btb_> - })
n My, =1 g z o i o
g &
= exp <osupsupz { <Mtsi +Bts.> — <thi +Btbv> - })
n M, = (\o i o i o

< exp(aV0[0,]).

This gives the bound claimed.

REMARK 2. We have proved that the maximal possible rate of return
is bounded by the exponential moment of the truncated variation with the
appropriate truncation level c. It is possible to prove, using similar techniques
to the proof of Theorem 1, that the exponential moment of the truncated
variation is finite. However, no bounds for the exponential moment and even
for moments of order greater than one are known to the author.
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