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Summary. What should be assumed about the integral polynomials fi(z),..., fx(x) in
order that the solvability of the congruence f1(z)f2(x) - - - fx(x) = 0 (mod p) for sufficiently
large primes p implies the solvability of the equation fi(z)f2(x) -+ fi(z) = 0 in integers x?
We provide some explicit characterizations for the cases when f;(z) are binomials or have
cyclic splitting fields.

Let K be a number field and consider the following situation. The given
polynomials fi(z),..., fr(x) € Ok|x] have the property that for each prime
ideal p of Ok with sufficiently large norm (abbreviated: with s.l.n.), at least
one of the congruences

(1) fi(x) =0 (modp), j=1,...,k,
is solvable in z € Ok. What can be said about fi,..., fi?

Essentially this question has been put and answered in terms of Galois
theory by M. Fried in [3, Theorem 1]. Although the condition is quite simple
it requires the explicit computation of relevant Galois groups, which is not
easy. On the other hand, if one restricts to some classes of polynomials
then it is possible to give a more explicit characterization in terms of the
coefficients of the relevant polynomials. For example the case of binomials
(which can be naturally called the case of power residues) is studied very
thoroughly in [7].

Our main goal is to provide generalizations of the following beautiful
result of D. Richman:

THEOREM 1 (D. Richman, unpublished manuscript [5], for K = Q). Let
S denote a subset of a number field K such that |S| < q, where q is a given
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rational prime. Assume that for almost every prime ideal p of K there is an
element of S which is congruent modulo p to a qth power. Then S contains
a qth power of a number from K.

The first generalization allows the degrees ¢ of power residues to be
nonconstant.

THEOREM 2. Let Q be a finite set of odd primes and K a number field
satisfying
(2) {GG:aeQINK =0,
where (4 denotes a gth primitive root of unity. Moreover, for each q € Q let

A, C K* be a finite set satisfying |Aq| < q. Assume that for each prime ideal
p of K with s.l.n. there exist ¢ € Q) and a € A, such that the congruence

z? = a (modp)

is solvable in x € Of. Then there exist qo € Q, a € Ay, and b € K* such
that a = b,

This is an immediate consequence of Theorem 1 (Theorem 5 for k = 1)
and the following more general theorem.

THEOREM 3. Let Q be a finite set of odd primes and K a number field
satisfying (2). Moreover, for each q € Q let A; C K* be a finite set. Assume
that for each prime ideal p of K with s.l.n. there exist ¢ € Q and a € A,
such that the congruence

z? = a (modp)

s solvable in x € Ok. Then there exists qo € QQ which is universal in the
following sense. For each prime ideal p of K with s.l.n. there exists a € Ay,
such that the congruence

% = a (modp)

1s solvable in x € Ok.

REMARK. The condition (2) excludes obviously ¢ = 2 from the set Q.
This exclusion is necessary as shown by the following example, due in prin-
ciple to van der Waerden [9]:

Q= {273}7 Ay = {_3}7 Az = {_5}

The main ingredient in the proof of the above theorem will be the next
theorem which (we hope) is of some independent interest.

THEOREM 4. Assume that all the polynomials g1,...,9x,h1,...,h; €
Ok |x] have Abelian splitting fields over a number field K and that the con-

gruence
k l

gi(x) H hj(xz) =0 (modp)

i= j=1



Alternatives of Polynomial Congruences 125

is solvable for all prime ideals p of K with s.l.n. Moreover assume that

ged (ﬁdeggi, ﬁ deg hj) =1.

i=1 j=1

Then either the congruence

ng =0 (modp)

is solvable for all prime ideals p of K with s.l.n., or the congruence

l
H ) =0 (modp)

1s solvable for all prime ideals p of K with s.l.n.

Another generalization of Richman’s result can be obtained if we allow
for more general “testing” modules. First recall a definition: for I <1 Ok
let £2(I) denote the number of all prime ideal factors of I, counted with
multiplicities.

THEOREM 5. Let q be a rational prime and K a number field. Let S
denote a subset of K such that |S| < ¢+ ¢+ -+ q where k is a given
natural number. Assume that for almost every ideal I of K with 2(I) < k
there is an element of S which is congruent modulo I to a qth power. Then
S contains a qth power of a number from K.

Here the phrase “for almost every ideal I of K” means that possible
exceptions are I such that ged(I,J) # Ok, for a fixed J < Ok.

Our last theorem and corollaries concern the alternative of congruences
(1) where the f; are polynomials with cyclic Galois groups. We transfer some
result on binomials, contained in [7], to the cyclic case.

THEOREM 6. Let K be a number field, n € N, and assume that

ng(n7 [K(Cn) : K]) =L

Consider k polynomials f1,. .., fr € Ok|x], irreducible over K, with splitting
fields cyclic of degrees nj = deg f; | n. Then the following two conditions are
equivalent:

(i) For almost all prime ideals p of K there exists j = j(p) such that
the congruence

fi(x) =0 (modp)

is solvable in x € Ok.
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(ii) There exists an involution o of the family of all subsets of {1,...,k}
such that for each A C {1,...,k},
lo(A)| =|A| +1 (mod?2)
and
(3) II =112
jeo(A) JEA
where v4 € K((,) and

are Lagrange resolvents of f;, 7 =1,...,k (bj and o are a fized root
of f; and a fized generator of the Galois group of its splitting field,
respectively).

COROLLARY 1 (M. Fried [3], M. A. Filaseta and D. R. Richman [2]).
Let fj(x) = 2% + bjz + ¢j € Z[z] and Aj = b? —dc¢j forj=1,...,k. The
following two conditions are equivalent:

(i) For each sufficiently large prime p there exists j € {1,...,k} such

that the congruence
fj(z) =0 (modp)
1$ solvable in integers x.
(ii) There exists J C {1,...,k} of odd cardinality and d € Z such that

14 =2
Jj€J

REMARK. The most general assertion concerning the above situation is
contained in Corollary 2 of [7].

On the other hand we have not found any reference to the following
theorem.

COROLLARY 2. Let fj(x) = a3 + pjz +q; € Z[x] for j = 1,...,k and
assume that for each j, A; := —4p§? — 27qj2- = d? with dj € Z. The following
two conditions are equivalent:

(i) For each sufficiently large prime p there exists j € {1,...,k} such
that the congruence
z3 +pjz +¢; =0 (modp)

is solvable in integers x.
(ii) There exists an involution o of the family of all subsets of {1,...,k}
such that for each A C {1,...,k},

lo(A)] = |A| +1 (mod?2)
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and
e )

where v4 € Q(v/—3)*.
ExXAMPLE. The following polynomials are irreducible over Q and their
discriminants are squares (so their splitting fields over Q are cyclic):

filz) =2 =Tz +7, f3(z) = 2® — 91z + 273,
fo(z) =23 =132+ 13,  fa(z) = 2> — 91z + 182.

For a suitable choice of L; for j = 1,2, 3,4 we can write
. 81 33
Ei’=7<——+ V- ) £§=91<——__ 3>7
27 15
L3 =13 (—— —V-3 ) L3 = 91(—27 + 24/-3).
For a, 3 € Q(v/=3) we write a ~ 3 if a = 373 for some v € Q(/—3). We

have
L3~ LIL5, L~ LI(L£3)?
so we can take the following o:
{1} =124}, {2} = {1,234}, {3} —{1,2}, {4}~ {2,3},
{2,3,4} — {1,3}, {1,2,3}—{1,4}, {1,2,4} — {3,4}, {1,3,4} — 0.

By Corollary 2 our polynomials have the crucial property that the con-
gruence

fi(@) fa(2) f3(2) fa(z) = 0 (mod p)
is solvable for all primes p.
The proofs are based on six lemmas.

LemMA 1. If G1,...,Gy, Hy, ..., H; are normal subgroups of a group G
and ((G : G;),(G : Hj)) =1 for all i,j, then either G = |JG; or G =|J H;
orG#UG; U H;.

REMARK. The assumption that G, ..., Gg, H1, ..., H; are normal is es-

sential as the following example shows: G = S3, G1, Go, G5 are all its sub-
groups of index 3, and H; is the unique subgroup of index 2.

Proof. The following short proof is due to A. Schinzel. Let
r=lem(G:G;), s=Ilem(G: Hj)

and assume that

k l
(5) vz UG, veJH:
i=1 Jj=1
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Then z° € ﬂé.:l Hj and y" € ﬂle G,. Hence z°y" € G; would give x° € G},
and z°y" € H; would give y" € H;. On the other hand, there exist integers
t and w such that

st=1 (modr), ru=1 (mods).

Hence z° € G; would give %! € G; and since " € G;, we would obtain
x € Gj, contrary to (5). Similarly y" € H; would give y € Hj, contrary
to (5).

LEMMA 2 (M. Fried, Theorem 1 of [3]). Let M be a number field and
consider a finite family F of polynomials f(x) € Opflx]. Assume that all
the splitting fields My, f € I, are Abelian over M. Let L be their composi-
tum. Then the following two conditions are equivalent:

(i) For each prime ideal p of Oy with s.l.n. there exist f € F and
x € Opr such that f(x) =0 (modp),
(i) Gal(L/M) = Uy Gal(L/My).

Theorem 1 of [3] is much more general, but we have adapted it above to
the Abelian case.

LEMMA 3. Let w,(M) be the number of nth roots of unity contained in
a number field M and assume that

(6) (wn (M), lem[M(¢y) : M]) = 1,

where the least common multiple is over all prime divisors q of n and addi-
tionally g = 4 if 4| n. Let By, ..., 5 € M*. Then the following two conditions
are equivalent:

(i) For each prime ideal p of M with s.l.n. there exists 1 < j <1 such
that the congruence

z" = f; (modp)
1s solvable in M.

(ii) There exists an involution o of the family of all subsets of {1,...,1}
such that for each A C {1,...,1},

lo(A)] = |A| +1 (mod?2)
and
(7) II 8=2:]118
j€o(A) jeA
where y4 € M*.
Proof. This is a special case of Corollary 1 of [7], for k = 0.

LEMMA 4 (A. Schinzel, Theorem 2 of [6]). Let K be a field, m a positive
integer not divisible by char K, and w the number of mth roots of unity in K.
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Let M be the splitting field of x™ — a over K for some a € K. Then
M/K is Abelian < o € K™.
For a simple proof of the above classical result see also [10].
LEMMA 5. Let M be a number field and assume that (; € M, where q
is a fized rational prime. Let Bv,...,05 € M* and let V' be the subgroup of
M*/M*? generated by S;M*, j = 1,...,1. Then for each character x € V

one can find infinitely many prime ideals p of M of degree one over Q for
which

x(B) = (Blp)g forBeV,
where the symbol on the right hand side is the qth power residue symbol.

Proof. We choose a maximal Fj-independent subset ai,...,a, of
B1, ..., 0 and apply the Chebotarev theorem ([1], also [4, Theorem 7.13]).

LEMMA 6. Letn > k be positive integers and V an n-dimensional vector
space over a finite field Fy. If a set S C V — {0} intersects each linear
subspace W of V' satisfying dim V/W = k then
(8) 11> ¢" +¢" "+ + g+ 1.

Proof. The proof is given in [8].

Proof of Theorem 4. We apply Lemma 2 for M = K and the family
F = {gl, vy Gk hl, e 7hl} to infer that

Gal(L/M) = | | Gal(L/My).

fer
Now we apply Lemma 1 for G := Gal(L/M), G; = Gal(L/My,),i=1,...,k,
Hj = Gal(L/My,), j=1,...,1. Because

(G :Gi) = |Gal(My, /M)| = deggi, (G:Hj)=|Gal(My,/M)| = deghy,

the assumption of Lemma 1 is satisfied. Hence the assertion follows by ap-
plying first Lemma 1, and then Lemma 2 again, but now in the opposite
direction.

Proof of Theorem 3. Let n = quQ q and consider M := K((,). More-
over, for each pair (g, a(q)) with ¢ € Q and a9 € Aglet M ) = M(VaD)
be the splitting field of 27 — a(? over M. Obviously, M a0 1s Abelian of
exponent dividing ¢. Applying Theorem 4 to the system of polynomials

fr.a@ (r) :==a?— a(? we find that there exists gy € Q such that the alterna-
tive of congruences

2% = q(®) (modp), al® Agy»

is solvable for all prime ideals p of M with s.l.n. Now we use Lemma 3 for
n = qo and (ﬂj)é’:l being all the elements a(%) Ay, 50 1 = |Ay|. Using
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the implication (i)=-(ii) of Lemma 3 we deduce that for each A C {1,...,1},
vy = H ﬁjHﬂj_l € M*,

jeo(A) jEA
where y4 € M = K((,). On the other hand, all factors 3; belong to K*
and therefore ¥4 € K*. The field K(v4) is an Abelian extension of K as
a subextension of M = K((,). By Lemma 4 we obtain (y4)! € K*%. The
proof is finished by referring to the implication (ii)=-(i) of Lemma 3.

Proof of Theorem 5. Put M := K((;). Let S = {f1,...,0} and adopt
the notation from Lemma 5 and its proof. We will now verify that the
assumptions of Lemma 6 are satisfied for the set S, with the convention that
its elements are now considered mod M*?, and assuming that S C V —{0}.
Consider a subspace W of V with dim V/W = k. Such a subspace W can
be described by a system of k “linear” equations:

(9) X1(v) = x2(v) = -+ = xp(v) =1
with properly chosen x1,...,x% € V. Now we use Lemma 5 and for each
j=1,...,k we choose a prime ideal p; such that

xi(v) = (v|pj)g forveV.

Put I := H§:1 p;. By the assumption of the theorem there is a v € S such
that v is a gth power residue mod I. Hence this v satisfies the system (9) and
it belongs to W by definition. Using Lemma 6 we obtain the inequality (8),
which contradicts the assumption of the theorem. Therefore S C V — {0} is
impossible. This means that M*INS # 0. If {, € K, then M = K and we are
done. In the case (; ¢ K we use Lemma 4 and infer again that K*7N.S # ().

Proof of Theorem 6. Let Ly, ..., L be splitting fields of f1,..., fx over K.
Let My, ..., My be splitting fields of fi,..., fr over M := K((,). By the
classical Galois theory

Mj=M(Lj), L} € K(Ca,)C M.
Elementary considerations (using the assumption ¢, € M) lead to the equiv-
alence of two conditions:

(a) For a prime ideal p of M there exists j = j(p) such that the congru-
ence

z™ = L" (modp)
has a solution in x € M.

(b) For a prime ideal p of M there exists j = j(p) such that the congru-
ence

z" = L" (modp)

has a solution in x € M.
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By the construction of Lagrange resolvent condition (a) is equivalent to:

(c) For a prime ideal p of M there exists j = j(p) such that the congru-
ence

fj(x) =0 (modp)
has a solution in x € M.

What is left is to prove the equivalence of the following two set-theoretic
equalities:

(iii) Gal(L'/M) = J_, Gal(L'/M;),

(iv) Gal(L/K) = Uj_, Gal(L/L;),
where L is the compositum of Li,...,L; and L’ is the compositum of
My, ..., M.

Indeed, then (i) is equivalent to (iv) (by Lemma 2), (iv) is equivalent to
(iii), and (iii) to (ii) (by Lemmas 2 and 3).

The reasoning which will establish the equivalence of (iii) and (iv) will be

purely field-theoretical. The implication (iv)=-(iii) is obvious. For the proof
of (iii)=(iv) assume that (iii) holds and consider an arbitrary o € Gal(L/K).

Since Gal(L/K) — H?:l Gal(L;/K) we see that the exponent of
Gal(L/K) divides n, hence

(10) pl(L:K) = p|n.
L', being the compositum of My, ..., My is of the form L' = L(¢,) = LM.
Using (10) and the assumption ged(n, [M : K]) = 1 we obtain
LNM=K.

This equality enables us to extend o € Gal(L/K) to ¢ € Gal(LM/M) =
Gal(L'/M). Because of (iii) there exists j such that |y, = id. Hence o,
= id as well, and we have proved (iv).
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