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MEASURE AND INTEGRATION

On Ordinary and Standard Lebesgue Measures on R*
by
Gogi PANTSULAIA

Presented by Czestaw RYLL-NARDZEWSKI

Summary. New concepts of Lebesgue measure on R> are proposed and some of their
realizations in the ZFC theory are given. Also, it is shown that Baker’s both measures [1],
[2], Mankiewicz and Preiss—TiSer generators [6] and the measure of [4] are not a-standard
Lebesgue measures on R for a = (1,1,...).

We discuss the problem of existence of an analog of Lebesgue measure
on the vector space R® = []>2; R of all real-valued sequences equipped with
the Tikhonov topology.

R. Baker [I] introduced the notion of “Lebesgue measure” on R™ as
follows: a measure A which is the completion of a translation-invariant Borel
measure on R* is called a Lebesgue measure on R* if for any measurable
rectangle [[°2; (a;, b;) with —oco < a; < b; < oo and 0 < [[2,(b; — a;) < o0,

we have
ATt 0)) =TT~ a0,
i=1 i=1
where
H(bl — ai) = nh—{go H(bz — ai).
i=1 i=1

Subsequently, Baker [2] extended this notion as follows: a measure A which
is the completion of a translation-invariant Borel measure on R* is called a
Lebesgue measure if for any measurable rectangle [[;2; R; with R; € B(R)
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and 0 < []>2, m(R;) < oo, we have

A(ﬁ Ri) - ﬁm(Ri),
=1 =1

where m denotes the linear Lebesgue measure on R.

In [I] and [2] Baker constructed examples of Lebesgue measures in the
respective sense.

To propose a new concept of Lebesgue measure on R* we point out the
following two simple facts.

FAcT 1. Let pu be a probability measure defined on a measure space (E,S).
Then the product measure " defined on (EN, SN) has the following property:
if f is any permutation of N and Ay((wx)ren) = (Tp))ken for (Tx)ken
€ EN, then uN(Ay(X)) = pN(X) for every X € SN,

Fact 2. The n-dimensional Lebesgue measure £, on R™ has the following
property: if f is any permutation of {1,...,n} and
Ar((zp)1<k<n) = (@rm)i<w<n  ((@r)1<k<n € RT),
then £y (Af(X)) = £n(X) for every X € B(R™).
In view of these facts we can say that Baker’s measures of [I], [2] do not
have the essential property of a product measure of being invariant under

the group of all canonical permutations @ of R,
Indeed, if we consider the infinite-dimensional rectangular set

X = H[Q e(~DF /R
k=1

then for every non-zero real number a there exists a permutation f, of N
such that A(Ay, (X)) = a, where X is any of Baker’s measures of [I], |2].

To introduce new concepts of Lebesgue measure on R>, we need some
definitions.

Let (ﬂj)jeN € [0,+OO]N.

DEFINITION 1. We say that 3 € [0, +o0] is the ordinary product of num-
bers (ﬁj)jEN if

B = lim []8:
i=1
The ordinary product of (5;);en is denoted by (O) [[;cn Bi-

() Let f be any permutation of N. The mapping A; : R® — R* defined by
Af((zr)ren) = (Tsr))ren for (zx)ren € R is called a canonical permutation of R*.
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DEFINITION 2. The standard product of numbers (3;);cn is denoted by
(S) IIien Bi and defined as follows:

0 if Y In(B;) = —oo,

1€NT

(S) Hﬁi _ where N™ = {i : In(;) < 0} @,
i€N eXien () if 3" In(B;) # —oc.
i€NT

Let o = (np)ren € (N\ {0})N. We set
F[):[O,no]ﬂN, Flz[n0+1,n0+n1]ﬁN, ceey
Fp=1[no+ - +mng-1+1Lno+ - +nl NN,

DEFINITION 3. We say that § € [0,400] is the ordinary a-product of
numbers (;);en if 3 is the ordinary product of the numbers (HzeFk Bi)ken-
The ordinary a-product of (3;);en is denoted by (O, o) [[;cn Bi-

DEFINITION 4. We say that 3 € [0, +o0] is the standard a-product of
(ILicr, Bidken if B is the standard product of ([[;c, Bi)ken- The standard
a-product of (3;);en is denoted (S, o) [ [;cn Bi-

DEFINITION 5. Let o = (n)reny € (N\{0})Y. Let (a)OR be the class of
all infinite-dimensional measurable rectangles R = [[;cn Ri (R; € B(R™))
for which the ordinary a-product of (m™ (R;));en exists and is finite.

We say that a measure A which is the completion of a translation-
invariant Borel measure is an ordinary a-Lebesgue measure (or, briefly, A €

O(a)LM) if for every R € (a)OR we have
A(R) = (O) [ m™ (Re).

keN
DEFINITION 6. Let a = (ng)ren € (N\ {0})N. Let (a)SR be the class of
all infinite-dimensional measurable rectangles R = [[;c Ri (R; € B(R™))
for which the standard a-product of (m™ (R;))ien exists and is finite.
We say that a measure A which is the completion of a translation-

invariant Borel measure is a standard a-Lebesgue measure on R* (or, briefly,
A € S(a)LM) if for every R € (a)SR we have

AR) = (S) [T m™ (Ry).
keN

PROPOSITION 1. For every a = (ng)gen € (N\ {01)N we have the strict
inclusion
(0)OR C (a)SR.

(?) We set In(0) = —oo.
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Proof. Suppose that R = [[;cy Ri € (o)OR. This means that

n
< i n
O_nh_)rgon (Ry) < o0

k=1
Three cases are possible:
(1) 372, In(m™ (Ry,)) is convergent to —oo;
(2) >°72 In(m™ (Ry,)) is conditionally convergent to a finite real number;
(3) 2221 In(m™(Ry)) is absolutely convergent to a finite real number,
(

Conditions (1) and (2) each imply that

S) [T "™ (ry) =0
keN
Condition (3) implies that

S) H m"™(Ry) < co. m
keN

The main purpose of the present paper is to give a new construction of
translation-invariant Borel measures on R* which will be different from the
construction of [2] in the sense that it does not apply the metric properties
of R®°. It will be an adaptation of a construction from general measure theory
which will allow us to construct interesting examples of analogs of Lebesgue
measure on the entire space.

Let (E,S) be a measurable space and let R be any subclass of the o-
algebra S. Let (up)per be a family of o-finite measures such that for B € R
we have dom(up) = S NP(B), where P(B) denotes the power set of B.

DEFINITION 7. The family (up)per is called consistent if

(VX)(VBl,BQ)(X €S & B,BbeR — ,LLBl(X NBiN Bg)
= ,uB2(X NBiN BQ))
The following assertion plays a key role in our investigations.

LEMMA 1. Let (up)per be a consistent family of o-finite measures. Then
there exists a measure g on (E,S) such that

(i) pr(B) = up(B) for every B € R;

(ii) of there exists an uncountable family of pairwise disjoint sets {B; :
i € I} C R such that 0 < pp,(B;) < oo, then the measure uR s
non-o-finite;

(iii) if G is a group of measurable transformations of E such that G(R) =
R and
(VB)(VX)(Vg)(B€ R & X € SNP(B) & g € G) = pyp)(9(X))

= pp(X)),
then the measure ugr is G-invariant.
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Proof. If X € S is covered by a countable family (Ay),ecn of elements

of R, then we put
n—1
- ZuAn((An\ U Ak) mX).
neN k=1
We set g (X) = 400 if X is not covered by any countable family of elements
of R.
Let us show the correctness of the definition of the functional ug.
If X is not covered by any countable family of elements of R, then the
correctness is obvious.
Now let X be covered by two countable families (Ay,)nen, (Bp)nen C R.
We have to show that

S e (4 U A) ) = s, (30 U 3) 0 ).
neN k=1 neN k=1
Indeed, we have

> (1 Ut )

neN
=>4 U ) (U (5 U ) )
neN k=1 meN =1
n—1 m—1
:Z,W( (AR\UAk>ﬂ<Bm\UBZ>>DX)
neN meN k=1 =1
n—1 m—1
_ZZ“An((A Ak)ﬂ(Bm\ UBZ)HX)
neENmeN k=1 =1
n—1 m—1
—ZZM”((A Ak)ﬂ(Bm\ Bl>ﬁX>
meNneN k=1 =1
n—1 m—1
— ZZMBW(<An\ Ak)ﬂ(Bm\ Bl>ﬂX)
meNneN k=1 =1
n—1 m—1
:ZuBm< <An\UAk)ﬂ<Bm\ BOQX)
meN neN k=1 =1
-1
= Z Iu,Bm<(Bm\ U Bl) ﬂX)
meN =1

Thus the correctness is proved.
Let us prove that the functional ug is o-additive.
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Let (Xg)ren be a countable family of pairwise disjoint elements of S.

Case [. Each X} is covered by a countable family of elements of R. Then
so will be their union. Let (A, )men be a family of elements of R that covers
Uken Xk We have

(U 3) = X (a0 U ) (U )

keN neEN keN
n—1
= ZZMA"(<A7L\ U Ak> ﬂXk)
neN keN k=1
n—1
= Z Z KA, ((An \ U Ak> N Xk) = ZMR(Xk)-
keN neN k=1 keN

CASE II. Let us assume that not every element of the family (X)gen is
covered by a countable family of elements of R. Then neither will be their

union and we get
MR(U Xk) =+oo=> nur(Xp).
keN keN

Proof of (i). We set Ay = B for k € N. Then the family (Ag)ren covers
B and by the definition of ug we have
pr(B) = jip(B) + up(B\ B) N B)+ - = up(B).
The proof of (ii) is obvious and we omit it.

Proof of (iii). Let G be a group of measurable transformations of E such
that G(R) = R and

(VB)(YX)(¥) (B € R & X € BNS & 9 € C) — 1y((9(X)) = pup(X)).

We are to show that the measure pg is G-invariant.

Let X € S be covered by a countable family (A;)nen of elements of R.
Then ¢g(X) will be covered by (g(Ay))nen, which is a countable family of
elements of R.

We have
n—1
ir(9(X)) = > pgean (904 \ U 9(40) N g(X))
neN k=1
= S (o (401 U ) 1))
neN k=1

- Z“sz<(An\DlAk> ﬁX) = ur(X).
k=1

neN
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If X is not covered by any countable family of elements of R, then the same
is true for g(X) and we get

pr(9(X)) = pr(X) = +o0. =
LEMMA 2. Let a = (n;)ien € (N\ {0)N. Set R = (a)OR. Suppose that
R =T, Ri € R with R; € B(R™) for i € N.
For X € B(R), set pr(X) =0 if
(O) [[m™(Rri) =0,
1€EN
and
X) = (O m"i (R, mmRZ> X
() = (O) T (1) (gmm(m (x)

g

otherwise, where ﬂi(g) is a Borel probability measure defined on R; as
follows:

m"ig, (X) = m"i (Y N Ry)
mmi (Rz) mhi (Rl)

Then the family (ur)rer of measures is consistent.

for X € B(R;).

Proof. Let Ry =[[;2, Rgl) and Ry = [[;2, RZ@) be two elements of R.

Without loss of generality it can be assumed that 0 < (O) [ [, m™ (Rgl))
< oo and 0 < (O) [[;cn m"i(RZ@)) < 0.

We will show that ug,(X) = pg,(X) for every X € B(R1 N Ry). In
this case it is sufficient to show that ug, (Y') = pg,(Y) for every elementary

measurable rectangle Y = [[.2, Y; in Ry N Ry. Note that by an elementary
measurable rectangle Y = Hfil Y; in R1 N Ry we mean a subset of Ry N Ry

such that Y; € B(Rl(l) N RZ@)) for every ¢ € N and, in addition, there exists a
natural number n such that Y; = RZ(»I) N Rl@) for i > n.
For every i € N and every Y; € B(Rl(l) N Rl@)) we have
m™ (Y; 0 RY N RPY) = m™ (vin RY) = m™(v; n RP).
This implies that
(O) [[m™(vinRM N RY) = 1im [[m™(¥inRM N RY)
i=1 i=1

= lim J]mvin £(Y) = ) [ mm(vin BY).
=1 ie€N



216 G. Pantsulaia

Analogously, we have

o) [[m"(¥; n B N RY) = lim H m™ (Y; N RY 0 RM)

ieN ;
nh_)n;on YﬂR() Hm YﬂR(Q))
Hence we get -
s (ﬁY) = (O) [[m™¥in RY) = (0) [[m™ (iR n RY)
i=1 ieN ieN
llm Vi R?) = up, (H Y)
ic

Since the class A(R; N Ry) of all finite disjoint unions of elementary
measurable rectangles in Ry N Ry is a ring, and since, by definition, the
class B(R1 N Rg) of Borel measurable sets of R; N Ry is the minimal o-ring
generated by A(R; N Ry), we claim (cf. [7, Theorem B, p. 27]) that the class
of all sets in Ry N Ry for which this equality holds coincides with B(R; N Rya).

The consistency of the family (ur)rer of measures is proved. =

LEMMA 3. Let a = (n;)ieny € (N\ {0D)N. Set R = (a)SR. Suppose
that R = [[,en Ri € R with R; € B(R™) for i € N and R € (a)SR. For
X € B(R), set pur(X) =0 if

S) H m™ (RZ) =

1€EN

= ) [ (k) < (] i) o)

ieN 1€N

and

otherwise, where % is the Borel probability measure defined on R; as in
Lemma 2. Then the family (ug)rer of measures is consistent.

The proof of Lemma 3 can be obtained by the scheme applied in the
proof of Lemma 2.
Let us consider some corollaries of Lemmas 1-3.

THEOREM 1. For every a = (n;)ien € (N'\ {0})N, there exists a Borel
measure i, on R which is in O(a)LM.

Proof. By Lemma 2, the class (ug) Re(a)or Of measures is consistent.
Since the class () OR is translation-invariant and condition (iii) in Lemma 1
is satisfied with respect to the group of all translations of R*, Lemma 1
shows that po := Aq)or € O(a)LM. =
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THEOREM 2. For every a = (n;)ieny € (N\ {0})Y, there exists a Borel
measure Vo on R which is in S(a)LM.

Proof. By Lemma 3, the class (uRr)pge(a)sr Of measures is consistent.
Since the class («)SR is translation-invariant and condition (iii) in Lemma 1
is satisfied with respect to the group of all translations of R*°, by Lemma 1
we conclude that vy := A\(q)sr € S(a)LM. =

Let pp and pg be two measures defined on a measurable space (E,S).
DEFINITION 8 ([4, p. 124]). We say that p; is absolutely continuous with
respect to po, in symbols py < o, if
(VX)(X €8 & p2(X) =0 — pu(X) = 0).
DEFINITION 9 (4, p. 126]). Two measures p; and pe for which both
w1 << peo and po < pp are called equivalent, in symbols 1 = po.
We have the following assertion.

THEOREM 3. For every a = (n;)ien € (N\ {0})N, we have vy < 1o and
the measures v, and i are not equivalent.

Proof. Suppose that pq (D) = 0 for some D € B(R*). This means that
D is covered by a countable family (Dy)xen of elements of () OR such that
Dy, = [T,en D, D € B(R™) (k,i € N) and pp, (D N D) = 0 for each k.

We have to show that v, (D) < € for all € > 0.

If pup, (Dy) = 0, then it is obvious that up, (D N Dy) =0 < e/2F+L.

Now assume pp, (Dg) > 0. We have pp, (DNDy) = 0. By Carathéodory’s
well known theorem there exists a sequence (Agk’e))seN = (ILen AES))SGN of
elementary measurable rectangles in Dy for which AZ(S) € R"™ for s,i € N,
DN D € Usery A and

> 1, (H A7 ) 2k+1

seN €N
We set
A= {s : Z In(m™ (AZ(S))) is not absolutely convergent}.
1€EN
Then we get

Vo(D N Dy) < l/oé<U Ag’“)) < Zua(Agk

seN seN

_ Z Vo k: e) Z ya(Agk,s))

s€A seN\A

=Y S [Im A+ 3 © [ mm )

s€A  ieN seN\A  ieN
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=0+ > (0 J]m™(AP)

seN\A 1€EN

= 2 nalAE) £ 3 (AR < o
seN\A seN

Finally, we get

€
va(D) <Y va(DN D) <) ST =€
keN keN
The proof of the fact that the measures v, and p, are not equivalent can
be obtained as follows: Let D =[], D; with D; € B(R™) (i € N) be such

that " (Do) = 1 and p™i(D;) = e(=Y"/% for i > 1. Then we get
a(D) = (0) [ m™(Dy) = 2

i€eN
and
va(D) = (S) [[ m™(D:) = 0. =
€N

REMARK 1. Note that p, coincides with Baker’s measure of [2] for @ =
(1,1,...). By Lemmas 1 and 2 we can get the construction of Baker’s measure
of [I]. To do this we consider the class Rp of all measurable rectangles
[1;24(as,b;) with —oo < a; < b; < oo and 0 < (O)[[ien(bi — ai) < oo.
Since Rp is translation-invariant and the family (ugr)rer, of measures is
consistent as a subfamily of the consistent family of measures constructed
in Lemma 2, we claim that Baker’s measure of [I] coincides with Ag,. Note
also that for every 8 = (m;)ien € (N\ {0})Y, the measure ps coincides with
the measure of [8, Theorem 2, p. 7].

DEFINITION 10. Let o = (n;)ien € (N\ {0})Y be such that n; = n; for
every i,j € N. We set F; = (agl), . ,aﬁfg) for every i € N (see notations
introduced before Definition 3). Let f be any permutation of N such that
for every i € N there exists j € N such that f(F;) = Fj. Then the map
Af : R*® — R defined by Af((zk)keN) = (Zf(k))kEN for (Zk)keN € R>® is
called a canonical a-permutation of R,

The group of transformations generated by all a-permutations and shifts
of R*° is denoted by G,,.

COROLLARY 1. For every a = (n;)ieny € (N\ {OPN for which n; = n;
(1,7 € N), the measure vy is Go-invariant.

One can easily prove the following propositions.

PROPOSITION 2. For every a = (n;)ieny € (N\ {0N)N there eists 3 €
(N\ {O})Y such that po and pg are different.
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PROPOSITION 3. For every a = (n;)ien € (N\ {ODN there exists 3 €
(N\ {O})N such that vo and vg are different.

As a corollary of Propositions 2-3 we get

COROLLARY 2. There does not exist a translation-invariant Borel mea-
sure A on R® such that \(D) = pa(D) for every a = (n;)ien € (N'\ {O}H)N
and every D € B(R*).

COROLLARY 3. There does not exist a translation-invariant Borel mea-
sure A on R such that A\(D) = v4(D) for every a = (n;)ien € (N'\ {0}
and every D € B(R*).

COROLLARY 4. Set
R={R:R=[0,1)N+a for some a € R®}

and

prR(X) = A(X —a) N [0,1]%)
for every X € B(R), where A = u and p is a linear probability Lebesque
measure on [0,1]. Then the family (ur)rer and the class R, being invariant
under the group G, satisfy all conditions of Lemma 1. Hence ur is a G-
mvariant measure on R,

COROLLARY 5. Let (L,L(»n))iej be the family of all n-dimensional vector

subspaces of R and let eﬁf) be the n-dimensional Lebesque measure on L;.
Set

R={L" ta:aecR™ icI}
and

o (X) = 60((X = a)n L)
for every X € B(R*>°). Then the class R, the family of measures (uRr)rer and
the group of all translations of R satisfy all conditions of Lemma 1. Hence

there exists a translation-invariant Borel measure ugr such that pur(X) =
/'LL(n)+a(X) for every Borel subset X C Lgn) +a.

Though the next three examples are not the particular realizations of
Lemma 1, they are of some interest.

EXAMPLE 1. The Mankiewicz generator G [7] is the usual completion
of the functional y defined by

w(X) = Z pioa (X —a) N Byg v)
agli
for every X € B(R*), where

(i) 1 denotes Kharazishvili’s quasi-generator of shy sets on R>
(see [7]),



220 G. Pantsulaia

() Bior = Unen (B x [0, 0,
(iii) ¢ denotes a linear complement of the vector subspace £ in R*.

This measure Gy is G-invariant and has the property that X is a stan-
dard cube null set iff X is of G p-measure zero for every X C R*°.

The measure described in Corollary 4 is different from the Mankiewicz
generator G'py. Indeed, if we consider the set (2Z)N, then we observe that it
is not covered by the union of a countable family of elements of the class R,
and hence ug (2ZY) = +o0o whenever G ;(2Z") = 0.

EXAMPLE 2. Let (L;);es be the family of all n-dimensional vector sub-

spaces of R and let E,(f ) be the n-dimensional Lebesgue measure on L;. For
i € I, denote by LiL a linear complement of L;. Then the functional G pgr
defined by

AR (X) =33 (X —a)nLy)

i€l qeLt
for X € B(R*) is a G-invariant Borel measure and Gpgr(Y) = 0 iff Y is
n-dimensional null in the sense of [9] for every Y C R* (see [7]).

Note that Ggﬁ)zT and the measure pg described in Corollary 5 are dif-

ferent. Indeed, for n > 1, let S,, be an n-dimensional sphere lying in an
(n)

n+1-dimensional vector subspace of R*°. Then G pg 1-(S,) = 0, while i (Sy)
= +o00 because it is not covered by a countable family of elements of R.

REMARK 2. For a set [[; .y Xg, where X; = [0,1/2] for even k and
X = [0, k] for odd k, we have

oo = )\(H Xk> #(8) [ m(x3) =0
neN keN

for Baker’s measures A of [1], [2].
For Y;, = [0,1] (k € N), the condition

+oo = “R(H Yk> - G%T(H Yk) >1=(8) [[m(¥)
neN neN keN

implies that the measures described in Corollary 5 and Example 2 are not
a-standard Lebesgue measures for a = (1,1,...).
For the Mankiewicz generator G s described in Example 1 we have

GM(H Xk) =0,

keN
but for the set [[,cn Zk = [[ren([0,1/2] U [1,3/2]) we get

0=Gu (] 2) # S [T m(z) = 1.

neN keN
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ExaMPLE 3 (J5]). For k € N, let S;, be the unit circle in the Euclidean
plane R?. We may identify S; with the compact group of all rotations of
R? around the origin. Let Ay be the probability Haar measure defined on
the compact group [[;cy Sk- For k € N, define fi(x) = exp{27nzi} for every
z eR.

For EcC RN and g € [Iren Sk, put

fu(g) = { card(([ [ en fr)"1(g) N E) if this is finite,
g +00 otherwise.

In the Solovay model [10], we define the functional py by

pn(B)= | felg)din(g) for E CR™.
ke Sk
It was established in [5] that uy is a translation-invariant Borel measure on
R> which takes the value one on the set [0, 1]".
Let us show that uy is not an a-standard Lebesgue measure on R for

a = (1,1,...). Indeed, consider an infinite-dimensional measurable rectangle
R € B(R™) of the form
R=][R: where R;=|]J[kk+1/i]
ieN k=1
for every i € N. It is obvious that m(R;) = 1 for every i € N, which implies
that
0<1=(8) ] m(Rs) < oo
keN
Note that fry,_ r,(9) = 400 if g € [[;en fr([0,1/k]), and = 0 otherwise.
Hence

m(ITR) = § Heon (o) dn(e)

1€EN [Tren Sk
= o0 > Aw (T (00, 1/KD) ) +0 xw (TT Si\TT f((0. 1/4D)
keN keN keN
=0<1=(8) [] m(Rs).
keN

REMARK 3. Example 3 shows that Conjecture 1 of [8, p. 9] is not valid,
i.e. un(D) # v(D) for every v € O(a)LM (a € (N\ {0})Y) and every
D € B(R*) with 0 < v(D) < co. Corollary 2 contains a more precise result,
in particular, it answers negatively Problem 2 of 8 p. 9].
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