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Summary. The notion of C'-stably positively expansive differentiable maps on closed
C*° manifolds is introduced, and it is proved that a differentiable map f is C'-stably
positively expansive if and only if f is expanding. Furthermore, for such maps, the e-time
dependent stability is shown. As a result, every expanding map is e-time dependent stable.

Let X be a compact metric space with metric d, and let f be a conti-
nuous map of X onto itself. We say that f is positively expansive if there
exists a constant ¢ > 0 such that d(fi(x), f'(y)) < ¢ (z,y € X) for all
1 > 0 implies = y. Such a number c is called an expansive constant. This
property (although not ¢) is independent of the metric. It is well known that
every expanding map on a C* closed manifold is positively expansive (see
1, 4, 7).

As usual, a sequence {z;}I" ; (1 < n < oo) of points in X is called a
o-pseudo-orbit of f if d(f(z;),xir1) < 0 for 0 < i < n — 1. We say that f
has the shadowing property if for every € > 0, there is 4 > 0 such that for
every d-pseudo-orbit {z;}2,, there exists y € X satisfying d(f'(y),z;) < €
for all 4 > 0. This property is also independent of the metric. The shadowing
property usually plays an important role in the modern stability theory of
dynamical systems. It is also well known that every positively expansive
open map has the shadowing property, and the set of all periodic points
P(f) of f is dense in the non-wandering set £2(f) of f (see [4, 5, 6]).

Let M be a closed C'*° manifold, and let d be the distance on M induced
from a Riemannian metric || - || on TM. Let C*(M) denote the set of all
C!-differentiable maps on M endowed with the C'-topology. We say that
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f € CY(M) is expanding if there are constants C' > 0 and p > 1 such that
[ D f" ()] = Cu”[|v

for all v € TM and n > 0. Every expanding map on M is structurally
stable (see [7]) and, as was stated, is positively expansive. But, there exists
an example of a positively expansive map on the unit circle that is not
expanding (see [1]).

In this paper, we introduce the notion of C''-stably positively expansive
differentiable maps on M, and prove that a differentiable map f is C'l-stably
positively expansive if and only if f is expanding. Furthermore, we show the
e-time dependent stability for such maps, so that every expanding map is
e-time dependent stable.

For any sequence {g;}"_; C C*(M) (1 < n < 00) and for any = € M, we
set

ro=1z, x;=gio - 0g(x)
for all 1 < i < n. Such a sequence of points {x;}i" (zo = ) is called the
{gi}7_,-orbit of x; we denote by O({gi}}~) the set of all {g;}!' -orbits.

We say that f € C1(M) is C'-stably positively expansive (with constants
v and c) if there are constants v > 0 and ¢ > 0 such that for any sequence
{gi}2, € CYHM) with gc1(f,9:) < v (i € N) and for any {z;}5%,, {v:}22, €
O{gi}2y), d(zi,yi) < c for all ¢ > 0 implies g = yo. Here po1 is the
usual C''-metric on C'(M). Hereafter, we denote by SPE! (M) the set of all
C'-stably positively expansive differentiable maps on M.

The first result of the present paper will be proved by combining an idea
involved in [3] with the shadowing property.

THEOREM A. The set SPEY(M) is characterized as the set of all ex-
panding maps.

The notion of time dependent stability for diffeomorphisms is introduced
in [3, p. 163] and it is proved that if a C2-diffeomorphism satisfies both Ax-
iom A and the strong transversality condition, then the map is time depen-
dent stable. Conversely, it is also proved therein that if a C''-diffeomorphism
g is time dependent stable, then ¢ satisfies both Axiom A and the strong
transversality condition. In this paper, we introduce a slightly stronger ver-
sion of the time dependent stability for differentiable maps as follows.

We say that f € CY(M) is e-time dependent stable if for any ¢ > 0,
there exists a C'-neighborhood U(f) C CY(M) of f such that for any fi-
nite sequence {g;}I*; C U(f), there exists a homeomorphism h : M — M
satisfying

ffoh(x)=hogpo---ogi(x), d(h(z),x)<e (xeM).

The neighborhood U(f) is independent of n.
The following is also proved.
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THEOREM B. Every f € SPEY(M) is e-time dependent stable.

Recall that every expanding map is structurally stable. As a corollary, we
have the following stronger result for expanding maps. We remark that to
prove the above result, we do not assume C?-differentiability for the maps.

COROLLARY. Fwvery expanding map is e-time dependent stable.

1. Proof of Theorem A. Let us recall that M is a closed C'°° manifold,
and d is the distance on M induced from || - || on TM. First of all we show
that every expanding map f € C1(M) is in SPEY(M).

Suppose that f is an expanding map; that is, there are constants C' > 0
and p > 1 such that for any v € T, M and n > 0, | D, f(v)|| > Cu™||v|| for
all z € M. Fix m > 0 such that Cp™ > 1, and put A = CV/™p > 1.

MATHER’S TRICK. Under the above notations, set

m—1

1 i
lol" = 3 1P/ )l
=0
forv € T,M and x € M. Then ||Dyf(v)||" > Mv|| for any v € Tp,M
(x e M).

LEMMA 1. Let f, X > 1 and || -||" be as above. Then there exist v > 0
and A > X > 1 such that if oc1(f,g) <wv, then |Dyg(v)||' > N|v||" for any
vel,M (x € M).

Proof. Pick K > 1 such that sup, ¢,/ || Dz f|| < K. Obviously

m—1 i
K
ol < o < Y- (%)
=0

for all v € TM by construction. Fix any ¢ > 0 small enough so that
A—e 3™ HK /N > 1, and take v > 0 such that for g € C1(M), oc1 (f,g) < v
implies

IDF(Df)] =D (Dg))ll] < [DFI(Df(v)) = D (Dg(w))|| < e[|
forallv e TM and 0 <¢ < m — 1. Thus for any v € T M,

IDg(w)II" = I1Dg(v)ll + % IDf(Dg(v))|l + % IDF*(Dg() + -

¥ o IDF (Dg )]

> (IDf()ll = ellvl) + % (IDFDf )] —eK]vl)

+ % (DADf ) = eK>[foll) + -
1

+ )\mfl

(D HDF )] = K™ o]l
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m—1 m—1 i
= N Lyprti - K
=3 S IDFH ) - (A) ol

=0 =0

— D) —sZ ( ) ol
m—1 K 7

> Aol = 3 (5 ) ol =Xl
=0

where X = X — e 37" ! (K/)\)l The lemma is proved. =

For the sake of simplicity, let || - || = || - || and A = X (notice that any
Riemannian metric can be approximated by C°°-metrics). We denote by
exp : TM — M the exponential map, and again by d the metric on M
arising from the above new metric on T M. Then we have ||D,g(v)| > Al|v]]
for any v € T,M (x € M) provided that o1 (f,g) < v (g € C1(M)) by
Lemma 1. Thus, there are constants 0 < v; < v, ¢ > 0 and A > n > 1 such
that

d(g(x), g(y)) = nd(z,y)
whenever d(z,y) < c (z,y € M) if ocn (f,9) <11 (g € CHM)).
Indeed, for sufficiently small € > 0 such that A — e > 1, there are 0 <
v1 < v and ¢ > 0 such that for any z € M,
-1 o goexp,(v) ~ Dagw)]| < el

if ||v]| < ¢ whenever oc1(f,g) < v1 (g € CYM)). Thus, if d(z,y) =
lexpz ' yll < ¢ (z,y € M), then

lexp !

lexp, 3, © g © expy(expy ! )l > [[Daglexpy ' y)|| — ellexpy " yll-

Thus [lexp, ;) 9(y)|| = (A—¢)llexp; "y Since d(g(=), 9(y)) = || exp, ;) 9(¥)]];
we see that d(g(x),g(y)) > nd(z,y), where n =\ —¢.

Therefore, for any sequence {g;}22, C CYM) with oc1(f,gi) < 1
(¢ € N) and for any {z;}3°, {vi}2y € O({g:}2y), if d(z,y:;) < c for all
1 > 0, then it can be easily seen that

d(zo,y0) < d(zi,y:)/n" < ¢/n’

for all i > 0. Thus we have 29 = vy, and so the expanding map f is C'-stably
positively expansive with constants vy and c, that is, f € SPEY(M).

To prove the converse, we need some preparations. The following so-
called Franks Lemma (see [2, Lemma 1.1]) will play an essential role several
times in the proof. This is a fundamental C'-perturbation lemma working
well only for the C'-topology.
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LEMMA 2. Let f € CY(M). For any g9 > 0, there exists 6o > 0 such that
for a given finite set {x1,...,xn} C M, a neighborhood U of {x1,...,xn}
and linear maps L; : Ty, M — Ty, M, if ||Li — Dy, f|| < do for all 1 <i <
N, then there exists g € C*(M) with oc1(f,g) < €0 such that g(x) = f(z)
if v €{x1,...,an}U(MN\U) and D,,g = L; for all 1 <i < N.

Let {g;}", € CY(M) (1 < n < o0) be any finite sequence, and let
{z;} o € O({g:}1,) be as defined before. We say that {z;}?_, is a periodic
{gi}1_q-orbit if x, = zo. Let {x;}]", be a periodic {g;}]",-orbit. We say
that {x;}" is expanding if all the eigenvalues X\ of

Dao(gno-+-091) = Dz, 1gno--° Dy
satisfy |A\| > 1. Then the following is true.

PROPOSITION 1. Suppose f € SPEY(M) with constants v and c, and
let {pi}i—y be any periodic {g;}1-orbit. If oc1(gs, f) < v/2 for 1 <i<n,
then {p;}i— is expanding.

Proof. Assuming that there is an eigenvalue A of D, (gn 0 --- 0 g1) with
|A| < 1, we shall derive a contradiction.

Let dp > 0 be given by Lemma 2 for €9 = v/2. Then, from the proof of
the Franks Lemma 2 (see [2, p. 303]) there exists a > 0 such that for any
i=1,...,n, there is g, € CY(M) satisfying 0c1 (g}, g;) < v/2 and

g{(x) — {exppi ©Dp,_,gio eXp;il_l($) if z € Ba/4(pi—1)’
’ 9i() if v ¢ Ba(pi-1)
(we apply the lemma to the pair {p;—1, D, ,gi} for each 1 < i < n indi-
vidually). Here B,(x) (x € M) is the closed ball centered at x with radius
a>0.
Note that
! — D . -1
9i|Boja(pi—1) = XPp; © Hpi19i © €XPp,

and g¢;(pi—1) = p; for all i. Since there is an eigenvalue X of D, (gno---0g1)
with [A] < 1, for the number ¢, we can take z € B,4(po) \ {po} and a
sequence of points {z;}32, (zo = x) such that

! !
Tnk+i = Gnk+i © """ © g1 (o)

and d(zpkri_1,pi—1) < cforall 1 <i<mnand k > 0. Here j = nk +i— 1.
This is a contradiction because d(g;kH, fy<vforalll<i<mnandk>0.m

REMARK. (1) By mimicking the argument used above, it is easily
checked that if f € SPEL(M), then there are no singular points; that is,
f is a local diffeomorphism.

(2) Since f € SPEY(M) is an open map, f has the shadowing property.
Thus, P(f) is dense in £2(f) (cf. [4, 5, 6]). Furthermore, f is topologically
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transitive, that is, f has a dense orbit (since M is connected, see [4, 6]).
Hence, M = 2(f).

The next technically important lemma was proved in [3] for a homeo-
morphism g on a compact metric space. Roughly speaking, by compactness,
for every € > 0 we can find a natural number ng = ng(e) such that for any
given g-orbit {z, g(z), g(x), ..., ¢g"(x)} with arbitrarily large k, there exists
a shortcut from x to g*(z) by a pseudo-orbit of g with length less than ng.
The proof is similar for continuous maps.

LEMMA 3 (cf. [3, Lemma 3]). Let g : (X,d) — (X,d) be a continuous
map on a compact metric space. For € > 0, there exists an integer ng =
no(e) > 0 such that if g*(x) =y for some k > 0, then there is a sequence of
pomts {i}ly C X with xo =z, zn =y, d(g(z;),zit1) <e (0<i<m—1)
and © < ng.

Let f € C1(M) be alocal diffeomorphism. A backward orbit x = {z_;}2,
of f is a sequence of points in M such that f(z_;) = x_;4; for i > 0. Denote
by (9; the set of backward orbits of f (notice that every local diffeomorphism
maps M onto itself, since M is connected). The inverse map

(Dx—i—lf)_l Ay M =Ty M
can be defined for i > 0. Hence, for any x = {z_;}72, € O} and v € T, M,
we put
Dyf"(v) = (D, f) " o 0(Da )7 (v)  forn>1.

Let SM be the unit circle in TM, that is, SM = {v € TM : |v| = 1},

and define a metric D on SM by

D(ve, wy) = max{d(z,y), [[ve — Azy(wy)|}
for v, € T, MNSM and wy, € T,MNSM (x,y € M). Here A, ,,: TyM — T, M
is the parallel transformation defined as usual. If we denote by fthe local
diffeomorphism of SM defined by

Iy o xf( )
I =D, f)l

then f(v) = Dy f™(v)/||Dsf™(v)|| for all n > 0. The inverse along a given
backward orbit can be defined as follows. For any x = {z_;}}%;, € O}, we

“ (De 1)
. D, . f) (v
fx 1(2)) = _Da3 - —1
[(Dz_y )~ ()|
A pair of points (v, {z—;}72)) € SM x O} (v € T, M) will be called an
e-non-wandering pair of f (cf. [3]) if for any integer N > 0 and 0 < 0 < ¢,
there are an integer n > N and a point w € T,y M N SM such that

D(v,w) < and D(v,fx_”(w)) <e.

forve T,MNSM (x € M),

forve Ty, M NSM etc.
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Here x = {x_;}2,. The notion of e-non-wandering pair is slightly stronger
than the original one defined by [3, p. 168]. The set of all e-non-wandering
pairs will be denoted by X.(f) C SM x O .

Recall that every f € SPEY(M) is a local diffeomorphism. The following
proposition will be proved by combining an idea involved in [3, Lemma 4]
and the shadowing property.

PROPOSITION 2. Let f € SPEY(M). Then there exist an integer mg > 0
and numbers € >0, 0 < o < 1 such that for any pair (v, {x_;}32,) € Xc(f),
we have ||Dxf~"(v)|| < o" provided that n > mg. Here x = {x_;}32,.

Proof. Let f € SPEY(M) with constants v and c¢. Fix ¢g = v/2 and
choose a constant K > 1 such that sup,c,/ [|D2f|| < K.

Let 0 < dp = do(e0/2) < €09/2 be as in Lemma 2, and take 0 < ¢ < g
such that

eK

0,
(1) 2 <d0/2 and [|Def — Ay sy © Dyf o (Aay) 'l <

2

if d(xz,y) < ¢ (z,y € M). Since f has the shadowing property (see Re-
mark (2)), for e, there exists 0 < d; = d1(¢) < €/2 such that every 0;-
pseudo-orbit of f is e-shadowed by some point. Let ng = ng(d1) > 0 be as
in Lemma 3, and fix an integer ¢ > 0 large enough so that

1 1
7 log K™ < 3 log(1 +¢).

Now, assuming that the proposition is false, we shall derive a contradic-
tion. If the assertion is not true, then for all n > 0, there exist (v, {2”,;}72)

€ X5, (f) and my, > n such that
1\
(1 1) Il
Here x,, = {2",}°,. Fix n > 0 such that m,, > max{¢,ng} and
—3 log(1+¢) < m_n log || Dy, f~" (vn) |-

For simplicity, we denote x,, by x = {x_;}?°, (that is, x_; = 2™, for ¢ > 0),
v/ = v, and m = m,. By the definition of v/, for the above m and any
0<d< (51, there are vy, € Ty M NSM and k > m such that D(vg,,v") < 0
and D(f7*(vg,),v') < 1. We may assume

) ~ S loa(1 4 ) < —log | Def (v,

choosing vz, suﬂi(nently near to v’.
Let vy, = fo *(vg,) (and so yo = x_g). By an application of Lemma 3
for f: SM — SM and f T (vy,) = f " (vg,), there exists a sequence
fx

{vy, };7:0 C SM (7 <ng) such that v,,, = f™(vs,) and D(f(vyj), Vyipy) <015
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hence,

(3) d(f(yj),yj+1) < 01

and

(4) 17 (Wy,) = Agty)501 (V) I < 01

for all 0 < j < n— 1. Clearly, Dy_,, f"(vy,) = ||Da_,, ™ (Vy,)||vz, since
J™(vy,) = Uz, and thus

1 1
—log || Dy, f™(vy,)]] < = log(1
—log || Dy_,, f" (vy,)]| < 5 log(1 +¢)

by (2) (notice that yz = x_,,). By (3), it is easy to see that the sequence of
points
(5) {yanhwa~-ayﬁ—17$—m71’—m+17--wiU—l}
is a cyclic d;-pseudo-orbit of f since yr = x_,, and d(xg,yo) < d1. Since f
has the shadowing property and is positively expansive (241 < ¢), it is easy
to see that there exists a point p = f4(p) € P(f) (¢ = m+n) whose f-orbit
is e-shadowing (5).
Next, let us perturb f along the periodic orbit of p. We define linear
maps Lfi(p) : sz‘(p)M — Tfi+1(p)M such that
”Lfi(p) — Df’(p)f” < 50 for 0 << q— 1
as follows. By (4), there exist linear isomorphisms By, : Ty M —
T, M such that
f(y;)
Bf(yj)(f<vyj)) - Af(yj)ayj+l(vyj+1) and HBf(yj) — Il <e
for 0 <j<m-—1, where I : Tf(y].)M — Tf(yj)M is the identity map. Put

-1
(6) Lfi) = Aprei),f(u) © Brew) © Dy; [ o (Afi) ;)
for0<j<m—1.Forn<i<gqg—2 put

-1
(7) Lfi(P) = Afi+1(p)7x—m—ﬁ+i+l © Dxf'mf'ﬁ+if o (Afi(p),ac_m_ﬁﬂ-)

Finally, we put
(8) Lyor(p) = Bpo Apaipya_y © Do f o (Apemrpa,)
where By, : T,M — T, M is a linear isomorphism satisfying B),(Ap z,(Va,)) =
Ap yo(vyy) and || B, — I|| < €. Then, by the choice of ¢ (see (1)), we can see
that || L) — Dyigpy fIl < 6o for 0 <i < g — 1. Thus, by Lemma 2, for all
0 <i < q— 1 there exists g;11 € C1(M) with o1 (f, git1) < €0/2 such that
gir1(f'(p)) = f(p) and  Dyigygir1 = Lyip).-

Notice that g;+1 = f outside a small neighborhood of f#(p).

If we put v = Ay, (vy,), then

Dy(ggo---0gq)(0) =
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for some v € R by construction. Hence |y| > 1 (see Proposition 1). Further-
more, from (6)—(8),

1 —
081 Pp(gg 00 g1) (@

1
5108; 1 Dyo f (0yo) |+ 1 Dy f vy ) - ([ Dy [ (03

IN

1 . 1 L1
g 8K 1D 7 (g )| = Z1og K7+ 2 log | Da 7 ()

1 1
<3 log(1+¢) + 5 log(1+¢) = log(1 +¢)
since
1 1
—log|| Dy, f™ (vya) || < 5 log(1 +¢).
Pick 4" such that

1 _
log(14+') = Elog | Dp(ggo---og1) @)

Then 0 < v < e. If we define a new sequence of linear isomorphisms L’,, Pk
Ty M = Ty )M by

/

filp) — (]. + ,y/)ilDf"(p)gi—&-l for0<i<qg-—1,

then, by (1) and Lemma 2, for any 0 < i < g — 1 there exists g;,; € CH(M)
such that oc1(g),1, 9i+1) < 0/2, g1 (f'(P)) = [ (p) and

Dyipgip1 = Ligy)-
Hence
1Dp(gg o0 g)) @ = (1++")"YDplggo---0g1) (D]

so that

Dy(ggo---0g1)(T) =7.
Thus, there exists a non-expanding {g;}?_;-periodic orbit starting from p.
However, since the C' 1_distance from gl’- to f is less than ¢ for all ¢, it follows

from Proposition 1 that {g}}7_; should have only expanding periodic orbits.
This is a contradiction. =

We are in a position to prove the opposite direction of Theorem A; that is,
if f € SPEY(M), then f is expanding. The proof follows from Proposition 2
by modifying the arguments used in the proof of [3, Lemma 5].

Suppose that f € SPEY (M), and let 1, my, € and g be as in Proposition 2.
Take mq1 > mp and 0 < A < 1 such that o < XA and €/12 > (p/\)™'. To get
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the conclusion it is enough to prove that for all periodic backward orbits
p = {p-i}iZy (C P(f)),
(9) [Dpf~ " ()| < A™Hv]|  for v € T, M.
Indeed, if (9) is established, then we can see that
ID2f™ ()| = plloll  for v e T,M

for all z € M, where p = A™"™ > 1 (see Remark (2)). Thus f is expanding
by making use of Mather’s trick.

If (9) is false, then there are p € P(f) (f¥(p) = p) and v € T,M (||v| = 1)
such that ||Dp f~(v)|| > A"™1. Thus, examining the Jordan canonical form
of Dpf*: T,M — T,M, we can find w € T,M (||w|| = 1) such that

(10) ||]?p_lm(v) — ]?p_k”(w)H —0 asn— oo,

~

f;k”i(w) —w asi— o0

for some increasing subsequence {n;};°, C N (see [3, p. 171]).
Now, let v/ = w +ev/4 and set u = ' /||v'||. Then lim;_, ]?p_’mi (u) =w
by (10). Since ||lu — w|| < €/2, both (u,p) and (w, p) are elements of X.(f).
Thus, by Proposition 2 we see that
[Dp ™" (W)l < @™ ull,  [[Dpf~™ (w)] < ™ |wll.

On the other hand, since we may suppose that 0 < e < 1/2,

Do )l > 2 1Dy~ (1)

Thus

Do )+ Dot )| > 3 (- o)

1Dpf ™ )l = 5 |15 -

N Wl N

4
>3 (3™ = ™) = Zo™ > ™.

This is a contradiction, and so (9) is proved. m

w

2. Proof of Theorem B. Let f € SPEY (M) with constants v and c.
Recall that f is positively expansive and has the shadowing property; that
is, for every € > 0, there is 6 > 0 such that for every d-pseudo-orbit {z;}2,
there exists y € M satisfying d(f*(y),z;) < ¢ for all i > 0. For any 0 < ¢
< ¢/3,let 0 < § < min{e, v} be as in the shadowing property of f. We may
assume (L +1)e+ 9 < c. Here L > 1 is a constant such that if po1(f,g) <9
(g € C1(M)), then

d(g(x),9(y)) < Ld(z,y) (z,y € M).
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It is easy to see that for any given sequence {g;}%2, C CY(M) and
any {x;}2, € O({gi}2,), if oc1(f,gi) < 6 for i, then the {9i}52,-orbit
{z;}2y (xo = ) of x is a J-pseudo-orbit of f. Indeed, d(f(z;),ziy1) =
d(f(a:z),gzﬂ(xz)) < ¢ for all 7.

Let {g;}"; C C'(M) be a given finite sequence such that oc1(f,g:;) < 0
for all 7. Denote by {g;}?2; the cyclic infinite sequence composed of {g;}1 ;;
that is, gjn4s = g; for all 7 > 0 and 1 <4 < n. Then, modifying the method
used in [8] we obtain the next lemma.

LEMMA 4. Under the above notations, there exists a map h : M — M
such that

(b)) = h(gno -0 g1(x) and d(h(z),z) < e
for all x € M.

Proof. Let {gi}{2; be as above. Then, since any {z;}{2, € O({g:}72)
(o = x) is a d-pseudo-orbit of f, there exists y € M such that d(f'(y ) xz)
< ¢ for all 4 > 0. If there exists another point ' € M (y # y') satisfying
d(f'(y'), z;) < e for all i, then

d(f' (), 1)) < d(f'(y), zi) + d(xs, f1(y)) < 2¢

for all 7. Thus y = v/ since f is positively expansive with constant c. This is
a contradiction.
Denote the point y by h(z). Then we have

(11)  d(f7"(h(z)),gi0 -0 g10(gno -0 g1) (x))
= d(f7" (h(2)), Tjnsi) <€,

and d(h(z),z) < ¢ for all z € M (recall that d(f!(h(z)),z;) = d(f(y), z;)
< ¢ for all 7).
If we replace x with z,, = g, 0---0gi(z) in (11), then

(12) d(f7" " (h(xn)), gi 0 -+ 0 g1(Tn(1)) < e

Here ;1) = (g 0+ 0 1)+ (2).
On the other hand, we have

d(f7 (M), gi o -+ 0 g1 (Tn(j41)))
d(f(F N (@), fgio1 0 0 g1(@n(it1))))
+d(f(gi—10 0 91(Tn(j11)))s Gi(gi-1 0 - -+ 0 g1(Tn(j11))))
< LA(f7HH M (W())), gimr 0 - 0 gi(@p(41))) + 6
< Ld(fOIMHN (@), Tga1yio1) +0 < Le 46
by (11). Here y,(j11)1i-1 = gi—1° " © g1(Tn(j11))-
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Thus, combining this with (12) we have
d(f7"H (h(gn o -0 g1(x))), /(" (M(2)))) < (L+De+d <c

for all j > 0 and 1 < i < n. Therefore, f"(h(x)) = h(gn o --- 0 g1(x)) is
obtained for all x € M since f is positively expansive.

To complete the proof of Theorem B, it only remains to show that h :
M — M is a homeomorphism. Since f is positively expansive, it is easy to see
that for any a > 0 there exists an integer N > 0 such that d(f*(z), fi(y)) < ¢
(x,y € M) for all 0 < i < N implies d(z,y) < a.

Recall that there is a constant L > 1 such that

d(gi(v), gi(w)) < Ld(v,w) (v, w € M)

since o1 (f, gi) < ¢ for i. Thus, for the above N, if we choose 3 > 0 small
enough, then d(z,y) < 8 (z,y € M) implies d(z;,y;) < ¢/3 for 0 < i < N.
Here {z;}°, (z0 = ) and {y;}3°, (yo = y) are {g;}2,-orbits. Hence, we

have ' ‘ ‘ '
d(f* (@), [*(y)) < d(f* (@), i) + d(@i, yi) + d(yi, [*(y))
<c/3+¢/3+¢c/3=c
for all 0 <i < N, and so d(h(x),h(y)) < a. Thus the map h is continuous.

To show the injectivity of h, we assume h(z) = h(y) (x,y € M). Then
d(z,y;) < ¢ for any i since

d(f'(h(x)), ;) <e and d(f'(h(y)),y:) <e

for any i. Here {z;}°, (z0 = x) and {y;}2, (yo = vy) are {g;}:2,-orbits.
Thus x = y since f is C''-stably positively expansive. m
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