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Summary. The quantization dimension function for the image measure of a shift-in-
variant ergodic measure with bounded distortion on a self-conformal set is determined,
and its relationship to the temperature function of the thermodynamic formalism arising
in multifractal analysis is established.

1. Introduction. The term quantization in this paper refers to the idea
of estimating a given probability on R¢ with a discrete probability, that is,
a “quantized” version of the probability supported on a finite set. Following
the work of Graf and Luschgy (cf. [GLL, IGL2]), we define the quantization
dimension (or perhaps better, the quantization dimension function) as fol-
lows. Given a Borel probability measure z on R? a number r € (0, 400)
and a natural number n € N, the nth quantization error of order r for u is
defined by

en,r = inf { <Sd(:1:, a)" du(az))l/r ca C RY card(a) < n},

where d(z, a) denotes the distance from the point z to the set a with respect
to a given norm || - | on R%. We note that if { |lz||” du(z) < oo then there is
some set « for which the infimum is achieved (cf. [GL1]). The quantization
dimension of order r for u is defined to be

1

Dy = Dy(u) = lim — 8"

n—oo — log €n,r ’
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if the limit exists. If the limit does not exist then we define D, as the lim sup
of the sequence and D,. as the liminf. Graf and Luschgy also define e, , for
r = 0 and r = 400, but in this paper we only deal with the case 0 < r < +o0.
One sees that the quantization dimension is actually a function r — D, which
measures the asymptotic rate at which e, , goes to zero. If D, exists, then
one can write
log ey, ~ log(l/n)l/DT.

Graf and Luschgy determined a formula for the quantization dimension func-
tion for a self-similar probability measure p defined for an iterated function
system using a finite number of contracting similarity mappings ¢1, ..., dN
on R? satisfying the open set condition, and given a probability vector
(p1,-..,pNn). The measure p satisfies

N
p=> pipod;".
i=1

They showed that D, := D, (u) satisfies

N

1) D (pis) P/ =1,

=1

where s; is the contraction coefficient for the mapping ¢;. Note that from
(1) it is clear that the quantization dimension for a self-similar probability
measure has a relationship to the temperature function arising in the thermo-
dynamic formalism of multifractal analysis (cf. [F1]). The above result was
extended by Lindsay and Mauldin to F-conformal measures with finitely
many conformal mappings (cf. [LM]). In [R], we determined the quantiza-
tion dimension function for the image measure of a Gibbs measure induced
on the coding space via the coding map on a self-similar set, and showed its
functional relationship to the temperature function of the thermodynamic
formalism. In this paper, the quantization dimension function for the im-
age measure of a shift-invariant ergodic measure with bounded distortion on
a self-conformal set is determined, and its relationship to the temperature
function of the thermodynamic formalism arising in multifractal analysis is
established.

2. Basic definitions, lemmas and propositions. Let us write
Vyr = inf {Sd(m, )" dp(z) : o € RE, card(ar) < n},

Up,r = inf { Sd(az, aU U du(z) : a € RY, card(a) < n},
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where U is a set which comes from the open set condition (definition follows)
and U€ denotes the complement of U. We see that

1/r 1/r
ul/r < Vn’é = €pn .

n,r —

We will call sets a,, C R? for which the above infimums are achieved
n-optimal sets for ey ,, Vi, or up, respectively. As stated above, Graf and
Luschgy have shown that n-optimal sets exist when {||z||" du(z) < occ.

Let V C R? be an open set. A C'-map ¢ : V — R? is conformal if the
differential ¢/(z) : RY — R? satisfies |¢/(x)y| = |¢/(z)| - |y| # 0 for all z € V
and y € R, y # 0; |¢'(z)| represents the norm of the derivative at x € RY.
Furthermore, ¢ : V — R% is contracting if there exists 0 < v < 1 such that
() — ¢(y)| < v|x —y| for all z,y € V. We say that {¢; : X — X}V, isa
conformal iterated function system (conformal IFS) on a compact set X C R?
if each ¢; extends to an injective contracting conformal map ¢; : V — V on
an open set V' O X.

Let {#;}Y, be a conformal IFS on a compact set X C R? for some finite
N > 2 such that ||¢}|| < s < 1 for some s where ||¢}|| denotes the supremum
norm of the derivative.

Let ¥ = {1,..., N} be the code space over the indices 1,..., N. Let
Yo =A{1,...,N}", and X, = (J;2, X be the set of all sequences of fi-
nite length (also called words) including the empty sequence (). For w =

(Wi,...,wp) € X, we write |w| = n to denote the length n of w, and
wlg = (w1,...,wg), k < n, to denote the truncation of w to the length k.
We write wr = w* 7 = (W1,..., W)y, T1,T2,...) for the juxtaposition of

w = (wi,...,w) € s and 7 = (11, 72,...) € Yy U X. For w € X, and
T € X, UX we say 7 is an extension of w, written as w < T, ifﬂ‘w‘ = w. For
w= (W1, ,w)y|) € Xx we set

- {@, wl =1,
w =

(wl,...,W|w|,1), |w[ > 1,

¢ N {Ide, (A):@,
“ ¢w10"'o¢w|u‘a |w’21

Let & be a shift-invariant ergodic measure on X' satisfying the bounded dis-
tortion property, i.e., there exists a constant K > 1 such that

K~ a(w)adlr) < alwr]) < Ka(w]) i)
for any two words w and 7 in X,. Since given w = (w;)2; € X, the diameters
of the compact sets ¢, (X) = ¢uy 0 -+ 0 Py, (X), n > 1, converge to zero
and since they form a descending family, the set

n=0



254 M. K. Roychowdhury

is a singleton and therefore, if we denote its element by 7(w), this defines
the coding map 7 : X' — X. The main object of our interest is the limit set

weX n=1

Note that .J satisfies the natural invariance equality J = [JY | ¢;(.J), and
is called the self-conformal set corresponding to the conformal IFS. Let us
assume that the iterated function system satisfies the open set condition, i.e.,
there exists a non-empty open set U C X such that ¢;(U) C U for every
1 <i<Nand¢;(U)Ne;(U) # 0 for every pair i, j in {1,..., N} with i # j.
Furthermore, the system satisfies the strong open set condition if U can be
chosen such that U N J # (). Note that in the case of a conformal iterated
function system using a finite number of mappings, the open set condition
implies the strong open set condition (cf. [P-S]). Hence, in our case if U is
the open set from the open set condition, then it also satisfies U N .J # ().

The following two lemmas for conformal iterated function systems are
borrowed from Patzschke (cf. [P]).

LEMMA 2.1. There exists a constant C' > 1 such that |¢,(y)| < C|¢,(z)|
for every w € X, and every pair of points x,y € V.

LEMMA 2.2. There exists a constant C > C such that

CH @ ld(z, y) < d(9u(2), ¢u(y)) < Clig,lld(z, y)

for every w € X, and every pair of points x,y € V, where d is the metric
on X.

The following lemma plays a vital role in this paper.
LEMMA 2.3. For any w, 7 € Xy and any t € R,
C™ DLl < ol < CONLI NN

where

C(t)_{ot if t >0,
C™t ift <0,

and C~®) = (CM)~1,

Proof. For any w,7 € ¥, and any = € X with y = ¢,(z) we know that
() = ¢, (y)¢.(x). Hence by Lemma [2.1| we have

Ol (@) 6 (2)] < |, (2)] < Clel,(2)] 6 (a)]
and thus C~1 6| 64| < 1L ]| < ClleL | 16, Thus for any ¢ > 0 we have
CHIGL NG < N6, 11 < CHIGL, I
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If t <0, then C* <1 and so
CHlepl*llerll” < llehr " < O L I g7 I
This yields the assertion. m
Let us first define the auxiliary function
)=y oLl A
|w|=n

for n € N and ¢,t € R. Now for the ergodic measure ji and the conformal

mappings ¢1, . .., ¢n we can define the topological pressure P(g, t) as follows:
1 .1 .
(2)  Plgt)= lim —logZy(g,t) = lim —log |z|: 6011 Al
w|=n

for ¢q,t € R. The limit above exists by the standard theory of subadditive
sequences since, using Lemma [2.3] and the bounded distortion property of
the ergodlc measure i, we have

(3) SO S 17175 i SO 17 i S [ 28

fwl=n |f| = fwrl=ntp
WE@D S NgLllal)® Y gl alr
fwl=n rl=

ie.,
C~OK=DZ.(q,8)Zy(q,t) < Znip(g,t) < COKDZ,(q,1)Z,(q, 1),

where

K9 if ¢ <0,

and K—@ = (K@)~! and then K@ > 1 for any ¢ € R. The follow-
ing proposition states the well-known properties of the function P(q,t) (cf.
[E2, P)).

PROPOSITION 2.4.

(i) P(g,t): R xR — R is continuous.
(i1) P(q,t) is strictly decreasing in each variable separately.
(iii) For fized q we have

lim P(q,t) =—o00 and lim P(g,t) = +oo.
t——+o0 t——00
(iv) P(q,t) is convex: if q1,q2,t1,t2 € R, a1,a2 > 0,a1 + a2 = 1, then
Plaiqi + azqz, a1ty + asts) < a1 P(qr,t1) + a2 P(q2, t2).

Now for fixed ¢, P(q,t) is a continuous function of ¢. Its value ranges
from —oo (when ¢ — +o00) to +00 (when ¢ — —o0). Therefore, by the
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intermediate value theorem there is a real number 3 such that P(q, ) = 0.
The solution (3 is unique, since P(q, ) is strictly decreasing. This defines [
implicitly as a function of g: for each ¢ there is a unique 5 = [3(g) such that
P(q,8(q)) = 0.

The following proposition gives the well-known properties of the function
B(a) (. [F2L ).

PROPOSITION 2.5. Let 3 = [3(q) be defined by P(q,3(q)) = 0.

(i) B is a continuous function of the real variable q.
(i) B is strictly decreasing: if 1 < q2, then B(q1) > B(q2).

(ill) limg—— oo B(q) = +00 and lim,_,;~ B(q) = —o0.

(iv) B is convex: if q1,q2,a1,a2 € R with aj,aa > 0 and a1 + ag = 1,

then
Blaiqr + a2q2) < a16(q1) + a28(q2).

The function ((q) is sometimes denoted by T'(q) and called the temper-
ature function. A more general discussion of this function can be found in
[H-P|, where our 3(g) function corresponds to —7(g) in their notation.

For any u = uj---u; € X, we denote J, = ¢,(J), which is called a
cylinder set in J of length £ > 0. By D, we denote the collection of all
cylinder sets in J of length k. Let D = |J;.~ Dk Clearly the Borel o-algebra
on J is generated by D. Let = fion ™. Then p is called the image measure
of i under 7 on the self-conformal set J such that for any Borel £ C J,

W(E) = inf{ZM(Ui) L EC UU Ui € D}.

For this measure p we will determine the quantization dimension and its
relationship to the temperature function arising in the thermodynamic for-
malism of multifractal analysis.

3. Main result. The relationship between the quantization dimension
function D, and the temperature function 3(q) for the probability measure
1 is given by the following theorem.

THEOREM 3.1. Let p be the image measure on the self-conformal set
J of the shift-invariant ergodic measure i on the coding space under the
coding map. Let B = ((q) be the temperature function of the thermodynamic
formalism. For each r € (0,400) choose q, such that 3(q,) = rq,. Then the
quantization dimension for the probability measure p is given by

D, — Blar)

1_%‘.
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LEMMA 3.2. Let 0 < r < 400 be fivred. Then there exists exactly one
number k, € (0,+00) such that

. 1 A K/ (r+K
Jim —log Y (|l alw])™ /") = 0.

|w|=n

Proof. From we have,

. T 1 /|| A t
P(t,rt) = lim —log » _ (|l¢}|"al])"
|w|=n
Proposition says that P(t,rt) is continuous, convex and strictly decreas-
ing, and hence there exists a unique ¢ € R such that P(¢,rt) = 0.
If t = 0 then

1 1
P(0,0) = lim — log Z 1= lim —log N" =log N > 0;
n—oo n n—oo n
|w|=n
and if ¢t = 1 then
.1 T
P(1,rl) = lim —~log »  [|¢L["Al]
|w|=n
1
< : - nr —
< nlg{.lonlog Z s" ijw] = rlogs < 0.
|w|=n
Therefore by the intermediate value theorem, the unique ¢t € R for which

P(t,rt) = 0 must lie between 0 and 1. Then x, = rt/(1 —t) satisfies the
conclusion of the lemma.

LEMMA 3.3. Let 0 <7 < +o00 and let K, be as in Lemma 3.2} Then for
any n > 1 we have

(COLR) e/ eme) < 37 (gLl ) < (O Ry ),
|w|=n

Proof. For w € Xy, let s, = ||¢,||"ft|w]. Then for any w,7 € X, with
w| = n, |7 = p (n,p > 1), by @) we have (CVK) 5,8, < sor <
(C(T)K)swsT. Since C" K > 1, it is also true that (C(T)K)_stsf < 57 <
(C"K)%s,5,. Hence by the standard theory of subadditive sequences,
lim,,—oo n~ ' log ZM:n st exists for any ¢ € R. Let us denote this limit by
h(t). Hence for any t > 0 we have

1
h(t) = lim —1 t
(t) = Jim —log > st

|w|=np
and so
L t o -t < < Tim t () e\ P
plggonplog<z st (O K) ) _h(t)_plggonplog(z st (C K)) :
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which implies

1
71 t (T’) 1 (T‘)
- log E st (CTWK)T! og g F(CTEK)

|w|=n |wl|=
and therefore
enh(t)(C(T)K)ft < Z SZJ < 6nh(t)(C(r)K)t.
|w|=n

Now substitute ¢ = k,/(r + k,) and note that h(t) = 0 to obtain the asser-
tion. m

We call I' C X, a finite mazimal antichain if I' is a finite set of words in
X« such that every w € Y is an extension of some word in I', but no word
of I' is an extension of another word in I". Of course, this requires the index
set {1,..., N} to be finite. We will make this assumption in the remainder
of this paper. By |I'| we denote the cardinality of I".

LEMMA 3.4. Let I' be a finite maximal antichain. Then

(a) 12 wlpo ¢, <M<KZ'U’ No¢w,
wel’ wel
(b) S ]/ ) < (€0 g2 ),
wel

where Kk, is as in Lemma [3.2)

Proof. (a) Let us first prove p < K> o filw]p o ¢, It is enough to
prove that for any J; € Dy (k > 1),

Tr) <K Y plwlpo ¢t (Jr).
wel’

Since I is a finite maximal antichain, for 7 € X, there exists x € I" such that
7 = zy for some y € X,. Then J; = Joy = duy(J) = ¢u(dy(J)) = ¢d2(Jy).

Hence,

> alwlpo ¢ (Jr) = ilwlpo 65 ($2(Jy) = izl o ¢, (62(Ty))

wel’ wel

so that
p(Jr) K flwlpo ¢ (Jr)  for any J; € Dy, (k > 1).
wel’
Similarly, it can be proved that K'Y . Alwlpo ¢35t (Jr) < w(J;) for any

Jr € Dy (k > 1), completing the proof (a )



Quantization Dimension Function 259

To prove (b), let m = min{|w| : w € '\ {#}}. Then for each w € "\ {0}
there exists 7(w) € Y, with |7(w)] = m and 7(w) < w, i.e., there exists
z(w) € X, such that w = 7(w)z(w). Now for any w € I" we can write

16,11 < Cllg, 18|l < Clldo |l
filw] < Kplr(w)lplzy] < Kalr(w)].
From the above inequalities and Lemma |[3.3| we have
> IGLN e/ Hne) < (C(T)K)”T/(TW DI I Al (w)]y/ )
wel’ wel’
< (CORy/THe) 3 (@ alr]) /)
|7|=m
< (C R )2er/(rthe) g

LEMMA 3.5. Let I' C X, be a finite maximal antichain, n € N with

n> I, and 0 < r < 4+00. Then

Vi (1 )<1nf{CTKZ LN Al Vi () s > 1,3 g, §n}.
wel wel

Proof. Suppose n, > 1 for each w € I', and ) _rn, < n. For each
w € I' let o, be an n,-optimal set for V;, ().

Since |Uper dw(aw)| <nand p < K'Y pilw]po ¢yt we have
V() < (2, dulew)) dut)
<K jlwlfd ( Udulaw)) dluos;")a)

wel’

<K Z S ), pu(w))" dp(z)

wel’

<K Y 6L lw] | d(z, 00) du(z)  (by Lemma B3)

wel’

=C"K Y NI Alw]Va (1),

wel’
which implies the lemma. m

PROPOSITION 3.6. Let 0 < r < 400 and let K, be as in Lemma [3.2]
Then limsup,,_,,, ney’,. < +00.

Proof. Let g, = k,/(r + K;); then ((g.) = rqg.. Choose ¢y so that 0 <
€0 < 1. Fix m € N. Choose any n € N so that m/n < €y, and set € = egm/n,
so that 0 < e < 1. Let

I'=r(e)={weX,: (qu;HTﬂ[w])m/(r—i-m) <e< (||¢Zd*||Tﬂ[w_])ﬁr/(r+’ir)}'

Since the index set {1,..., N} is finite, I" is a finite maximal antichain.
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Hence by the previous lemma we have

Var(p) < C'K Z 1B I" ] Vi, (12)

wel’

= CTK S (Il el (g fe]) ) Vi ()
wel’

< OIS (LIl T ()
werl

< C"K(CW )2/t er/key (1) (by Lemma [3.4)
— C’TK(C(T)K)QNT/(T+HT)Eg/ﬁr (m/n)r/’{’r Vm’r(u)’

and therefore
V" (n) < (CTK)™/"(CUK) /Tt D egmViinl ().

Since the inequality holds for all but a finite number of n, we have

lim sup nezjr < (C«TK)HT/T(C(T)K)Zn%/(r(r-&-m))ﬁome%r,r < 400. m
n—oo
LEMMA 3.7. Let I' C X, be a finite maximal antichain. Then there exists
no = no(L") such that for every n > ng there exists a set {n, := ny,(n)}uer
of positive integers such that ) . rny, < n and

Uy = (CTE) Y 100N Alwlun -

wel’

Proof. Let U be the open set from the strong open set condition. Then
there exists 7 € X, such that ¢,(X) C U. Let € = d(¢,-(X),U¢) and
A = C ' minger{||¢L||}. Then for w € I' we have d(¢,é-(X), ¢, (UC)) >
CH¢, ||d(¢7(X),U®) > Xe, which implies d(z, U°) > d(x, ¢, (U°)) > Ae for
any = € ¢,(¢p-(X)). For each n, let v, be an n-optimal set for uy,, and let
0n, = max{d(z,a, UU®) : © € J}. Since 6, — 0 as n — oo we can choose
no such that 0, < Ae for all n > ng. Suppose n > ng and = € ¢, (d-(J)).
There exists a € a, U U€ such that d(z,a, UU®) = d(z,a) < d, < ¢, and
so a € ¢, (U). Therefore, letting ay,, = oy N P, (U), we get ny, = |y, | > 1
and ) e < n. Hence,

Upp = Sd(m a, WU du(z) > K~ 1Z,u S x), o, UUC) du(x)
wel
> K Y il xd ), 00 U 6u(U))" du(z)
wel
=K ') jlw] | d(¢u (), an, U ¢ (U°))" dpu(x)

wel’
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> KO Y191l Y d(e, 65 (am, ) U U) dul)

wel’
Y NI Ay - m
wel’
PROPOSITION 3.8. Let {¢1,..., 0N} satisfy the strong open set condition

and let 0 < r < +oo Moreover, let k, be as in Lemma[3.2 Let 0 < £ < k,.
Then liminf,,_, ne > 0.

Proof. Since 0 < E < Kk and Kk, is unique for which

lim flog Y (Il awny/trter) =

|lw|=n

we have

(LI aw) T+ — 00 as m — oo

|w|=m
Choose m so that the above sum is greater than 1 and let I' = {w € X, :
|w| =m}. Then I' is a finite maximal antichain. The previous lemma yields
an ng and for n > ng the numbers {n, := ny(n)},er which satisfy the
conclusion of that lemma. Set ¢ = min{n”/ Eun’r :n < ng}. Clearly each
Up,» > 0 and hence ¢ > 0. Suppose n > ng and k’”/éu;w > ¢ for all k& < n.
Using the previous lemma we have

n / > n’/‘/e CT Z H¢ H unw,r
wel’
nUCTR) T LT ] (nes ()T ()t
wel’
—r/l
_ - ne(n
DAY (ﬁ) |
wel’
Using Holder’s inequality (with exponents less than 1) we have
nr/gun,r
X Ty — o e\ /e ng,(n)\ /O TN 1/t
(050 (X (et +0) (X () )"

wel’ wel’
By our choice of I', which depends only on £ and not on n, and the fact that
S wer Mw(n) < n, we see that n"/‘u,,, > ¢(C"K)~!. Hence, by induction,
hmmfnué/r > (¢(C"K)Y MY >0, e liminfneﬁﬂn >0. m

n—oo

Proof of Theorem[3.1] From Proposition 11.3 of [GLI] we know that:

(a) If 0 <t < D, < s then

lim nel,, = +oo and liminfnes , = 0.

n—o0 ’ n—o0



262 M. K. Roychowdhury

(b) If0 <t < D, < s then

limsupnel,, = +oo and lim nef, = 0.
n—00 ’ n—oo ’

From (a) and Proposition we have ¢ < D, whenever { < rk,. Hence
kr < D,. From (b) and Proposition we have D, < k,.. Hence k, < D, <
D, < k,, i.e., the quantization dimension D, exists and D, = k,. Note that
for ¢, = k,/(r+ ;) and 3(¢.) = rq, we have D, = (¢,)/(1 — q,). This
completes the proof of the theorem.
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