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PARTIAL DIFFERENTIAL EQUATIONS
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¶¸·µ¹=º¼» ½5¾!¿�À�ÁS»5ÂÃ¾¼º�· h�^«Än:�;©Å¸RPÅ¼;=<�Æ,;�Ç8È'ÉyÊ�>A^�;gÄn:�;©<?;�Ç8;=^�Ä�<?;�ËrÌ�Í�Ä�Ë�È'^UÊ¼È'Ì�^-_*Î
RP<rÏ¡Ð'RPÍAÌ�;�Å�<?È'Ê�ÍA;=ÉÑË�>A^UÌ�^)Ê¼È'Ì�^-_O;�_Ñ_OÈ'É¥RP>A^-Ë©Ò�Ó8Ô&L¸Ò±ÕPÔ&L¸Ò�Ö Ô-Æ�>�Än:«Än:�;©ËrÅ¼;=;�_«ÉÑ;8Än:�È*_
È'@¯Ë?:¸RPÅ¼;©Ë?;=^-Ër>�Än>�Ð*>�Ä.ÏÑRP^¸RPÍ�ÏOË?>×Ë©Ò±ØPÔ&L¸Ò Ù'Ô&L'>A^«È'<n_O;=<\ÄnÈi_O;=Ú�^�;gÄn:�;gÉ¥R5Än;=<?>§RPÍ¼RP^-_«Ë?:¸RPÅ¼;
_O;=<?>�Ð'R5Än>�Ð�;�ËEÈ'@�Ë?È'ÍAÌOÄn>AÈ'^-Ë8Û!h�^�Än:�;¡Ç�RSË?;¡È'@\Ê¼È'Ì�^-_O;�_2_OÈ'É¥RP>A^-Ë©Än:�;¡<?;=Í§R5Än;�_a<?;�Ë?Ì�Í�Ä�Ë
Ç�RP^ÜÊ¼;¡@ÃÈ'Ì�^-_Ü>A^ÝÒ±ØPÔ&ÛµÞ,:�;yÇ�RSËr;yÈ'@\;8ß)Än;=<?>AÈ'<Y_OÈ'É¥RP>A^-ËV>×ËERPÍ×Ë?ÈàRPÍA<?; RS_*Ï�Än<?; R5Än;�_Ü>A^
Än:�;�:¸RPÊ�>AÍA>�Ä�R5Än>AÈ'^áÄn:�;�Ër>×Ë¡È'@©`�Û Î�âeÛ\ã¼È'ÍAä�Ër>AÈæårÓ�ç�èSç�é�ÛCIKÈ Æ�;8Ð�;=<=L�ÄnÈ�Än:�;¥Ê¼;�ËrÄ¡È'@�È'Ì�<
Q)^�È Æ©ÍA;�_Oê';'LµÄn:�;«Ç�RSË?;yÈ'@�Ì�^)Ê¼È'Ì�^-_O;�_�_OÈ'É¥RP>A^-ËE:¸RSËV^�ÈSÄiÊ¼;=;=^ëÇ8È'^-Ë?>×_O;=<?;�_2>A^2Än:�;
ÍA>�Än;=<�R5ÄnÌ�<?;cÈ'^ìË?:¸RPÅ¼;iÈ'ÅOÄn>AÉU>Aí R5Än>AÈ'^¨Û

¶¸·�¶¸·¸î¸ï*ð�ñ�ò�ó=ò�ô-ó�õ²ö�õÃ÷ õ²ö�øiðPô¯ðSù�øSó�õÃó8ú Þg:�;=<?;�RP<?;�^)Ì�ÉU;=<?È'Ì-ËeRPÅ�Å�ÍA>×Ç�R5Än>AÈ'^-ËeÈ'@OË?:¸RPÅ¼;
Ë?;=^-Ër>�Än>�Ð*>�Ä.ÏûRP^¸RPÍ�ÏOËr>×ËUÄnÈ�^)Ì�ÉU;=<?>×Ç�RPÍ©Ë?È'ÍAÌOÄn>AÈ'^	È'@VË?:¸RPÅ¼;ìÈ'ÅOÄn>AÉU>Aí R5Än>AÈ'^	Å�<?È'Ê�ÍA;=ÉÑË=L
>A^�Ð�;=<nË?;�Å�<?È'Ê�ÍA;=ÉÑË=LCRP^-_�ÄnÈ'Å¼È'ÍAÈ'ê'>×Ç�RPÍgËr;=^-Ë?>�Än>�Ð*>�Ä.ÏÝRP^¸RPÍ�ÏOËr>×Ë¡È'@�Ë?:¸RPÅ¼;¥@ÃÌ�^-Ç�Än>AÈ'^¸RPÍ×Ë=Û
fü;g<?;=@Ã;=<\Än:�;�<?; RS_O;=<=L�;'Û±ê�ÛAL'ÄnÈ¥Ò±Ø5Ô-@ÃÈ'<�RP^U>A^�Än<?È*_OÌ-Ç�Än>AÈ'^ÑÄnÈEÄn:�;©Ë?Ì�ÊOý4;�Ç�Ä�>A^«Ê¼È'Ì�^-_O;�_
_OÈ'É¥RP>A^-Ë=L¼RP^-_þÄnÈ�Ò Ù'Ô!@ÃÈ'<�<?;�Ç8;=^�Ä©<?;�Ë?Ì�Í�Ä�Ë�È'^à;8Ð�È'ÍAÌOÄn>AÈ'^aÈ'@�ê';=È'ÉÑ;8Än<?>×Ç�RPÍ�_OÈ'É¥RP>A^-Ë=Û

ÿ <?È'É Än:�;«Å¼È'>A^�ÄiÈ'@�Ð*>A;8Æ È'@�Ër:¸RPÅ¼;UË?;=^-Ë?>�Än>�Ð*>�Ä.Ï�RP^¸RPÍ�ÏOË?>×ËEÄn:�;=<?;U>×ËiR�Ë?Ì�Ê-Ë4Ä�RP^OÎ
Än>§RPÍ�_O>��¼;=<?;=^-Ç8;UÊ¼;8Ä.Æ,;=;=^2Än:�;ÑËrÈSÎ�Ç�RPÍAÍA;�_�;8ß)Än;=<?>AÈ'<iÅ�<?È'Ê�ÍA;=ÉÑË"RP^-_2Ê¼È'Ì�^-_-RP<rÏ2Ð'RPÍAÌ�;
Å�<?È'Ê�ÍA;=ÉÑËKå���ZYâ�é�>A^UÌ�^)Ê¼È'Ì�^-_O;�_Ñ_OÈ'É�RP>A^-Ë8Û�Þ,:�;=<?;=@ÃÈ'<?;'L�Æ,;�_O;�Ë?Ç8<?>AÊ¼;©>A^Ñ_O;8Ä�RP>AÍ-Än:�;
É¥R5Än:�;=É�R5Än>×Ç�RPÍµ@Ã<�RPÉU;8Æ,È'<?QÑ@ÃÈ'<�RcÉÑÈ*_O;=Í¯Å�<?È'Ê�ÍA;=É >A^ìRc:¸RPÍA@§Î�Ë?Å¸RSÇ8;'L�Æ©:�>×Ç�:þ>×Ë�Ì-Ë?;�_
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ÄnÈàÇ�:¸RP<�RSÇ�Än;=<?>Aí=;«Än:�;U_O;=Å¼;=^-_O;=^-Ç8;UÈ'@�ËrÈ'ÍAÌOÄn>AÈ'^-ËEÄnÈìRP^ë;=ÍAÍA>AÅOÄn>×Çy;	��Ì¸R5Än>AÈ'^2Æ©>�Än:2<?;8Î
Ë?Å¼;�Ç�ÄEÄnÈ�Ê¼È'Ì�^-_-RP<rÏaÐ'RP<?>§R5Än>AÈ'^-Ë8Û�BVËERÑ<?;�Ë?Ì�Í�Ä�L¼Än:�;y@ÃÈ'<?É È'@�É¥R5Än;=<?>§RPÍ\_O;=<?>�Ð'R5Än>�Ð�;�Ë=L
Ë?:¸RPÅ¼;þ_O;=<?>�Ð'R5Än>�Ð�;�ËURP^-_áËr:¸RPÅ¼;þê'<�RS_O>A;=^�Ä�Ë¡È'@�>A^�Än;=ê'<�RPÍ,@ÃÌ�^-Ç�Än>AÈ'^¸RPÍ×ËURP<?;¥ê'>�Ð�;=^Ý@ÃÈ'<
Än:�;�
V>A<?>×Ç�:�ÍA;8Ä
��RPÅ�Í§RSÇ8>§RP^�>A^aR¡:¸RPÍA@§Î�Ë?Å¸RSÇ8;'Û

Þ,:�;iËnRPÉU;EÉU;8Än:�È*_àÇ�RP^þÊ¼;YÌ-Ër;�_þ@ÃÈ'<,Än:�;iT©;=Ì�É¥RP^�^���RPÅ�Í§RSÇ8>§RP^¨L¼RP^-_àË4ÏOËrÄn;=ÉÑË
È'@e;	��Ì¸R5Än>AÈ'^-Ë©>A^àÌ�^)Ê¼È'Ì�^-_O;�_a_OÈ'É¥RP>A^-Ë=Û

¶¸·��µ·��Eõ���õ��8ï�ùAò8ö���ð�ñ¼ùAð��8õ�ðPô1õÃô ÷Sð���õ�ð��8ù�ò���� �UðPõÃô-ó	!#"$� �%�Uð'ù&��ò('\ô-õ²ö�õ��Pô¼ú ÿ >A<nËrÄ
Æ,;¥_O;�Ë?Ç8<?>AÊ¼;ÑÄn:�;¥Å�<?È'Ê�ÍA;=É È'@,Ë?:¸RPÅ¼;�Ë?;=^-Ër>�Än>�Ð*>�Ä.ÏáRP^¸RPÍ�ÏOËr>×Ëc>A^áRà@ÃÈ'<?É¥RPÍ�Æ�R=Ï�RP^-_
RP@§Än;=<¡>A^�Än<?È*_OÌ-Ç8>A^�ê�RPÅ�Å�<?È'Å�<?>§R5Än;ìËrÅ¸RSÇ8;�ËcÆ,;ÑÅ�<?;�Ë?;=^�Ä¡Än:�;¥Å�<?;�Ç8>×Ë?;�@ÃÈ'<?É¡Ì�Í§R5Än>AÈ'^ÝÈ'@
Än:�;iÅ�<?È'Ê�ÍA;=ÉìÛ

f�;iÇ8È'^-Ë?>×_O;=<�Än:�;"Ër:¸RPÅ¼;cËr;=^-Ë?>�Än>�Ð*>�Ä.Ï�RP^¸RPÍ�ÏOË?>×Ë�È'@�Än:�;YÉÑÈ*_O;=Í¨Å�<?È'Ê�ÍA;=É

(1.1)
−∆u = f

>A^
Ω,

u = g
È'^

Γ,
Æ©:�;=<?;

Ω = RN+
RP^-_

Γ = ∂Ω = RN−1 Û ÿ È'ÍAÍAÈ Æ©>A^�êëÒ±ØPÔ�Æ�;¡>A^�Än<?È*_OÌ-Ç8;¡Än:�;¡É¥RPÅOÎÅ�>A^�ê
Tt : RN → RN

RSË?Ë?È*Ç8>§R5Än;�_�Æ©>�Än:ìÄn:�;"Ð�;=ÍAÈ*Ç8>�Ä.Ï�Ú�;=Í×_
V (t, x)

Æ�:�>×Ç�:a>×ËKÇ8È'É«Î
Å¸RSÇ�ÄnÍ�Ï¡Ë?Ì�Å�Å¼È'<rÄn;�_cÆ©>�Än:c<?;�Ë?Å¼;�Ç�ÄCÄnÈKÄn:�;,Ë?Å¸R5Än>§RPÍ)Ð'RP<?>§RPÊ�ÍA;

x
ÛPÞg:�;�É�RPÅ�Å�>A^�êV>×Ë�ê'>�Ð�;=^

Ê�Ï�Än:�;"ËrÏOË4Än;=É È'@C_O>��¯;=<?;=^�Än>§RPÍ!;	��Ì¸R5Än>AÈ'^-Ë

(1.2)

d

dt
x(t) = V (t, x(t)),

x(0) = X,
Æ©>�Än:$Än:�;aË?È'ÍAÌOÄn>AÈ'^ _O;=^�ÈSÄn;�_	Ê�Ï

x(t) = x(t,X)
L
t ∈ (−δ, δ) L X ∈ RN Û�Þg:�;Ð'RP<?>§RPÊ�ÍA;þ_OÈ'É¥RP>A^

Ωt = Tt(Ω)
>×Ëc_O;=Ú�^�;�_ü>A^�Än:�;¥Ì-ËrÌ¸RPÍ�ÆgR=Ï�L

Ωt = {x ∈ RN |
x = x(t,X), X ∈ Ω} Û'Þ,:�;=<?;=@ÃÈ'<?;'LSÆ�;�Ç�RP^yÇ8È'^-Ë?>×_O;=<eÄn:�;)��RPÅ�Í§RSÇ8;,;	��Ì¸R5Än>AÈ'^y>A^ Ωt L

(PP)
−∆ut = ft

>A^
Ωt = Tt(RN+ ),

ut = gt
È'^

Γt = Tt(RN−1).
Þg:�;KË?È'ÍAÌOÄn>AÈ'^ÑÄn<�RP^-Ë?Å¼È'<rÄn;�_¥ÄnÈiÄn:�;KÚOß*;�_¥_OÈ'É¥RP>A^Ñ>×Ë�_O;=^�ÈSÄn;�_¥Ê�Ï

ut = ut ◦Tt
L*RP^-_

@ÃÈ'<?É¥RPÍAÍ�Ï�Æ,;iÇ�RP^àÆ�<?>�Än;¥Ò±ØPÔ¨Än:¸R5Ä©>�Ä©Ë�R5Än>×Ë?Ú�;�ËgÄn:�;i@ÃÈ'ÍAÍAÈ Æ�>A^�êÑ;	��Ì¸R5Än>AÈ'^-Ë+*

(TP)
−div(A(t)∇ut) = F t

>A^
Ω,

ut = gt
È'^

∂Ω,
Æ©:�;=<?;EÆ,;YÌ-Ë?;YÄn:�;iË�RPÉU;Y^�ÈSÄ�R5Än>AÈ'^ÜRSËg>A^ Ò±Ø5Ô,*

(CO)

A(t) = det(DTt)(DT
−1
t )∗DT−1

t ,

F t = det(DTt)(ft ◦ Tt),
f t = ft ◦ Tt, gt = gt ◦ Tt,

γ(t) = det(DTt),RP^-_
M∗

>×ËgÄn:�;EÄn<�RP^-Ë?Å¼È�Ër;cÈ'@
M
Û
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ÿ È'<
t ∈ (−δ, δ) Än:�;�É¥R5Än<?>�ß A(t)

Ë4Ä�RPÊ�>AÍA>Aí=;�Ë«@ÃÈ'< |x| → ∞ ÄnÈaÄn:�;þ>×_O;=^�Än>�Ä.Ï
É¥R5Än<?>�ß¯LPË?>A^-Ç8;�Än:�;�Ú�;=Í×_

V
>×ËeÇ8È'ÉUÅ¸RSÇ�ÄnÍ�ÏcËrÌ�Å�Å¼È'<rÄn;�_µÛSf�;,RP<?;�ÍAÈ)È'Q)>A^�êE@ÃÈ'<eË?È'ÍAÌOÄn>AÈ'^-Ë

ÄnÈ¡å�â�â�é¯>A^iÆ�;=>Aê':�Än;�_yX)È'Ê¼È'ÍA;8Ð"ËrÅ¸RSÇ8;�Ë=L�Æ©>�Än:YÆ,;=>Aê':�Ä�Ë!Æ�:�>×Ç�:c_O;�ËnÇ8<?>AÊ¼;�Än:�;�Ê¼;=:¸R=Ð*>AÈ'<
È'@e@ÃÌ�^-Ç�Än>AÈ'^-ËKR5Ä©>A^�Ú�^�>�Ä.Ï�Û

��Ï¡RP^«RPÅ�Å�ÍA>×Ç�R5Än>AÈ'^yÈ'@�Än:�;�>AÉUÅ�ÍA>×Ç8>�ÄC@ÃÌ�^-Ç�Än>AÈ'^¡Än:�;=È'<?;=É�>A^"Æ,;=>Aê':�Än;�_¡Ë?Å¸RSÇ8;�Ë8LSÌ-ËrÎ
>A^�êVÄn:�;�;�ËrÄn>AÉ¥R5Än;�ËeÈ'ÊOÄ�RP>A^�;�_y@ÃÈ'<eÄn:�;�ÉUÈ*_O;=Í*Å�<?È'Ê�ÍA;=ÉìLPÆ,;�Ç�RP^yÅ�<?È Ð�;�Än:�;,;8ß*>×Ë4Än;=^-Ç8;
È'@�Än:�;YÉ�R5Än;=<?>§RPÍ�RP^-_àË?:¸RPÅ¼;"_O;=<?>�Ð'R5Än>�Ð�;�Ë©@ÃÈ'<gÄn:�;"Ë?È'ÍAÌOÄn>AÈ'^àÄnÈaårÓSÛ×Ó é�Û

Þ,:�; �ÑðSö�ò$��õ�ðSù ��ò$��õÃ÷SðSö�õÃ÷Sò
u̇
>×Ë�ê'>�Ð�;=^�Ê�Ï�Än:�;cËrÈ'ÍAÌOÄn>AÈ'^aÈ'@�Än:�;i@ÃÈ'ÍAÍAÈ Æ©>A^�êÑÅ�<?È'ÊOÎ

ÍA;=É *

(1.3)
−∆u̇ = ḟ + div V f + div(A′(0)∇u)

>A^
Ω,

u̇ = ġ
È'^

∂Ω,
Æ©:�;=<?;

u
>×ËgÄn:�;iË?È'ÍAÌOÄn>AÈ'^�È'@�Än:�;iÅ�<?È'Ê�ÍA;=É årÓSÛ×Ó é�Û¸IK;=<?;EÆ,;i_O;=Ú�^�;

(1.4) u̇ = lim
t→0

ut − u
t

,

>A^ëÄn:�;«^�È'<?É È'@�Än:�;«;=^�;=<?êSÏëË?Å¸RSÇ8;'L
ḟ , ġ

RP<?;U_O;=Ú�^�;�_�>A^2Än:�;ÑËnRPÉÑ;yÆgR=Ï�L�RP^-_ÜÆ,;
:¸R=Ð�;

ḟ = ∇f ·V L ġ = ∇g ·V L'Ër>A^-Ç8; ft, gt RP<?;�Än:�;,<?;�Ë4Än<?>×Ç�Än>AÈ'^-Ë�È'@-ê'>�Ð�;=^«@ÃÌ�^-Ç�Än>AÈ'^-ËÄnÈ
Ωt
Û

X)>A^-Ç8;«Än:�;UË?:¸RPÅ¼;Uê'<�RS_O>A;=^�Ä�Ë"È'@�_O>��¼;=<?;=^�Än>§RPÊ�ÍA;�Ër:¸RPÅ¼;U@ÃÌ�^-Ç�Än>AÈ'^¸RPÍ×Ëc_O;=Å¼;=^-_�È'^
Än:�;"ËrÈSÎ�Ç�RPÍAÍA;�_ ó�ï*ð�ñOò ��ò$��õÃ÷SðSö�õÃ÷Sò

(1.5) u′ = u̇−∇u · V,
Æ,;«RPÍ×Ë?ÈþË?:�È Æ�Än:�;y;8ß*>×Ë4Än;=^-Ç8;«È'@�Än:�;yË?:¸RPÅ¼;«_O;=<?>�Ð'R5Än>�Ð�;

u′
Æ©:�>×Ç�:2Ç�RP^2Ê¼;yÇ�:¸RP<�RSÇ�Î

Än;=<?>Aí=;�_aRSË,Än:�;"ËrÈ'ÍAÌOÄn>AÈ'^ìÄnÈ«Än:�;���RPÅ�Í§RSÇ8;i;	��Ì¸R5Än>AÈ'^

(1.6)
−∆u′ = 0

>A^
Ω,

u′ = −∂u
∂n

V · n È'^
∂Ω,

Æ©>�Än:
n = (0, . . . , 0,−1)>

Än:�;�;8ß)Än;=<?>AÈ'<�^�È'<?É�RPÍ'Ð�;�Ç�ÄnÈ'<!ÄnÈ
Γ
L Ë?È

∂/∂n=−∂/∂xN
Û

â�<?È'Ê�ÍA;=É årÓSÛ���é�>×Ë�È'ÊOÄ�RP>A^�;�_�@Ã<?È'É årÓSÛ�Õ�é�L*Ä�RPQ)>A^�ê¡>A^�ÄnÈURSÇ=Ç8È'Ì�^�Ä,<?;=Í§R5Än>AÈ'^üårÓSÛ	�'é�L�RP^-_
@ÃÈ'<�Än:�;©;8ß)Än;=^-Ë?>AÈ'^¥È'@

g
@Ã<?È'É/Än:�;©Ê¼È'Ì�^-_-RP<rÏ«ÄnÈ

RN
Æ�:�>×Ç�:¥Ë�R5Än>×ËrÚ�;�Ë�Än:�;KÇ8È'^-_O>�Än>AÈ'^

∂g/∂n = 0
Û

GKÌ�<EÅ�Í§RP^2>×ËVÄn:�;«@ÃÈ'ÍAÍAÈ Æ�>A^�ê *�RP@§Än;=<Y>A^�Än<?È*_OÌ-Ç�Än>AÈ'^�È'@�Än:�;«@ÃÌ�^-Ç�Än>AÈ'^�ËrÅ¸RSÇ8;�Ë"RP^-_
Å�<?;=ÍA>AÉU>A^¸RP<rÏáÍA;=ÉUÉ¥RSË"Æ�;�<?;�Ç�RPÍAÍ�Än:�;þQ)^�È Æ�^Ý<?;�Ë?Ì�Í�Ä�ËyÈ'^ Än:�;���RPÅ�Í§RSÇ8;þ;	��Ì¸R5Än>AÈ'^-Ë
Æ©>�Än:û^�È'^OÎ&:�È'ÉÑÈ'ê';=^�;=È'Ì-Ë�
K>A<?>×Ç�:�ÍA;8ÄìÇ8È'^-_O>�Än>AÈ'^-Ëþ>A^	Än:�;ÜÅ¸RP<rÄn>×Ç8Ì�Í§RP<àÇ�RSË?;aÈ'@

f ∈
W̊ 0,2

1 (RN+ )
å²<?;�ËrÅ¨Û

g ∈ W
3/2,2
1 (RN−1)

é�Û�Þg:�;=^$Æ,;aËr:�È Æ Än:�;�;8ß*>×ËrÄn;=^-Ç8;aÈ'@EÄn:�;
É¥R5Än;=<?>§RPÍ�_O;=<?>�Ð'R5Än>�Ð�;�ËiÈ'@

ḟ
å²<?;�Ë?Å¨Û

ġ
é©Ì�^-_O;=<EÄn:�;ÑRSË?Ë?Ì�ÉUÅOÄn>AÈ'^ëÄn:¸R5ÄEÄn:�;«É¥RPÅ�Å�>A^�ê

t 7→ f ◦Tt
å²<?;�ËrÅ¨Û

t 7→ g◦Tt
é�>×ËeÆ,; RPQ)Í�Ï¡_O>��¯;=<?;=^�Än>§RPÊ�ÍA;'Û ÿ Ì�<rÄn:�;=<CÆ,;�RP<?;,>A^�Än;=<?;�ËrÄn;�_

>A^UÄn:�;KËrÈ'ÍAÌOÄn>AÈ'^-Ë�È'@¯Å�<?È'Ê�ÍA;=É å�Þ�â�é\RP^-_aå�â�â�é�RP^-_UÆ�;�Å�<?È Ð�;©Än:�;©;8ß*>×Ë4Än;=^-Ç8;VÈ'@¯Än:�;
É¥R5Än;=<?>§RPÍ�_O;=<?>�Ð'R5Än>�Ð�;�Ëi@ÃÈ'<

u
Û ÿ >A^¸RPÍAÍ�Ï�LµÆ,;yÍAÈ)È'Qa@ÃÈ'<

u̇, u′
RSËYË?È'ÍAÌOÄn>AÈ'^-ËiÈ'@ ��RPÅ�Í§RSÇ8;

;	��Ì¸R5Än>AÈ'^-ËVRP^-_þÆ�;YÈ'ÊOÄ�RP>A^ìÄn:�;"Ër:¸RPÅ¼;"ê'<�RS_O>A;=^�ÄKÈ'@�Än:�;Y;=^�;=<?êSÏþ@ÃÌ�^-Ç�Än>AÈ'^¸RPÍ�Û
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f�;y>A^�Än<?È*_OÌ-Ç8;¥R¥Ç8Í§RSËnËEÈ'@�Æ,;=>Aê':�Än;�_ëË?Å¸RSÇ8;�ËiRP^-_ëËrÈ'ÉU;yÅ�<?;=ÍA>AÉU>A^¸RP<rÏÜÍA;=ÉUÉ¥RSË=Û
ÿ <?È'É�Än:�;gÅ¼È'>A^�Ä�È'@-Ð*>A;8Æ$È'@¯Ë?:¸RPÅ¼;�Ë?;=^-Ër>�Än>�Ð*>�Ä.ÏÑRP^¸RPÍ�ÏOË?>×Ë8L'Än:�;gÉ¥RP>A^«_O>��¼;=<?;=^-Ç8;gÆ©>�Än:
Än:�;YÇ8Í§RSËnËr>×Ç�RPÍ�RP^¸RPÍ�ÏOË?>×Ë,>A^þÊ¼È'Ì�^-_O;�_à_OÈ'É¥RP>A^-Ë,Ç8È'^-Ë?>×Ë4Ä�Ë,>A^ìRcË?ÍA>Aê':�ÄnÍ�Ïþ_O>��¯;=<?;=^�ÄgË?;8Ä?Î
Än>A^�êE@ÃÈ'<�Än:�;�Ð'RP<?>§R5Än>AÈ'^¸RPÍ�@ÃÈ'<?É¡Ì�Í§R5Än>AÈ'^¨Û�Þ,:)Ì-Ë=L5Æ,;�Å�<?È Ð*>×_O;©RK_O;8Ä�RP>AÍA;�_¡>A^�Än<?È*_OÌ-Ç�Än>AÈ'^
ÄnÈ«Än:�;Y@ÃÌ�^-Ç�Än>AÈ'^¸RPÍeËr;8Ä?Än>A^�êÑ@ÃÈ'<©ËrÌ-Ç�:�Å�<?È'Ê�ÍA;=ÉÑË8Û

â\<?È'Ê�ÍA;=É å�â�éC:¸RSË�Ê¼;=;=^¥>A^�Ð�;�Ë4Än>Aê�R5Än;�_¥>A^UÆ�;=>Aê':�Än;�_þX)È'Ê¼È'ÍA;8ÐÑË?Å¸RSÇ8;�Ë�Ê�ÏUËr;8Ð�;=<�RPÍ
RPÌOÄn:�È'<nË=L!Ê�ÌOÄiÈ'^�Í�ÏÜ>A^ÜÄn:�;UIK>AÍAÊ¼;=<rÄ"Ë?Å¸RSÇ8;UË?;8Ä?Än>A^�ê

(p = 2)
RP^-_ÜÆ�>�Än:�È'ÌOÄ"Ç8<?>�Än>×Ç�RPÍ

Ç�RSË?;�Ë©Ç8È'<?<?;�ËrÅ¼È'^-_O>A^�êÑÄnÈ«Än:�;iÍAÈ'ê�RP<?>�Än:�ÉU>×ÇY@�RSÇ�ÄnÈ'<¡å�Ç8@.Û�Ò±Õ5Ô&L�Ò �PÔ²é�Û
�¨;8Ä

Ω
Ê¼;cRP^�È'Å¼;=^aË?;8Ä©>A^

RN
L
N ≥ 2

Û �!;8Ä
x = (x1, . . . , xN )

Ê¼;cRyÅ¼È'>A^�ÄV>A^
RN

RP^-_
r = |x| = (x2

1 + · · ·+ x2
N )1/2 ÛOf�;iË?:¸RPÍAÍ!Ì-Ë?;YÄ.Æ�È«Ê¸RSË?>×ÇEÆ,;=>Aê':�Ä�Ë$*

% = (1 + r2)1/2 RP^-_
lg % =

ÍA^
(2 + r2).BVËeÌ-ËrÌ¸RPÍ�L D(RN )

_O;=^�ÈSÄn;�ËCÄn:�;,Ë?Å¸RSÇ8;�ËCÈ'@->A^�Ú�^�>�Än;=Í�Ï«_O>��¼;=<?;=^�Än>§RPÊ�ÍA;g@ÃÌ�^-Ç�Än>AÈ'^-ËCÆ©>�Än:
Ç8È'ÉUÅ¸RSÇ�ÄÑË?Ì�Å�Å¼È'<rÄ�ËÑRP^-_ D′(RN )

_O;=^�ÈSÄn;�Ë«>�Ä�Ë«_OÌ¸RPÍ�Ë?Å¸RSÇ8;'L�Ç�RPÍAÍA;�_ÝÄn:�;ìË?Å¸RSÇ8;àÈ'@
_O>×ËrÄn<?>AÊ�ÌOÄn>AÈ'^-Ë8Û ÿ È'<CRP^�Ïi^�È'^�^�;=ê�R5Än>�Ð�;,>A^�Än;=ê';=<nË

n
RP^-_

m
LPRP^-_c<?; RPÍ)^)Ì�É¡Ê¼;=<nË

p > 1
L

α
RP^-_

β
L-Ë?;8Ä?Än>A^�ê

k = k(m,N, p, α) =

{−1
>A@
N/p+ α /∈ {1, . . . ,m} L

m−N/p− α >A@
N/p+ α ∈ {1, . . . ,m} LÆ,;i_O;=Ú�^�;iÄn:�;Y@ÃÈ'ÍAÍAÈ Æ©>A^�êÑË?Å¸RSÇ8; *

(1.7) Wm,p
α,β (Ω)

= {u ∈ D′(Ω) | %α−m+|λ|(lg %)β−1Dλu ∈ Lp(Ω)
@ÃÈ'<

0 ≤ |λ| ≤ k;

%α−m+|λ|(lg %)βDλu ∈ Lp(Ω)
@ÃÈ'<

k + 1 ≤ |λ| ≤ m}.h�^UÄn:�;KÇ�RSË?;
β = 0

L�Æ,;©Ër>AÉÑÅ�Í�Ï«_O;=^�ÈSÄn;©Än:�;VRPÊ¼È Ð�;VË?Å¸RSÇ8;©Ê�Ï
Wm,p
α (Ω)

Û�TKÈSÄn;�Än:¸R5Ä
Wm,p
α,β (Ω)

>×Ë©R¡<?;���;8ß*>�Ð�;��gRP^¸RSÇ�:aËrÅ¸RSÇ8;";	��Ì�>AÅ�Å¼;�_þÆ©>�Än:ì>�Ä�Ëg^¸R5ÄnÌ�<�RPÍ�^�È'<?É *

‖u‖Wm,p
α,β (Ω) =

[ ∑

0≤|λ|≤k
‖%α−m+|λ|(lg %)β−1Dλu‖pLp(Ω)

+
∑

k+1≤|λ|≤m
‖%α−m+|λ|(lg %)βDλu‖pLp(Ω)

]1/p
.

fü;"RPÍ×ËrÈ¥_O;=Ú�^�;YÄn:�;"Ë?;=ÉU>A^�È'<?É

|u|Wm,p
α,β (Ω) =

( ∑

|λ|=m
‖%α(lg %)βDλu‖pLp(Ω)

)1/p
,

RP^-_i@ÃÈ'<�RP^�ÏY>A^�Än;=ê';=<
q
L=Æ,;�_O;=^�ÈSÄn;�Ê�Ï

Pq
Än:�;�Ë?Å¸RSÇ8;�È'@OÅ¼È'Í�Ï*^�È'ÉU>§RPÍ×Ë�>A^

N
Ð'RP<?>§RPÊ�ÍA;�Ë

È'@e_O;=ê'<?;=;iËrÉ¥RPÍAÍA;=<,Än:¸RP^àÈ'<,;	��Ì¸RPÍµÄnÈ
q
L*Æ©>�Än:�Än:�;iÇ8È'^�Ð�;=^�Än>AÈ'^àÄn:¸R5Ä

Pq
>×Ë,<?;�_OÌ-Ç8;�_

ÄnÈ {0} @ÃÈ'<©^�;=ê�R5Än>�Ð�; q Û-Þg:�;YÆ,;=>Aê':�Ä�Ë©>A^�_O;=Ú�^�>�Än>AÈ'^ÝårÓSÛ�è'é�RP<?;cÇ�:�È�Ë?;=^aË?È«Än:¸R5Ä©Än:�;
Ç8È'<?<?;�Ë?Å¼È'^-_O>A^�ê�ËrÅ¸RSÇ8;":¸RSË,Ä.Æ,È«Å�<?È'Å¼;=<rÄn>A;�Ë+*

(1.8) D(RN+ )
>×Ë�_O;=^-Ër;">A^

Wm,p
α,β (RN+ ),

RP^-_�RyâeÈ'>A^-Ç�RP<?ä8Î�Ä.Ï*Å¼;c>A^�;	��Ì¸RPÍA>�Ä.Ïì:�È'Í×_�Ëg>A^
Wm,p
α,β (RN+ )

Û
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Theorem 1.1.
��ò=ö

α
ðSô �

β
��ò¡ö�� � ��ò�ðSù�ô�� � �nò$��óyðPô �

m ≥ 1
ðSô2õÃô¸ö�ò���ò$�

ô �Sö�ó8ð'ö�õÃó�"�øSõÃô��Ñó�õ��	�Où°ö�ðPô¼ò%�
�*ó�ù�ø

(1.9) N/p+ α ∈ {1, . . . ,m} ðPô �
(β − 1)p = −1.

� ï*ò8ôûö�ï*òàó=ò �yõÃô ��� � | · |Wm,p
α,β (RN+ )

��ò�'Cô¯ò8ó �Pô
Wm,p
α,β (RN+ )/Pq′

ð2ô ���%���\ï�õ���ï
õÃó�ò�
��*õÃ÷SðSùAò8ô-öEö �aö�ïOò�
�� �Sö�õ�ò8ô-öVô ���%� L �\õ²ö�ï

q′ = inf(q,m − 1)
L �\ï*ò$�nò

q
õÃó¥ö�ï*ò

ï�õ��Sï*ò8ó�ö)��ò�� �nò�ò � "Yö�ï*ò�ñ �Sù�øPô ���¡õ�ð'ù�ó��%�Pô-ö�ðSõÃô¼ò%�UõÃô
Wm,p
α (RN+ )

ú
� � ��� "8ú X);=;¥Ò�Ö5Ô&Û
T©È Æ"LOÆ�;i_O;=Ú�^�;iÄn:�;"ËrÅ¸RSÇ8;

W̊m,p
α,β (RN+ ) = D(RN+ )

‖·‖
W
m,p
α,β

(RN+ )

RP^-_UÄn:�;K_OÌ¸RPÍ¯Ë?Å¸RSÇ8;KÈ'@
W̊m,p
α,β (RN+ )

>×Ë�_O;=^�ÈSÄn;�_ÑÊ�Ï
W−m,p

′
−α,−β(RN+ )

L�Æ©:�;=<?;
p′
>×Ë�Än:�;

Ç8È'^Sý4Ì�ê�R5Än;cÈ'@
p
L�>�Û±;'Û

1/p+ 1/p′ = 1
Û

Theorem 1.2. � ó�ó�� �Ñò�ö�ï*ðSöµö�ï*ògðPó�ó�� �Kñ¯ö�õ��Pô�ó)� " � ï*ò%���nò$� ÓSÛ×Ó ð��nò "��OùÃù '\ùAò ��ú
� ï*ò8ôàö�ï*òKó=ò �yõÃô ��� � | · |Wm,p

α,β (RN+ )

õÃóVðcô � �%� �Pô
W̊m,p
α,β (RN+ )

�\ï�õ��8ï«õÃóKò�
��OõÃ÷Pð'ù�ò8ô¸ö
ö �Ñö�ïOò "��OùÃù¨ô ��� � ‖ · ‖Wm,p

α,β (RN+ )

ú
¶¸·��µ· � ï*ò�ó&ñ�ð���ò8ó � "¥ö(�nð���ò�ó=ú h�^áÈ'<n_O;=<"ÄnÈ2_O;=Ú�^�;¥Än:�;¥Än<�RSÇ8;�Ë¡È'@g@ÃÌ�^-Ç�Än>AÈ'^-ËyÈ'@

Wm,p
α,β (RN+ )

LOÆ,;Y>A^�Än<?È*_OÌ-Ç8;"@ÃÈ'<KRP^�Ï
σ ∈ (0, 1)

Än:�;iË?Å¸RSÇ8;

(1.10) W σ,p
0 (RN ) =

{
u ∈ D′(RN )

∣∣∣ w−σu ∈ Lp(RN ),

N∑

i=1

∞�

0

t−1−σp dt
�

RN
|u(x+ tei)− u(x)|p dx <∞

}
,

Æ©:�;=<?;

w =

{
%

>A@
N/p 6= σ

L
%(lg %)1/σ >A@

N/p = σ
L

RP^-_
e1, . . . , eN

>×ËiÄn:�;¥Ç�RP^�È'^�>×Ç�RPÍ�Ê¸RSËr>×Ë"È'@
RN

Û�h&Äc>×Ë"Rà<?;���;8ß*>�Ð�; �gRP^¸RSÇ�: Ë?Å¸RSÇ8;
;	��Ì�>AÅ�Å¼;�_àÆ©>�Än:à>�Ä�Ëg^¸R5ÄnÌ�<�RPÍ�^�È'<?É

‖u‖Wσ,p
0 (RN ) =

(∥∥∥∥
u

wσ

∥∥∥∥
p

Lp(RN )

+
N∑

i=1

∞�

0

t−1−σp dt
�

RN
|u(x+tei)−u(x)|p dx

)1/p

,

Æ©:�>×Ç�:à>×Ë�;	��Ì�>�Ð'RPÍA;=^�Ä©ÄnÈ«Än:�;Y^�È'<?É
(∥∥∥∥

u

wσ

∥∥∥∥
p

Lp(RN )

+

�

RN×RN

|u(x)− u(y)|p
|x− y|N+σp

dx dy

)1/p

.

h�@
u
>×Ë©Ry@ÃÌ�^-Ç�Än>AÈ'^a_O;=Ú�^�;�_ìÈ'^

RN+
LOÆ�;i_O;=^�ÈSÄn;">�Ä�Ë,Än<�RSÇ8;�Ë�È'^

Γ = RN−1 Ê�Ï

γ0u(x′) = u(x′, 0), . . . , γju(x′) =
∂ju

∂xjN
(x′, 0), x′ ∈ RN−1.
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h�^þÄn:�;"ËnRPÉÑ;EÆgR=ÏìRSËg>A^ Ò � Ô&LOÆ,;iÇ�RP^ìÅ�<?È Ð�;YÄn:�;i@ÃÈ'ÍAÍAÈ Æ�>A^�êUÄn<�RSÇ8;iÍA;=ÉÑÉ¥R *

Lemma 1.1. � ���¡ðPô-øUõÃô¸ö�ò���ò$� m ≥ 1
ðPô � �nò�ðSùµô � � ��ò$�

α
L ö�ïOò �Uð�ñ�ñ¼õÃô��

(1.11) γ : D(RN+ )→
m−1∏

j=0

D(RN−1), u 7→ (γ0u, . . . , γm−1u)

��ðPô �nòëò��'ö�ò�ô ��ò%� ö �Ýð � �Pô¸ö�õÃô � �
�*ó�ù�õÃô¯ò�ð�� �Uð�ñ�ñ¸õÃô�� L ó�ö�õ²ùÃù ��ò8ô �Sö�ò � ��ø
γ
L " � ���

Wm,p
α (RN+ )

�Sô-ö � ∏m−1
j=0 W

m−j−1/p,p
α (RN−1)

ú�� ���nò �S÷Pò$�

(1.12) Ker γ = W̊m,p
α (RN+ ).

� � ��� "8ú X);=;¥Ò�Ö5Ô&Û
¶¸·��!· � ïOò �Uð�ñ�ñ¸õÃô��

Tt
ú fü;yÇ8È'^-Ër>×_O;=<EÄn:�;yê';=^�;=<�RPÍ�Ç�RSËr;«È'@�Ç8È'^-Ë4Än<?Ì-Ç�Än>A^�êìÄn:�;

Än<�RP^-Ë?@ÃÈ'<?É¥R5Än>AÈ'^
Tt
Û��!;8Ä

D
Ê¼;�R�_OÈ'É¥RP>A^">A^

RN
Æ�>�Än:iÄn:�;�Ê¼È'Ì�^-_-RP<rÏ

∂D
Å�>A;�Ç8;8Æ©>×Ër;

Ck
@ÃÈ'<YRUê'>�Ð�;=^a>A^�Än;=ê';=<

k ≥ 0
Û �¨;8Ä

Tt
Ê¼;yRÑÈ'^�;8Î�ÄnÈSÎ&È'^�;yÉ¥RPÅ�Å�>A^�ê¥@Ã<?È'É

D
È'^�ÄnÈ

D
ËrÌ-Ç�:àÄn:¸R5Ä

(1.13) Tt
RP^-_

T−1
t

Ê¼;=ÍAÈ'^�ê«ÄnÈ
Ck(D;RN )

RP^-_

(1.14) t 7→ Tt(x), T−1
t (x) ∈ C([0, ε))N , ∀x ∈ D,

Än:)Ì-ËiÄn:�;U@ÃÌ�^-Ç�Än>AÈ'^
(t, x) 7→ Tt(x)

Ê¼;=ÍAÈ'^�ê�ËiÄnÈàÄn:�;¥ËrÅ¸RSÇ8;
C([0, ε);Ck(D;RN ))_O;=^�ÈSÄn;�_aÊ�Ï

C(0, ε;Ck(D;RN ))
Û ÿ È'<ERP^�Ï

X ∈ D RP^-_
t > 0

Än:�;cÅ¼È'>A^�Ä
x(t) =

Tt(X)
ÉUÈ Ð�;�ËKRPÍAÈ'^�ê«Än:�;EÄn<�R5ý4;�Ç�ÄnÈ'<rÏ

x(·) Æ©>�Än:þÄn:�;YÐ�;=ÍAÈ*Ç8>�Ä.Ï

(1.15)

∥∥∥∥
d

dt
x(t)

∥∥∥∥
RN

=

∥∥∥∥
∂

∂t
Tt(X)

∥∥∥∥
RNRP^-_ìË�R5Än>×Ë?Ú�;�ËgÄn:�;"Ë4ÏOËrÄn;=É È'@�È'<n_O>A^¸RP<rÏì_O>��¯;=<?;=^�Än>§RPÍ!;	��Ì¸R5Än>AÈ'^-Ë

(1.16)
d

dt
x(t) = V (t, x(t)).

h&Ä©>×ËgÈ'Ê�Ð*>AÈ'Ì-ËgÄn:¸R5Ä�Än:�;"Ë?Å¼;=;�_þÐ�;�Ç�ÄnÈ'<�Ú�;=Í×_
V (t, x)

Ä�RPQ';�Ë,Än:�;i@ÃÈ'<?É

(1.17) V (t, x) =

(
∂

∂t
Tt

)
◦ T−1

t (x).

ÿ <?È'É årÓSÛ×Ó�Õ�éYRP^-_$årÓSÛ×Ó8Ù)é©Än:�;yÐ�;�Ç�ÄnÈ'<iÚ�;=Í×_
V (t)

Lµ_O;=Ú�^�;�_ RSË
V (t)(x) = V (t, x)

L
Ë�R5Än>×ËrÚ�;�Ë�Än:�;Y<?;=Í§R5Än>AÈ'^

(1.18) V ∈ C(0, ε;Ck(D;RN )).
h�@
V

>×ËàRüÐ�;�Ç�ÄnÈ'<þÚ�;=Í×_ ËrÌ-Ç�: Än:¸R5ÄüårÓSÛ×Ó�Ø�éÑ:�È'Í×_�Ë=L,Än:�;=^ Än:�;ÜÄn<�RP^-Ër@ÃÈ'<?É�R5Än>AÈ'^
Tt_O;=Å¼;=^-_O>A^�êàÈ'^

V
RP^-_2ËrÌ-Ç�:aÄn:¸R5ÄiÇ8È'^-_O>�Än>AÈ'^-ËUårÓSÛ×Ó�Õ�éKRP^-_ÝårÓSÛ×Ó8Ù)éVRP<?;yË�R5Än>×ËrÚ�;�_µLµ>×Ë

_O;=Ú�^�;�_ìÊ�Ï�årÓSÛ�Ö'é�Û

Theorem 1.4.
�!ò=ö

D
��òVð � �
�*ô ��ò%� �����UðSõÃô�õÃô RN �\õ²ö�ï©ñ¼õ�ò ��ò��\õÃó=ò�ó � ���Sö�ï

� �
�*ô ��ð���ø
∂D

L ðPô �
V ∈ C(0, ε;Ck(D,RN ))

��òüð �SõÃ÷Sò8ô1÷Sò �=ö ��� '�ò=ù � �\ï�õ��8ï
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ó=ðSö�õÃó�'�ò8ó

(1.19) V (t, x) · n(x) = 0
"$���¡ð�úÃò ú

x ∈ ∂D,
ðPô �

(1.20)
õ "
n = n(x)

õÃóEô �Sö)��ò�'\ô¼ò%�þðSö�ðUó�õÃô�� �OùAð��gñ �PõÃô-ö
x ∈ ∂D, ö�ï*ò8ô ��òió8ò=ö

V (t, x) = 0.
� ï*ò8ôþö�ïOò ��òEò��SõÃó�ö�óKðPô ��ñ�ò8ôþõÃô-ö�ò$��÷Pð'ù

I
L
0 ∈ I L ðPô �yð �Pô¯ò��.ö ��� �Pô¼òVö(�nðPô-ó�"$��� �UðSö�õ��Sô

Tt(V ) : RN → RN ó�� �8ïáö�ï*ð'ö
Tt(V )

�Uð�ñ¸ó
D

�Pô¸ö �
D
ú � � ��ö�ï*ò$� � ���nò

Tt(V )ó=ðSö�õÃó�'�ò8ó��%�Pô �Sõ²ö�õ��Pô�ó
(1.13)

L
(1.14)

L
(1.2)

ú���ô¥ñ�ð��8ö�õ�����ù�ð��cö�ï*òc÷Sò �=ö ��� '�ò=ù �
V

��ðPô
��ò � ��õ²ö�ö�ò8ôÜõÃô2ö�ï*ò "$� �%�

V = ∂tTt(V ) ◦ Tt(V )−1.
� ô�ö�ï*ò��Sö�ïOò �Vï*ðPô � L õ "

Tt
õÃóEðyö(��ðPô�ó "$��� �UðSö�õ��Pô � "

D, Tt
ó=ðSö�õÃó�'�ò8ó

(1.13)
L
(1.14)ðPô �

V
õÃó���ò�'\ô¼ò%����ø¥ö�ï*ò "$��� �	�OùAð

V = ∂tTt ◦ T−1
t ,

ö�ï*ò8ô
V ∈ C(0, ε;Ck(D,RN ))

ðPô �
(1.19)

ï �'ù �Pó "$���Kö�ï*ò '�ò=ù �
V
ú	��õÃ÷Sò�ô�ð"÷Sò �=ö ���

'�ò=ù �
V

�\õ²ö�ïÑö�ï*òið�� �S÷Pò�ñ � ��ñ�ò$��ö�õ�ò8ó L ö�ï*òEö(��ðPô�ó "$��� �UðSö�õ��Pô
Tt(X) = x(t,X)

��ðSô �nò
��ò�'\ô¼ò%� L õÃôáðSôáò�
��*õÃ÷SðSù�ò8ô¸ö ��ðSø L ðPó«ðàù ����ðSù�ó+�Sù �Oö�õ��Pô ö �àö�ï*ò«ó�øSó�ö�ò$� � " ��� �PõÃô¯ð���ø
�Põ 
Kò$�nò8ô-ö�õ�ð'ù�ò�
��-ðSö�õ��Sô�ó

(1.2)
L ö�ï*ð'ö�õÃó L

Tt = Tt(V )
ú

T©È Æ"L*Æ�;YRP<?;Y>A^�Än;=<?;�ËrÄn;�_à>A^�Än:�;YÇ�RSË?;EÈ'@CR¡_OÈ'É¥RP>A^
D
Æ©:�>×Ç�:þ>×Ë�^�ÈSÄ�Ê¼È'Ì�^-_O;�_µÛ

Dk(RN ;RN )
_O;=^�ÈSÄn;�ËCÄn:�;�Ë?Å¸RSÇ8;gÈ'@¯Ç8È'ÉUÅ¸RSÇ�ÄnÍ�ÏyË?Ì�Å�Å¼È'<rÄn;�_yÐ�;�Ç�ÄnÈ'<\Ú�;=Í×_�ËCÆ©>�Än:yÄn:�;

Ì�^�>A@ÃÈ'<?É Ç8È'^�Ð�;=<?ê';=^-Ç8;">A^
Ck �

Æ,;Y<?;=@Ã;=<gÄn:�;i<?; RS_O;=<�ÄnÈ�Ò±ØPÔ!@ÃÈ'<gÄn:�;"_O;8Ä�RP>AÍ×Ë8Û

Definition 1.1.
�!;8Ä

D
Ê¼;gRK_OÈ'É¥RP>A^¡>A^

RN
Æ©:�È�Ër;�Ê¼È'Ì�^-_-RP<rÏ

∂D
>×ËeÅ�>A;�Ç8;8Î

Æ©>×Ër;
Ck

L
k ≥ 1

Û¨h&ÄY>×ËiËrÌ�Å�Å¼È�Ë?;�_2Än:¸R5ÄYÄn:�;«È'ÌOÄ.ÆgRP<n_2Ì�^�>�Äi^�È'<?É¥RPÍ\Ú�;=Í×_
n
;8ß*>×Ë4Ä�Ë

R*Û±;'Û-È'^
∂D

L�>�Û±;'Û�;8ßOÇ8;=ÅOÄ©@ÃÈ'<©Ër>A^�ê'Ì�Í§RP<�Å¼È'>A^�Ä�Ë
x
È'@
∂D

Û�Þ,:�;Y@ÃÈ'ÍAÍAÈ Æ�>A^�êÑ^�ÈSÄ�R5Än>AÈ'^ì>×Ë
Ì-Ë?;�_ *

V k(D) = {V ∈ Dk(RN ;RN ) | 〈V, n〉RN = 0
È'^

∂D
;8ßOÇ8;=ÅOÄVR5ÄKË?>A^�ê'Ì�Í§RP<�Å¼È'>A^�Ä�Ë

x
È'@
∂D, V (x) = 0

@ÃÈ'<KRPÍAÍ�Ë?>A^�ê'Ì�Í§RP<�Å¼È'>A^�Ä�Ë
x}.

V k(D)
>×Ë�;	��Ì�>AÅ�Å¼;�_þÆ©>�Än:àÄn:�;YÄnÈ'Å¼È'ÍAÈ'êSÏà>A^-_OÌ-Ç8;�_àÊ�Ï Dk(RN ;RN )

Û
X)È�L�>A@

V ∈ C(0, ε;V k(D))
L*Än:�;=^þÄn:�;=<?;Y;8ß*>×ËrÄ�Ë©R¡Ç8È'ÉÑÅ¸RSÇ�Ä�Ë?;8Ä

O
>A^
RN

Ë?Ì-Ç�:
Än:¸R5ÄKÄn:�;¡ËrÌ�Å�Å¼È'<rÄVÈ'@

V (t)
>×Ë©>A^-Ç8ÍAÌ-_O;�_a>A^

O
@ÃÈ'<VRPÍAÍ

0 ≤ t ≤ ε
Û¯X)È�L¸Æ�;":¸R=Ð�;"Än:�;

@ÃÈ'ÍAÍAÈ Æ©>A^�ê«Än:�;=È'<?;=É *

Theorem 1.5.
�!ò=ö

D
��òVð � �
�*ô ��ò%� �����UðSõÃô�õÃô RN �\õ²ö�ï©ñ¼õ�ò ��ò��\õÃó=ò�ó � ���Sö�ï

� �
�*ô ��ð���ø
∂D

L ðPô �
V ∈ C(0, ε;V k(D))

��òàða÷Sò �=ö ���
'�ò=ù ��ú � ïOò�ô$ö�ï*ò$�nòìò �SõÃó�ö�ó
ðPôaõÃô-ö�ò$��÷SðSù

I = [0, δ)
L
0 < δ < ε

L ðPô �¥ð �Pô¯ò��.ö �
� �Pô¯òiö(��ðPô�ó "$��� �UðSö�õ��Pô
Tt(V )

"$���
ò�ð��8ï

t ∈ I �\ï�õ��8ï �Uð�ñ¸ó
D

�Pô¸ö �
D

ðPô �«ïOðPóiðSùÃù¨ö�ï*ògñ � ��ñOò$�8ö�õ�ò8ó � " � ï*ò � �nò$�
1.4

ú
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¶¸·��µ·\î ��� �Sù�ò8÷yó&ñ�ð���ò8óiðPô � � �
�Oô ��ð ��øÑ÷SðSù �-ògñ � � ��ùAò$�¡ó å�Þ�â�é ðPô � å�â�â�é õÃô¥ñ�ò$� �
ö�� ���nò%����� �UðPõÃô-ó8ú fü;�RPÍA<?; RS_*ÏÝ>A^�Än<?È*_OÌ-Ç8;�_æÄn:�;ÜX)È'Ê¼È'ÍA;8ÐÝÆ�;=>Aê':�Än;�_	ËrÅ¸RSÇ8;�ËÑ>A^	R
ÚOß*;�_U_OÈ'É¥RP>A^¨Û�TKÈ ÆiLSÆ�;©RP<?;g>A^�Än;=<?;�ËrÄn;�_U>A^yÄn:�;�_O;=Ú�^�>�Än>AÈ'^UÈ'@¨X)È'Ê¼È'ÍA;8ÐUË?Å¸RSÇ8;�ËCÆ©>�Än:
Ç8È'<?<?;�Ë?Å¼È'^-_O>A^�ê"Æ,;=>Aê':�Ä�Ë�>A^�REÅ¼;=<rÄnÌ�<?Ê¼;�_¥_OÈ'É¥RP>A^¨Û�Þg:�;�ÉUÈ�ËrÄ�>AÉÑÅ¼È'<rÄ�RP^�Ä�Å�<?È'Å¼;=<rÄ.Ï
>×Ë,Än:�;i;8ß*>×ËrÄn;=^-Ç8;"È'@�Än<�RSÇ8;�Ë©RP^-_àÄn:�;EÄn<�RSÇ8;YÄn:�;=È'<?;=É�Û

Definition 1.2.
f�;�Æ©<?>�Än;

ut ∈W 1,2
0 (Ωt)

>��
ut = ut ◦Tt ∈W 1,2

0 (Ω)
RP^-_

Än:�;"Ç8È'<?<?;�ËrÅ¼È'^-_O>A^�ê�^�È'<?É >×Ë�_O;=Ú�^�;�_ìÊ�Ï
�

Ω

‖∇ut‖2 dx =

�

Ωt

‖DTt ◦ T−1
t · ∇ut‖2|γ(t)|−1 dy.

Þg:�;©Än<�RSÇ8;KÈ'^
Γt
>×Ë�_O;=Ú�^�;�_¥>A^ÑÄn:�;V@ÃÈ'ÍAÍAÈ Æ�>A^�êcÆ�R=Ï *

ut = 0
È'^

Γt
>��
ut = 0

È'^
Γ
Û

fü;«Ër;8Ä
W̊ 1,2

0 (Ωt) = D(Ωt)
‖·‖

W
1,2
0

(Ω) = {ut ∈ W 1,2
0 (Ωt) | ut = 0

È'^
Γt}

Æ©>�Än:
Än:�;"Ç8È'<?<?;�ËrÅ¼È'^-_O>A^�ê�^�È'<?É

‖ut‖W̊ 1,2
0 (Ωt)

=
{ �

Ωt

‖DTt ◦ T−1
t · ∇ut‖2|γ(t)|−1 dy

+

�

Ωt

‖ut ◦ T−1
t ‖2(% ◦ T−1

t )−2|γ(t)|−1 dy
}1/2

.

Definition 1.3.
f�;cÆ©<?>�Än;

gt ∈ W 1/2,2
0 (Γt)

>��
gt ◦ Tt = gt ∈ W 1/2,2

0 (Γ )Æ©>�Än:þÄn:�;i^�È'<?É _O;=Ú�^�;�_ìÊ�Ï
�

Γt×Γt

1

w4(t)

|gt(x′t)− gt(y′(t)|2
|Stx′t − Sty′t|2

dx′t dy
′
t =

�

Γ×Γ

|gt(x′)− gt(y′)|2
|x′ − y′|2 dx′ dy′ <∞,

Æ©:�;=<?;
w(t) = |det(DTt)|‖(DT−1)∗ · n‖RN

L
x′t = Ttx

′ L y′t = Tty
′ L M(Tt) =

det(DTt)
∗DT−1 >×Ë,Än:�;"Ç8È'@�RSÇ�ÄnÈ'<©É¥R5Än<?>�ßþÈ'@�Än:�;c`�RSÇ8È'Ê�>§RP^ DTt L¼RP^-_ St = T−1

t

Û
ÿ >A<nËrÄ�Æ�;cRP<?;Y>A^�Än;=<?;�ËrÄn;�_ì>A^àÆ,; RPQ�_O>��¯;=<?;=^�Än>§RPÊ�>AÍA>�Ä.ÏþÆ©>�Än:à<?;�Ë?Å¼;�Ç�Ä©ÄnÈ

t
Û

Proposition 1.1.
�!ò=ö

f ∈ W̊ 0,2
1 (D) ⊂ W−1,2

0 (D)
ú&��ò8ö

V ∈ C(0, ε,
Dk(RN+ ;RN ))

��ò �PõÃ÷Sò8ô L
k ≥ 1

ú � ï*ò8ô]ö�ï*ò �Ñð�ñ�ñ¸õÃô �
t 7→ f ◦ Tt

õÃó ��ò�ð��5ù�ø
�Põ 
Kò$�nò8ô-ö�õ�ð ��ùAò"õÃô2ö�ï*ò"ó&ñ�ð���ò

W−1,2
0 (D)

ú
� � ��� "8ú �!;8Ä

ϕ ∈ W̊ 1,2
0 (RN+ ) ⊂ W 0,2

−1 (RN+ )
Ê¼; ê'>�Ð�;=^ RP^-_]_O;=Ú�^�;

λ(t) =

γ(t)−1 ◦ T−1
t = γ(t)−1 ◦ St

ÛOfü;i:¸R=Ð�;
1

t

�

D

(f ◦ Tt − f)ϕdx =
1

t

�

D

f(λ(t)ϕ ◦ St − ϕ) dx.

ÿ Ì�<rÄn:�;=<?ÉUÈ'<?;
1

t
(λ(t)ϕ ◦ St − ϕ) = λ(t)

1

t
(ϕ ◦ St − ϕ) +

1

t
(λ(t)− 1)ϕ),

RP^-_�Än:�;$<?>Aê':�Äü:¸RP^-_ Ë?>×_O;	Ç8È'^�Ð�;=<?ê';�Ë�ÄnÈ −∇ϕ · V (0) + λ′(0)ϕ
ËrÄn<?È'^�ê'Í�Ï�>A^

W 0,2
−1 (RN+ )

RSË
t→ 0

Û¸D�È'<?;=È Ð�;=<=L->�Ä©>×Ëg;8Ð*>×_O;=^�Ä�Än:¸R5Ä
λ′(0) = −div V (0)

Û
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X)>A^-Ç8;
St

>×ËKRSË?Ë?È*Ç8>§R5Än;�_àÆ©>�Än:þÄn:�;"Ë?Å¼;=;�_þÐ�;�Ç�ÄnÈ'<©Ú�;=Í×_ −Vt L�Æ,;Y:¸R=Ð�;�

D

1

t
(f ◦ Tt − f)ϕdx→ −

�

D

f div(ϕV (0)) dx = 〈f · V (0), ϕ〉
W−1,2

0 (D)×W̊ 1,2
0 (D)

RSË
t→ 0 �

Än:�>×Ë�Å�<?È Ð�;�ËgÄn:�;iÅ�<?È'Å¼È�Ër>�Än>AÈ'^¨Û
f�;ëRP<?;2>A^�Än;=<?;�Ë4Än;�_ >A^ Än:�;2_O>��¯;=<?;=^�Än>§RPÊ�>AÍA>�Ä.Ï È'@iÄn:�;ÜÉ�RPÅ�Å�>A^�ê

t 7→ f ◦ Tt
L

Æ©:�;=<?;
f
>×ËVR«ÉU; RSË?Ì�<?;"È'<ERU_O>×Ë4Än<?>AÊ�ÌOÄn>AÈ'^aÆ©:�>×Ç�:aÇ�RP^�^�ÈSÄEÊ¼;"<?;=Å�<?;�Ë?;=^�Än;�_aÊ�Ï�RP^�Ï

>A^�Än;=ê'<�RPÊ�ÍA;c@ÃÌ�^-Ç�Än>AÈ'^¨Û

Definition 1.4.
�!;8Ä

ht ∈W−1,2
0 (Ωt)

RP^-_
ϕ ∈ W̊ 1,2

0 (Ω)
Û*Þg:�;=^ÑÆ,;V_O;=Ú�^�;

〈τht, ϕ〉W−1,2
0 (Ω)×W̊ 1,2

0 (Ω)
= 〈ht, γ−1(t)ϕ ◦ T−1

t 〉W−1,2
0 (Ωt)×W̊ 1,2

0 (Ωt)
.

Remark 1.1.
h�@
ht ∈ L2(Ωt)

L�Än:�;=^
ϕ ◦ T−1

t ∈ W̊ 1,2
0 (Ωt)

@ÃÈ'<àRPÍAÍ
ϕ ∈

W̊ 1,2
0 (Ω)

L¸RP^-_þÆ,;Y:¸R=Ð�;

〈ht, γ(t)−1ϕ ◦ T−1
t 〉W−1,2

0 (Ωt)×W̊ 1,2
0 (Ωt)

=

�

Ωt

ht(x) · γ(t)−1ϕ ◦ T−1
t (x) dx

=

�

Ω

ht ◦ Tt(X)ϕ(X) dX = 〈ht ◦ Tt, ϕ〉W−1,2
0 (Ω)×W̊ 1,2

0 (Ω)
,

Æ©:�;=<?;
ht = ht ◦ Tt

RP^-_
ht ∈ L2(Ωt)

Û

Proposition 1.2.
å²>Ãé ��"

ht ∈W−1,2
0 (Ωt)

L ö�ïOò�ô

ht = div F, F = (f1, . . . , fN ),
�\õ²ö�ï

fi ∈ L2(Ωt), i = 0, . . . , n
ú

å²>A>Ãé
ht = γ(t)−1 div(DT−1

t F ◦ Tt)
ú

å²>A>A>Ãé ��ô2ñ�ð��8ö�õ����Où�ð �¥õ "
h ∈ W−1,2

0 (D)
L �\ïOò ��ò

Ω ⊂ D,Ωt ⊂ D
L ö�ï*ò8ô

ht ∈
W−1,2

0 (D)
ðPô �

h− ht
t
→ ḣ

��ò�ð � ù�øUõÃô
W−1,2

0 (D).

� � ��� "8ú Þg:�>×Ëg@ÃÈ'ÍAÍAÈ Æ©Ë�@Ã<?È'É Än:�;cRPÊ¼È Ð�;'Û
��ÏyRP^URPÅ�Å�ÍA>×Ç�R5Än>AÈ'^UÈ'@�Än:�;�Än<�RP^-Ë?Å¼È'<rÄ\Än;�Ç�:�^�> ��Ì�;,ÄnÈEÈ'Ì�<CÅ�<?È'Ê�ÍA;=É årÓSÛ×Ó é�_O;=Ú�^�;�_

>A^
Ωt
LOÆ�;Yê';8Ä

〈∆ut, ψ〉W−1,2
0 (Ωt)×W̊ 1,2

0 (Ωt)
= 〈div(A(t)∇ut), ψ ◦ Tt〉W−1,2

0 (Ω)×W̊ 1,2
0 (Ω)

.

�!;8Ä
ϕ = ψ ◦ Tt ∈ W̊ 1,2

0 (Ω)
Û-Þg:�;=^

〈∆ut, ϕ ◦ T−1
t 〉W−1,2

0 (Ωt)×W̊ 1,2
0 (Ωt)

= 〈div(A(t)∇ut), ϕ〉W−1,2
0 (Ω)×W̊ 1,2

0 (Ω)Å�<?È Ð*>×_O;�_àÄn:¸R5Ä
−∆ut = ht

>A^
Ωt,Æ©:�;=^-Ç8; −div(A(t)∇ut) = γ(t)ht

>A^
Ω.
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ÿ È'<�Å�<?È'Ê�ÍA;=É å�â�â�é�L −∆ut = ft
>A^
Ωt

Än:)Ì-Ë

−div(A(t)∇ut) = γ(t)f t
>A^
Ω.Þg:�;=<?;=@ÃÈ'<?;'L¸Å�<?È'Ê�ÍA;=É å�â�â�é

−∆ut = ft
>A^
Ωt,

ut = gt
È'^

Γt,>×Ë,Än<�RP^-Ë?Å¼È'<rÄn;�_àÄnÈ«Än:�;iÚOß*;�_ì_OÈ'É�RP>A^
Ω
RP^-_àÅ�<?È'Ê�ÍA;=É å�Þgâ�é�Ê¼;�Ç8È'ÉU;�Ë

−div(A(t)∇ut) = γ(t)f t
>A^
Ω,

ut = gt
È'^

Γ,
Æ©:�;=<?;

gt = gt ◦ Tt
Û

�µ·��Y½5¾������
	 �
����� · ÿ >A<nËrÄ�LCÆ,;þ>A^�Ð�;�ËrÄn>Aê�R5Än;àÄn:�;à;8ß*>×ËrÄn;=^-Ç8;ìÈ'@©Än<�RP^-Ë?Å¼È'<rÄn;�_
Ë?È'ÍAÌOÄn>AÈ'^-Ë�>A^àÄn:�;iÚOß*;�_ì_OÈ'É¥RP>A^

Ω
Ë�R5Än>×Ë?@§Ï*>A^�êUÄn:�;i;	��Ì¸R5Än>AÈ'^-Ë

(TP)
−div(A(t)∇ut) = F t

>A^
Ω,

ut = gt
È'^

∂Ω.
fü;i_O;=Ú�^�;¡R¡Ê�>AÍA>A^�; RP<�@ÃÈ'<?É Ê�Ï

B(u, v) =

�

Ω

A(t)∇u · ∇v.
X)>A^-Ç8;

γ(0) = 1
L,@ÃÈ'<àËrÌ��ÑÇ8>A;=^�ÄnÍ�Ï Ë?É¥RPÍAÍ

δ > 0
Æ�;2:¸R=Ð�;

γ(t) > 1/2
@ÃÈ'<�RPÍAÍ

t ∈ (−δ, δ) RP^-_þÄn:�;iÊ�>AÍA>A^�; RP<©@ÃÈ'<?É B
>×ËgÌ�^�>A@ÃÈ'<?ÉUÍ�Ïà;=ÍAÍA>AÅOÄn>×ÇSL->�Û±;'ÛAL

(2.1) B(u, u) ≥ c‖∇u‖22@ÃÈ'<©ËrÈ'ÉÑ;YÅ¼È�Ër>�Än>�Ð�;cÇ8È'^-ËrÄ�RP^�Ä
c > 0

Û

Theorem 2.1.
�!ò=ö

γ(t)f t ∈ W−1,2
0 (RN+ )

ðPô �
gt ∈ W 1/2,2

0 (RN−1)
ú � ï*ò8ô

ñ � ���8ù�ò$� å�Þgâ�é ð����¡õ²ö�ó �Pô¯ò�ðPô � �Pô¸ù�ø �Pô¯òUó$�'ù �Oö�õ��Sô
ut ∈ W 1,2

0 (RN+ )
L ðPô �ìö�ï*ò$�nò

ò��SõÃó�ö�ó"ð#�%�Pô�ó�ö�ðPô¸ö
c > 0

L õÃô ��ò4ñ�ò8ô ��ò�ô¸ö � "
t ∈ (−δ, δ) L f t ðPô � gt L ó�� �8ïþö�ï*ðSö

(2.2) ‖ut‖
W 1,2

0 (RN+ )
≤ c(‖γ(t)f t‖

W−1,2
0 (RN+ )

+ ‖gt‖
W

1/2,2
0 (RN−1

+ )
).

� � �nò �P÷Sò$� L õ "
γ(t)f t ∈ Wm−1,2

m (RN+ )
ðPô �

gt ∈ W
m+1/2,2
m (RN−1)

"$���aó$� �Uò
õÃô¸ö�ò���ò$�

m ≥ 1
L ö�ï*ò8ô

u ∈ Wm+1,2
m (RN+ )

L ðPô �¥ö�ï*ò$�nò«ò��PõÃó�ö�ócð � �Pô-ó�ö�ðPô¸ö
c = c(m)ó�� �8ï�ö�ï*ð'ö

(2.3) ‖ut‖Wm+1,2
m (RN+ ) ≤ c(‖γ(t)f t‖Wm−1,2

m (RN+ ) + ‖gt‖
W
m+1/2,2
m (RN−1

+ )
).

X)>A^-Ç8;cÄn:�;c^�È'^OÎ&:�È'ÉÑÈ'ê';=^�;=È'Ì-Ë&
V>A<?>×Ç�:�ÍA;8ÄEÊ¼È'Ì�^-_-RP<rÏ2Ç8È'^-_O>�Än>AÈ'^
gt
>×ËKê'>�Ð�;=^2Ê�Ï

Än:�;YÇ8È'ÉUÅ¼È�Ë?>�Än>AÈ'^
gt ◦ Tt

L)Æ,;EÇ�RP^àRPÍ�Æ�R=ÏOË,Ç8È'^-Ë?>×_O;=<,Än:�;E;	��Ì�>�Ð'RPÍA;=^�Ä�Å�<?È'Ê�ÍA;=É Æ©>�Än:
Än:�;ì:�È'ÉÑÈ'ê';=^�;=È'Ì-Ë 
K>A<?>×Ç�:�ÍA;8ÄþÇ8È'^-_O>�Än>AÈ'^¨Û ÿ >A<nËrÄ�L\Æ,;�_O;=Ú�^�;

Gt
RSËÑRP^$;8ß)Än;=^-Ë?>AÈ'^

Ë?Ì-Ç�:¡Än:¸R5Ä
gt = Gt

È'^
Γ t

RP^-_
Gt ∈W 1,2

0 (RN+ )
ÛSBgÇ�ÄnÌ¸RPÍAÍ�Ï�LPÆ,;�:¸R=Ð�;�Än:�;gË4Ä�RP^-_-RP<n_

<?;�Ë?Ì�Í�Ä�Û
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Proposition 2.1.
� ï*ò«ó+�Sù ��ö�õ��Pô

ut ∈ W 1,2
0 (RN+ )

� "Kñ � ���8ùAò � å�Þ�â�é ö�ð��Sò8ó
ö�ï*ò "$��� �

ut = wt + Gt
L �\ï*ò$�nò

wt ∈ W̊ 1,2
0 (RN+ )

õÃó¥ð �*ô-õ 
��-ò�ó$�Sù �Oö�õ��Pô$ö �Üö�ï*ò
"$�SùÃù �
�\õÃô �iñ � ���8ù�ò$� *

(2.4) B(wt, ϕ) = 〈f t −∆Gt, ϕ〉, ∀ϕ ∈ W̊ 1,2
0 (RN+ ).

ÿ <?È'É Än:�; ��R5ß��*D�>AÍAê'<�RPÉ ÍA;=ÉUÉ¥RÜ>�ÄÑ@ÃÈ'ÍAÍAÈ Æ©ËUÄn:¸R5ÄÑÄn:�;àÐ'RP<?>§R5Än>AÈ'^¸RPÍKÅ�<?È'Ê�ÍA;=É
å&Ö)Û±Ù)é\RS_OÉU>�Ä�Ë�RKÌ�^�> ��Ì�;©Ë?È'ÍAÌOÄn>AÈ'^

wt ∈ W̊ 1,2
0 (RN+ )

Û�Þ,:�;gÊ�>AÍA>A^�; RP<�RP^-_yÍA>A^�; RP<\@ÃÈ'<?É¥Ë
>A^üå&Ö)Û±Ù)é�RP<?;YÇ8È'^�Än>A^)Ì�È'Ì-ËKRP^-_�Än:�;EÊ�>AÍA>A^�; RP<�@ÃÈ'<?É >×Ë

W̊ 1,2
0 (RN+ )

Î&;=ÍAÍA>AÅOÄn>×ÇSÛ-BKÅ�Å�Í�Ï*>A^�ê
Än:�;gX*Ç�:�ÆgRP<rÄní�<?;���;�Ç�Än>AÈ'^cÅ�<?>A^-Ç8>AÅ�ÍA;gRP^-_i>A^-_OÌ-Ç�Än>AÈ'^"Æ,;�ê';8Ä!Än:�;�<?;	��Ì�>A<?;�_"<?;=ê'Ì�Í§RP<?>�Ä.Ï�Û

�µ· �Y½5¾ ��� �
	 �
� ��� · TKÈ ÆiLOÆ,;i_O; RPÍ¨Æ©>�Än:þÄn:�;iÅ¼;=<rÄnÌ�<?Ê¼;�_ìÅ�<?È'Ê�ÍA;=É

(PP)
−∆ut = ft

>A^
Ωt = Tt(RN+ ),

ut = gt
È'^

Γt = Tt(RN−1).

Proposition 3.1.
��"
f ∈ W̊ 0,2

1 (RN+ )
L ö�ï*ò8ô

F t − f
t

→ div V f + ḟ
��ò�ð��5ù�øUõÃô

W−1,2
0 (RN+ ).

� � ��� "8ú fü;Y:¸R=Ð�;
1

t
〈F t − f, ϕ〉 − 〈ḟ − div V f, ϕ〉

=
1

t
〈−div(A(t)∇ut) + div∇u, ϕ〉+ 〈div V f, ϕ〉

=
1

t
〈(A(t)− I)∇ut,∇ϕ〉 − 1

t
〈∇(ut − u),∇ϕ〉+ 〈div V f, ϕ〉

→ 〈A′(0)∇u,∇ϕ〉 − 〈∇u̇,∇ϕ〉+ 〈div V f, ϕ〉 = 〈ḟ , ϕ〉+ 〈div V f, ϕ〉.
ÿ È'<

f ∈W 0,2
1 (RN+ )

>�Ä©@ÃÈ'ÍAÍAÈ Æ©Ë,Än:¸R5Ä
ḟ ∈W−1,2

0 (RN+ )
RP^-_�RPÍ×ËrÈ

f t − f
t
− ḟ → 0

Æ�; RPQ)Í�Ïþ>A^
W−1,2

0 (RN+ ).

ÿ È'<
g ∈W 3/2,2

1 (Γ )
Æ©>�Än:

ġ ∈W 1/2,2
0 (Γ )

>�Ä�@ÃÈ'ÍAÍAÈ ÆKË,Än:¸R5Ä

gt − g
t
− ġ → 0

Æ,; RPQ)Í�Ï�>A^
W

1/2,2
0 (Γ ).

Theorem 3.1.
å²>Ãé ��ò8ö

ft ∈ W−1,2
0 (Ωt)

ðPô �
gt ∈ W 1/2,2

0 (Γt)
ú � ï*ò8ô¥ñ � �����

ùAò$� å�â�â�é ð�� �¡õ²ö�ó«ð �*ô-õ 
��-ò«ó$�'ù �Oö�õ��Sô
ut ∈ W 1

0 (Ωt)
L ðPô �àö�ïOò ��òÑò��SõÃó�ö�ó«ð

�%�Pô�ó�ö�ðPô¸ö
c
L ô �Sö)��ò4ñ�ò8ô �SõÃô����Pô

ft
ðPô �

gt
L ó�� �8ï�ö�ïOðSö

(3.1) ‖ut‖W 1,2
0 (Ωt)

≤ c(‖ft‖W−1,2
0 (Ωt)

+ ‖gt‖W 1/2,2
0 (Γt)

).

å²>A>Ãé � ���nò �S÷Pò$� L õ "
ft ∈ W 1,2

1 (Ω)
ðSô �

gt ∈ W
3/2,2
1 (Γ )

ö�ï*ò8ôÜñ � � ��ùAò$� å�â�â�é
ð�� �¡õ²ö�ócð �*ô-õ 
��-ò"ó+�Sù �Oö�õ��Pô

ut ∈ W 2
1 (Ω)

L ðPô �¥ö�ï*ò$�nòyò��SõÃó�ö�ócð � �Sô�ó�ö�ðPô-ö
c
L
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ô �Sö)��ò4ñ�ò8ô �PõÃô � �Sô
ft

ðPô �
gt
L ó�� �8ïþö�ï*ðSö

(3.2) ‖ut‖W 2
1 (Ωt) ≤ c(‖ft‖W 0

1 (Ωt) + ‖gt‖W 3/2
1 (Γt)

).

� � ��� "8ú ÿ >A<nË4Ä�L-Æ�;YÌ-Ë?;YÄn:�;YÐ'RP<?>§R5Än>AÈ'^¸RPÍ�@ÃÈ'<?É¡Ì�Í§R5Än>AÈ'^

〈ft, ψ〉W−1,2
0 (Ωt)×W̊ 1,2

0 (Ωt)
= 〈γ(t)ft, γ

−1ϕ ◦ T−1
t 〉W−1,2

0 (Ωt)×W̊ 1,2
0 (Ωt)

= 〈γ(t)∆ut, γ
−1(t)ϕ ◦ T−1

t 〉W−1,2
0 (Ωt)×W̊ 1,2

0 (Ωt)

= 〈div(A(t)∇ut), ϕ〉
W−1,2

0 (Ω)×W̊ 1,2
0 (Ω)

= 〈ft, ϕ〉W−1,2
0 (Ω)×W̊ 1,2

0 (Ω)
,

RP^-_aÞ,:�;=È'<?;=É Õ*Û×ÓY>×ËVRUÇ8È'^-Ër;	��Ì�;=^-Ç8;¡È'@\Þ,:�;=È'<?;=É Ö)Û×ÓSÛ¼BVËgÊ¼;=@ÃÈ'<?;'L¸Æ�;¡RPÅ�Å�Í�ÏàÄn:�;
��R5ß��*D�>AÍAê'<�RPÉ�ÍA;=ÉUÉ¥R*ÛPh&Ä\>×ËeË?Ì��ÑÇ8>A;=^�ÄCÄnÈEÇ8È'^-Ë?>×_O;=<eÄn:�;�Än<�RP^-Ë?Å¼È'<rÄn;�_yÅ�<?È'Ê�ÍA;=ÉìÛPf�;
Ë?;8Ä

zt = ut−Gt Û5Þg:�;=^iÆ,;�ÍAÈ)È'QE@ÃÈ'<�Än:�;�ËrÈ'ÍAÌOÄn>AÈ'^ zt È'@*Än:�; ��RPÅ�Í§RSÇ8;�;	��Ì¸R5Än>AÈ'^cÆ©>�Än:Än:�;y:�È'ÉUÈ'ê';=^�;=È'Ì-Ë 
V>A<?>×Ç�:�ÍA;8ÄiÇ8È'^-_O>�Än>AÈ'^¨Û�Þ,:�;=<?;=@ÃÈ'<?;'LµÆ,;c:¸R=Ð�;yÄn:�;y:�È'ÉUÈ'ê';=^�;=È'Ì-Ë

V>A<?>×Ç�:�ÍA;8ÄKÅ�<?È'Ê�ÍA;=É @ÃÈ'<

zt ∈ W̊ 1
0 (Ωt)

RP^-_þÄn:�;i;�Ë4Än>AÉ�R5Än;¥å�Õ*Û×Ó é�@ÃÈ'ÍAÍAÈ ÆKË8Û

�!·����O» �)½PÂ����g¿ �)½PÂ����O»5Â�� �¸· f�;iÆgRP^�Ä©ÄnÈÑÅ�<?È Ð�;iÄn:�;c;8ß*>×Ë4Än;=^-Ç8;cÈ'@eÄn:�;cËrÄn<?È'^�ê
ÍA>AÉU>�Ä

ut → u ∈W 1,2
0

RP^-_þÄn:�;YÆ,; RPQ¥ÍA>AÉU>�Ä�@ÃÈ'<

(4.1)
ut − u
t
→ u̇ ∈W 1,2

0 (RN+ ).

V;=Ú�^�>A^�ê

wt =
ut − u
t
− u̇

Æ,;YÈ'ÊOÄ�RP>A^ìÄn:�;Y@ÃÈ'ÍAÍAÈ Æ©>A^�êÑ;	��Ì¸R5Än>AÈ'^ *

(4.2)
−∆wt = div

[
A(t)− I

t
∇ut − A′(0)∇u

]
+
f t − f
t
− ḟ >A^

Ω,

wt =
gt − g
t
− ġ È'^

Γ.

Þg:�;EÆ,; RPQ�@ÃÈ'<?É¡Ì�Í§R5Än>AÈ'^ìÈ'@gå²Ù�Û�Ö'é�>×Ë,Än:�;i@ÃÈ'ÍAÍAÈ Æ�>A^�ê *
�

RN+

∇wt · ∇φ =

�

RN+

[
A(t)− I

t
∇ut · ∇φ− A′(0)∇u∇φ

]
(4.3)

+

�

RN+

[
f t − f
t
− ḟ

]
φ, ∀φ ∈ W̊ 1,2

0 (RN+ ).

Þg:�;Yê'È�RPÍ!È'@�Än:�>×Ë�Ë?;�Ç�Än>AÈ'^�>×Ë�ÄnÈUÅ�<?È Ð�;iÄn:�;Y@ÃÈ'ÍAÍAÈ Æ©>A^�êÑÇ8È'^�Ð�;=<?ê';=^-Ç8;�Ë+*

wt =
ut − u
t
− u̇→ 0

RSË
t→ 0,

Æ�; RPQ)Í�Ïà>A^
W 1,2

0 (RN+ ),

wt =
gt − g
t
− ġ → 0

RSË
t→ 0,

Æ�; RPQ)Í�Ïþ>A^
W

1/2,2
0 (RN−1).
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h&Ä©>×Ë�Ë?Ì��UÇ8>A;=^�Ä�ÄnÈUÅ�<?È Ð�;YÄn:¸R5Ä

(4.5)
A(t)− I

t
∇ut − A′(0)∇u→ 0 as t→ 0,

Æ�; RPQ)Í�Ïþ>A^
L2(RN+ )N ,

Ë?>A^-Ç8;i@ÃÈ'<gÄn:�;i<?>Aê':�Ä©:¸RP^-_ìË?>×_O;EÆ,;Y:¸R=Ð�;iÊ�ÏþÈ'Ì�<KRSËnËrÌ�ÉUÅOÄn>AÈ'^-Ë

(4.6)
f t − f
t
− ḟ → 0 as t→ 0,

Æ�; RPQ)Í�Ïþ>A^
W−1,2

0 (RN+ ),

Æ©:�;=<?;
A′(0) = −DV − (DV )∗ + div V I

Û
�¨;8Ä

ϕ = ut − u Ê¼;"R¡Än;�Ë4ÄK@ÃÌ�^-Ç�Än>AÈ'^ì>A^àÄn:�;YÐ'RP<?>§R5Än>AÈ'^¸RPÍ�@ÃÈ'<?É¡Ì�Í§R5Än>AÈ'^¨Û¼Þg:�;=^�

RN+

A(t)|∇(ut − u)|2 − (A(t)− I)∇u · ∇(ut − u) = 〈f t − f, ut − u〉.

X)>A^-Ç8;YÄn:�;"Ú�;=Í×_
V
>×Ë©Ç8È'ÉUÅ¸RSÇ�ÄnÍ�ÏàË?Ì�Å�Å¼È'<rÄn;�_à>A^

RN
L�>�Ä©@ÃÈ'ÍAÍAÈ Æ©ËgÄn:¸R5Ä

(4.7)

�

RN+

A(t)|∇(ut − u)|2

≤
�

RN+

|(A(t)− I)∇u · ∇(ut − u)|+ ‖f t − f‖
W−1,2

0
‖ut − u‖

W 1,2
0

≤ c(t)‖∇u‖L2(RN+ )‖∇(ut − u)‖L2 + ‖f t − f‖W−1,2
0
‖ut − u‖W 1,2

0
.

ÿ <?È'É Än:�;iÅ�<?È'Å¼;=<rÄn>A;�Ë©È'@
A(t) = I +O(t)

L�@ÃÈ'< |t| Ë?É¥RPÍAÍ¨;=^�È'Ì�ê':àÆ,;Y:¸R=Ð�;

1

2
‖ut − u‖

W 1,2
0
≤ c(t)‖∇u‖L2 + c‖f t − f‖

W−1,2
0

.

X)>A^-Ç8;
f ∈ W−1,2

0

RP^-_áÆ,;þ:¸R=Ð�;�Ër:�È Æ©^ÝÄn:¸R5Ä
f t

>×Ë«Ë4Än<?È'^�ê'Í�Ï$Ç8È'^�Än>A^)Ì�È'Ì-Ë«Æ©>�Än:
<?;�Ë?Å¼;�Ç�Ä"ÄnÈ

t
L!>�Û±;'Û

f t → f
>A^
W−1,2

0

L
gt → g

>A^
W

1/2,2
0

L!>�Ä"@ÃÈ'ÍAÍAÈ ÆKËYÄn:¸R5Ä
ut →

u
>A^
W 1,2

0 (RN+ )
Å�<?È Ð*>×_O;�_

c(t)→ 0
Û

X)>A^-Ç8;
V
>×Ë�Ç8È'ÉUÅ¸RSÇ�ÄnÍ�Ï«Ë?Ì�Å�Å¼È'<rÄn;�_µL�>�Û±;'Û

suppV ⊂ B(R)
@ÃÈ'<�ËrÈ'ÉU;

R
LSÄn:�;�Ú�<nËrÄ

Än;=<?É È'^àÄn:�;i<?>Aê':�Ä©:¸RP^-_ìË?>×_O;iÈ'@,å²Ù�Û�è'é�Ä�RPQ';�Ë,Än:�;i@ÃÈ'<?É
�

Ω

(A(t)− I)∇u · ∇ϕ =

�

B(R)

(A(t)− I)∇u · (∇ut −∇u)

≤ c(t)‖∇u‖L2‖∇(ut − u)‖W−1,2
0RP^-_«>�Ä�@ÃÈ'ÍAÍAÈ ÆKË8L�>A^«Ð*>A;8Æ	È'@¼Än:�;�Å�<?È'Å¼;=<rÄn>A;�Ë�È'@¼Än:�;�É¥RPÅ�Å�>A^�ê

Tt(V )
LSÄn:¸R5Ä

c(t)→ 0
L

Æ©:�>×Ç�:à>AÉÑÅ�ÍA>A;�Ë,Än:¸R5Ä¡å²Ù�Û	�'égRP^-_üå²Ù�Û���é�:�È'Í×_�RP^-_
ut → u

>A^
W 1,2

0 (RN+ )
Û

Þ,:�;=<?;=@ÃÈ'<?;'L-Æ,;Y:¸R=Ð�;YÄn:�;Y@ÃÈ'ÍAÍAÈ Æ©>A^�êÑ<?;�ËrÌ�Í�Ä�Û

Corollary 4.1.
��"
f ∈ W−1,2

0 (RN+ )
ðSô �

g ∈ W
1/2,2
0 (RN−1)

ö�ï*ò8ô ö�ï*ò
�Uð'ö�ò ��õ�ðSù ��ò$��õÃ÷SðSö�õÃ÷Sò

u̇ ∈ W 1,2
0 (RN+ )

õÃó �PõÃ÷Sò8ô ��øæð �*ô�õ 
��-òaó+�Sù �Oö�õ��Pô ö ��ñ � �����
ùAò$�

(1.3)
ú
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�µ·�����Â��8» �*º�Á �æ¾�� 	 �O» �)½PÂ���� �-º�¿��
	 ��� �$¿ �)½PÂ����O»5Â�� �
���&¾¼½Ü»�	 ���þÂÃ½PÂ²Á�	��
� ��»�� �������¸Á�Â��¸º Â²º ��	 ����������� �¸Á �¸· f�;cË?:�È Æ Än:�;";8ß*>×Ë4Än;=^-Ç8;«RP^-_ìÌ�^�> ��Ì�;=^�;�Ë?ËVÈ'@
Ë?È'ÍAÌOÄn>AÈ'^-ËgÄnÈ«Än:�;i@ÃÈ'ÍAÍAÈ Æ©>A^�ê«Ä.Æ�ÈUÅ�<?È'Ê�ÍA;=ÉÑË+*

(5.1)
−∆u̇ =

_O>�Ð
V f + ḟ + div(A′(0)∇u),

u̇ = ġ,
RP^-_

(5.2)
−∆u′ = f ′,

u′ = g′.
BVËYR�Ç8È'^-Ë?;	��Ì�;=^-Ç8;UÈ'@�Än:�;«ê';=^�;=<�RPÍCÄn:�;=È'<rÏÜ@ÃÈ'< 
K>A<?>×Ç�:�ÍA;8Ä"Å�<?È'Ê�ÍA;=ÉÑËVÆ,;y:¸R=Ð�;yÄn:�;
@ÃÈ'ÍAÍAÈ Æ©>A^�ê«Än:�;=È'<?;=ÉÑË+*

Theorem 5.1.
��ò=ö

f ∈W 0,2
1 (RN+ )

ðSô �
g ∈W 3/2,2

1 (RN−1)
ú � ïOò�ôiñ � ���8ùAò �

å �)Û×Ó é ð�� �¡õ²ö�óþð �*ô-õ 
��-ò�ó+�Sù ��ö�õ��Pô
u̇ ∈ W 1,2

0 (RN+ )
L ðPô �2ö�ï*ò$�nòàò��SõÃó�ö�óþð �%�Pô�ó�ö�ðPô¸ö

c > 0
L õÃô ��ò4ñ�ò�ô ��ò8ô¸ö)� "

t ∈ (−δ, δ) L ó�� �8ï�ö�ï*ð'ö

(5.3) ‖u̇‖
W 1,2

0 (RN+ )
≤ c(‖f‖

W 0,2
1 (RN+ )

+ ‖g‖
W

3/2,2
1 (RN−1)

).

Theorem 5.2.
��ò=ö

f ∈W 0,2
1 (RN+ )

ðSô �
g ∈W 3/2,2

1 (RN−1)
ú � ïOò�ôiñ � ���8ùAò �

å �)Û�Ö'é ð�� �¡õ²ö�ó�ð �*ô�õ 
��-òìó$�'ù �Oö�õ��Sô
u′ ∈ W 1

0 (RN+ )
L ðPô ��ö�ï*ò$�nòÜò��SõÃó�ö�óìð �%�Pô�ó�ö�ðPô¸ö

c > 0
L õÃô ��ò4ñ�ò�ô ��ò8ô¸ö)� "

t ∈ (−δ, δ) L ó�� �8ï�ö�ï*ð'ö

(5.4) ‖u′‖
W 0,2

1 (RN+ )
≤ c(‖f‖

W 0,2
1 (RN+ )

+ ‖g‖
W

3/2,2
1 (RN−1)

).

�µ·���	 ��� ��¿ �)½PÂ�����» Â�� �
�i¾ �!��À�º�ÁS»5ÂÃ¾¯º � ���'· f�;©Ç�RP^¥Ì-Ër;�Än:�;VRPÊ¼È Ð�;©<?;�Ë?Ì�Í�Ä�Ë�ÄnÈ
;�ËrÄ�RPÊ�ÍA>×Ër:ÜÄn:�;yËr:¸RPÅ¼;«_O>��¼;=<?;=^�Än>§RPÊ�>AÍA>�Ä.ÏÜÈ'@�Ë?:¸RPÅ¼;¡@ÃÌ�^-Ç�Än>AÈ'^¸RPÍ×Ë=Û¯fü;¡Ë4Ä�RP<rÄVÆ©>�Än:aÄn:�;
;=^�;=<?êSÏà@ÃÌ�^-Ç�Än>AÈ'^¸RPÍ

E(Ω) =
1

2

�

Ω

|∇uΩ|2 −
�

Ω

fuΩ = −1

2

�

Ω

fuΩ.

Proposition 6.1.
� ï*ò«ó�ï*ð�ñOò � �nð��Põ�ò8ô¸ö
� "¡ö�ï*òÑò8ô¯ò ���Pø&"��*ô �=ö�õ��Pô¯ðSùeõÃó �SõÃ÷Sò8ô

��øÑö�ï*òyò���ñ �nò8ó�ó�õ��Pô

(6.1) dE(Ω;V ) = −1

2

�

Ω

fu′ −
�

Γ

fgV · n.

� � ��� "8ú fü;Y:¸R=Ð�;

E(Ωt) = −1

2

�

Ωt

ftut = −1

2

�

Ω

f tutγ(t)

RP^-_ì_O>A<?;�Ç�ÄVÇ�RPÍ×Ç8Ì�Í§R5Än>AÈ'^-ËKËr:�È Æ

dE(Ω;V ) = −1

2

�

Ω

ḟuΩ + fu̇+ fudiv V.
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ÿ >A^¸RPÍAÍ�Ï�L¼Ê�Ï�RP^�>A^�Än;=ê'<�R5Än>AÈ'^ÜÊ�ÏàÅ¸RP<rÄ�Ë=L¯RP^-_�Ì-Ër>A^�êÑÄn:�;cË?:¸RPÅ¼;¡_O;=<?>�Ð'R5Än>�Ð�;�ËK>A^-Ë4Än; RS_
È'@gÉ¥R5Än;=<?>§RPÍ�_O;=<?>�Ð'R5Än>�Ð�;�Ë8LeÆ�;�RP<?<?>�Ð�;àR5Ä"Än:�;¥@ÃÈ'<?É È'@�Än:�;�Ë?:¸RPÅ¼;¥ê'<�RS_O>A;=^�ÄyÈ'@,Än:�;
;=^�;=<?êSÏü@ÃÌ�^-Ç�Än>AÈ'^¸RPÍ,ê'>�Ð�;=^áÊ�Ïûå �*Û×Ó é�Û�fü;¥:¸R=Ð�;¥Ä�RPQ';=^ >A^�ÄnÈëRSÇ=Ç8È'Ì�^�Ä¡Än:¸R5Ä

f ′ = 0RP^-_
u′ = u̇−∇u · V Û
�¨;8Ä©Ì-Ë�Ç8È'^-Ë?>×_O;=<VRP^�RP<?Ê�>�Än<�RP<rÏ�Ër:¸RPÅ¼;i@ÃÌ�^-Ç�Än>AÈ'^¸RPÍ

(6.2) J(Ω) =
1

2

�

Ω

(
u− z
%

)2

dx.

IK;=<?;
z ∈W 1

0 (RN )
>×Ë©Ryê'>�Ð�;=^ì@ÃÌ�^-Ç�Än>AÈ'^¨Û

Proposition 6.2.
� ï*òKó�ïOð�ñ�ò ����ð��Põ�ò8ô-ö � " "��*ô �=ö�õ��Pô¯ðSù

(6.2)
õÃó �SõÃ÷Sò8ô ��ø¡ö�ïOò

ò���ñ �nò8ó�ó�õ��Pô

(6.3) dJ(Ω;V ) =

�

Γ

∂p

∂n

∂u

∂n
V · ndΓ (x) +

1

2

�

Γ

(
u− z
%

)2

V · ndΓ (x),

�\ï*ò$�nò
p
õÃó �PõÃ÷Sò8ô���øþðUó$�Sù �Oö�õ��Pôëö �Uö�ï*ò�ñ � ���8ù�ò$�

(6.4)
−∆p = (u− z)%−2 õÃô

Ω,

p = 0
�Pô

Γ,
ðPô �Ñö�ï*ò ��ð'ö�ð#� "Yö�ï*ò�ñ � � ��ùAò$� ð��nò"ó���� �8õ�ò8ô-ö�ù�ø �nò � �Où�ð � L �\ï�õ��8ï#�Ñò�ðPô-óYö�ï*ð'ö

∂p

∂n

∂u

∂n
∈ L1

loc(Γ ),

(
u− z
%

)2

∈ L1
loc(Γ ).

� � ��� "8ú Þg:�;Y;8ß*>×Ë4Än;=^-Ç8;iÈ'@�Än:�;iËr:¸RPÅ¼;iê'<�RS_O>A;=^�Ä©>×Ë,È'ÊOÄ�RP>A^�;�_àÊ�Ï�Ì-Ë?>A^�êyÄn:�;YÉ¥R5Î
Än;=<?>§RPÍ�_O;=<?>�Ð'R5Än>�Ð�;�Ë8Û!Þg:�;=^ÜÆ�>�Än:aÄn:�;«Ë?:¸RPÅ¼;«_O;=<?>�Ð'R5Än>�Ð�;�ËEÄn:�;y@ÃÈ'ÍAÍAÈ Æ�>A^�êà;8ß*Å�<?;�Ë?Ë?>AÈ'^
>×Ë�_O;=<?>�Ð�;�_ *

dJ(Ω;V ) =

�

Ω

(
u− z
%2

)
u′ dx+

1

2

�

Γ

(
u− z
%

)2

V · ndΓ (x).

��ÏìRP^�RPÅ�Å�ÍA>×Ç�R5Än>AÈ'^aÈ'@��V<?;=;=^���Ë�@ÃÈ'<?É¡Ì�Í§Ry>�Ä©@ÃÈ'ÍAÍAÈ Æ©ËgÄn:¸R5Ä
�

Ω

(
u− z
%2

)
u′ dx = −

�

Ω

∆pu′ dx =

�

Ω

∇p · ∇u′ dx−
�

Γ

∂p

∂n
u′ dΓ (x)

=

�

Γ

∂p

∂n

∂u

∂n
V · ndΓ (x).

Þg:�;ÑRPÊ¼È Ð�;«>A^�Än;=ê'<�RPÍ�;8ß*>×ËrÄ�ËYÌ�^-_O;=<YÄn:�;«<?;=ê'Ì�Í§RP<?>�Ä.Ï�RSËnËrÌ�ÉÑÅOÄn>AÈ'^ ∂p
∂n

∂u
∂n ∈ L1

loc(Γ )Æ©:�>×Ç�: >×Ë�Ë�R5Än>×ËrÚ�;�_ @ÃÈ'<
u ∈ W 2

1 (RN+ )
Û�GKÄn:�;=<rÆ�>×Ë?;'L,@ÃÈ'<þR _O>��¼;=<?;=^�Än>§RPÊ�ÍA;�Ë?:¸RPÅ¼;

@ÃÌ�^-Ç�Än>AÈ'^¸RPÍ!Ê�ÏþRP^ìRPÅ�Å�ÍA>×Ç�R5Än>AÈ'^ìÈ'@!Än:�;YËrÄn<?Ì-Ç�ÄnÌ�<?;YÄn:�;=È'<?;=É Ò�Ö Ô¯Än:�;iËr:¸RPÅ¼;Yê'<�RS_O>A;=^�Ä
>×Ëgê'>�Ð�;=^�Ê�ÏàR«_O>×Ë4Än<?>AÊ�ÌOÄn>AÈ'^ÜÇ8È'ÉUÅ¸RSÇ�ÄnÍ�ÏàË?Ì�Å�Å¼È'<rÄn;�_ìÈ'^àÄn:�;YÊ¼È'Ì�^-_-RP<rÏ

Γ
Û
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