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Summary. Let D be an open convex set in R? and let F be a Lipschitz operator defined
on the space of adapted cadlag processes. We show that for any adapted process H and
any semimartingale Z there exists a unique strong solution of the following stochastic
differential equation (SDE) with reflection on the boundary of D:

t
X = He+|(F(X),-,dZ,) + Ki,  teR.
0

Our proofs are based on new a priori estimates for solutions of the deterministic Skorokhod
problem.

1. Introduction. In the present paper we consider the following SDE

with reflection on the boundary 0D of an open convex set D C R%:

t
(1.1) Xy =H +\(F(X),,dZ,) + K, teR"

0
Here Z = (Z;) is an (F3) adapted semimartingale with Zo = 0, H = (H})
is an (F;) adapted process with Hy € D = D U dD and F is a Lipschitz
operator on the space of adapted cadlag processes (for a precise definition
see Section 3).

The problem of existence and uniqueness of solutions of (1.1) was dis-
cussed for the first time by Skorokhod [7] in the case where d = 1, D =
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(0,00), H= Xp € [0,00) and Z is a standard Wiener process W. Next, many
attempts have been made to generalize Skorokhod’s results to a larger class
of domains or a larger class of driving processes Z. In particular, existence
and uniquness of solutions of (1.1) with Z = W for an arbitrary convex
set D was proved by Tanaka [11]. SDEs driven by general semimartingales
were considered in detail by Stominski [8, 9]. Let us stress, however, that in
the above mentioned papers [8, 9, 11] it is assumed that H = X and that
F(X)s— = f(Xs-), where f is a Lipschitz continuous function.

In the present paper we show existence and uniqueness of solutions of
the SDE (1.1) for an arbitrary (F;) adapted process H = (H;) with Hy € D
and an arbitrary Lipschitz operator F', and thus we generalize the results of
[8, 9, 11] considerably. The proof of our main result is based on new a priori
estimates for the solution of the deterministic Skorokhod problem

(1.2) Ty = Y + ks, te R+,

associated with a y € D(R*, R?%) such that yg € D. These estimates say that
for any T € R* and any a € D, sup,<p |7 — a| and |k|7 are bounded by
constants depending only on ), Supt<T_|yt—a| and the modulus of continuity
wz”,. As a consequence, we prove existence and uniqueness of solutions of the
Skorokhod problem (1.2) in an arbitrary open convex set D. In this way
we solve Tanaka’s problem (see [11, Remark 2.3]) concerning existence of a
solution of the Skorokhod problem associated with y € D(R*, R?) (in the
case where y is continuous, Tanaka’s problem was solved earlier by Cépa [2]).

Notation. D(RT,RY) is the space of all mappings y : Rt — R which
are right-continuous and admit left-hand limits. Every process appearing
in what follows is assumed to have its trajectories in the space D(RT, R?)
endowed with the Skorokhod topology Ji. If X = (X!,..., X%) is a semi-
martingale then [X]; = Z?Zl[Xi]t, where [X?] stands for the quadratic
variation process of X%, i = 1,...,d. Similarly, (X); = Z?:1<Xi>t, where
(X"); stands for the predictable compensator of [X'], i = 1,...,d. If
K = (K',...,K%) is a process with locally finite variation, then |K|; =
Zle |K|;, where |K'|; is the total variation of K® on [0,t]. For = €
D(RT,R?), § > 0, T € Rt we denote by w.(4,T) the modulus of conti-
nuity of = on [0,77, i.e.

w(6,T) = inf{maxw,([ti—1,t));0=tg < --- < t, =T, inf(t; — t;—1) >0},
1 <r <r
where wy (1) = supg e |75 — 24|
2. The Skorokhod problem. Let D be an open convex domain in R%

and let A, denote the set of inward normal unit vectors at z € 0D.
The following remark can be found in Menaldi [4] and Storm [10].
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REMARK 2.1. (i) n € N, if and only if (y — 2,n) > 0 for every y € D,
where (-,-) denotes the usual inner product in R%.
(ii) If dist(z, D) > 0, then there exists a unique I1(z) € D such that
|I1(x) — x| = dist(z, D). Moreover, (I1(x) — x)/|(z) — | € Nit(z)-
(iii) For every a € D and n € N,
(x —a,n) < —dist(a, D).

Let y € D(R*,RY) with yo € D. We say that a pair (z, k) is a solution
of the Skorokhod problem associated with y if
(21) :ct:%—l-kt, t€R+,
(22) wzeD,teR",
(2.3) kis a function with locally bounded variation, ko = 0, and

t t
ke =\nydlkls, |kle =11, copydlkls, teRT,
0 0

where ng € N, if z; € 9D.

The following estimates on the solution of the Skorokhod problem will
prove extremely useful in the proofs of our main results.

THEOREM 2.2. Let (z,k) be a solution of the Skorokhod problem asso-
ciated with y, and let yo € D. Then for any T > 0, n > 0 and a € D such
that

(2.4) wly(n, T) <

we have

dist(a, 0D)
2

(i) sup |z — a| < 6([T/n] + 1) sup |y: — al,
t<T t<T

TL(T/n] +1)° 2
dist(a,0D) 5Pl —al

([T'/n] denotes the largest integer less than or equal to T'/n).

(if) [kl <

Proof. (i) We proceed along the lines of the proof of Theorem 3.2 in [2].
Let 0 <t < T. It is easily seen that
t
e — af® = |y — af* + (ke ) + 2§ (g0 — a, dk)
0
t

(B, dlu) = > | Akul* + 2§ (g — a, dky)
u<t 0
t
(wu — ay k) + 2\ (g — yu, dbu) = ) | Ak,

0 u<t

= lye —af* +2

= |y —al® +2

O e O ey
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Therefore, for any 0 < s <t < T,
t
|z — al® — |25 — a® = |y — af* — |ys — a* + 2| (z — a, dky)
S
¢

— 2\ (g — s, dhu) + 20k g —ys) — > | Ak
s s<u<t
By Remark 2.1(iii) 28 — a,dk,) < —2dist(a,dD)|k|,, where |k|% =

|k|: — |k|s. Hence
|2 —al® —|ws —al? < |y — af® — |ys — af® — 2dist(a, OD)|k[

t
- 2S <yu — Ys, dku> - 2<yt —a, Yt — ys>

_2<a_$t,yt—ys>_ Z |Aku|2

s<u<t
< 5suply; — af> + 4sup |y, — al - sup|a; — af
t<T t<T t<T
t

— 2dist(a, OD)|k[5 =2\ (yu — ys, dku) = Y |Akul*.
s s<u<t
On the other hand, since y € D(R*,R?) it follows that there exist > 0
and a subdivision (sj) of [0,7] such that 0 = sg < s1 < -+ < s, = T,
n<skg—Sk1,k=1...,r—1, where r =[T/n] + 1, and
dist(a, 0D

(2.5) wy([Sk—1,5K)) < %
Using (2.5) we obtain

Sk

- S <yu - ysk—17dku> < ‘ S <yu - y3k717dk“> - <Ay5k7 Ak8k>

Sk—1 (Sk—1,5%)
dist(a, 0D)
< - 9 klsy_, — (Aysy,, Aksy).
Therefore
Sk
2(= | (= ou o dh) — dist(a, OD) K[ )
Sk—1
dist(a, 0D
< 2(¥]k o —dist(a,OD)|k|F | — (Ays,, Aks,))

2
= —dist(a, 8D)|k:|8k . — 2(Ays,,, Aks,,),
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and, as a consequence,
(2'6) |x3k - a|2 - |l‘3k71 - a|2

< 5sup |y, — a|2 + 4sup |y — al - sup |z — a
t<T t<T t<T

— dist(a, OD)|k[3E | — 2(Aye,, Akg) — > |Aku|?

Sp—1<u<lsk

+ | Ay, |?

Sk—1

< 5sup |ys —al? + 4sup |y; — al - sup |z — a| — dist(a, OD) |k|3*
t<T t<T t<T

< 9sup |y, — al* + 4sup lys — al - sup |xt — a| —dist(a,dD)|k[F_ .
t<T

From (2.6) it follows 1mmed1ately that

s, — al® = |zs,_, —al* < 9sup|y, — al®> + 4sup |y — a - sup |z; — al.
t<T t<T t<T

For given t € [0, T] set ko = max{k;s; <t}. Then
ko

jer—al® = ) (les, —al* = |zs, —al) + |2 —af* — |2g,) —af* + [0 —af?
k=1

< r(9sup |y, — a|2 + 4sup |y — al - sup |z — a|) + sup |y, — a|2,
t<T t<T t<T t<T
which implies that

sup |z — al? < 1872 sup |yt —al® + sup |xt —al?/2.
t<T

Hence

(2.7) sup |z; — al? < 3612 sup lys — al?,
t<T t<

and the proof of (i) is complete.
(ii) Using (2.6) and (2.7) gives

dist(a, D)kl < 9sup lyr — al® + 4sup lys — al - sup \a;t — al
‘msk—l - a| - |:Z:5k - a|2

3
< 17sup|y; — al® + = sup |z — a|* < 71 sup |y — af?
t<T 24<T t<T

for k=1,...,7. Since |k|lp < >7p_; |k[$_, this proves (ii). m

COROLLARY 2.3. If {y"} is relatively compact in D(RT,RY) then

(i) sup,, sup;< |2f| < 0o and sup,, |k"|7 < co for every T >0,
(ii) {(z™, k™)} is relatively compact in D(RT, R??).
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Proof. (i) Clearly, sup,, |z = sup, |yi| < oo. Since {y"} is relatively
compact, for any a € D, T > 0 there exists n > 0 such that sup,, wyn(n, T)
< dist(a,0D)/2. Moreover, relative compactness of {y"} implies that
sup,, sup,<r |yi!| < oo. Therefore (i) follows from Theorem 2.2.

(ii) Since {y"} is relatively compact, for any T > 0 and ¢ > 0 there
exist 6 >0 and 0 = sp < 81 < --- < 8. = T such that § < s — s;_1 and
wyn ([Sg—1,5%)) < e for k=1,...,7 — 1. By [11, Lemma 2.2], for n € N and
t,s € R we have

t
jaf — 22|® < [yp — yi? + =y k).
S

Therefore

sup |zf—al [P < win([se-1, 58)) Fwyn ([s6-1, 51)) K" |7 < e(e+[E"|1),
Sp—1<t<sp

and hence, maxg<, wyn ([s5_1, 5x)) < (¢(¢ + |k"|7))/2. As a consequence,

i sup sl (0,7) =0,

which together with (i) shows that {(z™,y™)} is relatively compact in
D(R*,R?9). Since k" = 2™ — y", (ii) follows. =

COROLLARY 2.4. Let (z,k) be a solution of the Skorokhod problem asso-
ciated with y such that yo € D, and let a € D. Set 7 = inf{t > 0; |yt —yo| >
dist(a,0D)/2}. Then

< 771811 e — al?
~ dist(a,0D) t<E vt '

Proof. It suffices to put r = 1, sg = 0, s; = 7 in the proof of Theo-
rem 2.2. u

THEOREM 2.5. Assume {y"} C D(R*,R?), yo € D and let (z™, k")
denote the solution of the Skorokhod problem associated with y™, n € N. If
y" — y in D(RT,R?) and yo € D then there exists a unique solution (x,k)
of the Skorokhod problem associated with y and

(2", k") — (z,k) in D(R',R?).
Proof. By Corollary 2.3(ii), the sequence {(z",y", k™)} is relatively com-

pact in D(R*, R3?). Therefore, there exists a subsequence (n') C (n) and a
pair (2, k") such that

(2.8) (™, y" k") — (2, y, k) in D(RY, R3).

By [11, Lemma 2.2] the solution of the Skorokhod problem associated with y
is unique. Therefore, the proof is completed by showing that (z/,%') is a
solution of the Skorokhod problem. Obviously ' = y + k’. Moreover, by
Corollary 2.3(i), sup,, |k"|r < oo, T € RT, which implies that |k'|7 < oo,

sup |z; — al < 6sup |y —al,  |k|—
t<t t<t
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T € R*. To check (2.3), we first note that it is equivalent to the following
two conditions: for any bounded continuous f : D — R? such that f(z) =0
for x € 0D we have

t
(2.9) V(f(z),dks) =0, teRY,
0
and for any continuous Z : Rt — D the function
t
(2.10) t— S (Ts — x5, dks), t € R, is non-decreasing
0
(see e.g. [1]).

By (2.8) and [3, Proposition 2.9],
t
(211) Jir@d), dey’) —
0
On the other hand, since (™, k™) is a solution of the Skorokhod problem,
for each n’ we have S(t) (f(@"),dk™") = 0. Therefore (2.11) gives (2.9). Fur-
thermore, by (2.8), (Z,z" k") — (Z,2',k') in D(RT,R3). Hence, using
once again [3, Proposition 2.9], we obtain

(f(«)),dk.) in D(RT R).

O ey

t t
\ @ — 2 k) — { (@ — 2, dK,) in D(RT,R),
0 0

which implies (2.10), because the functions ¢ — Sg (@ — 2, dk?') are non-
decreasing. =

THEOREM 2.6. For every y € D(RT,R?) such that yo € D there exists
a unique solution of the Skorokhod problem associated with vy.

Proof. Let {y™} be the sequence of discretizations of y defined by y}* =
Yr/ms t € [k/n, (k+1)/n), n € N. We check at once that for every n € N the
pair (z", k™) defined by

i = Yo,
Cler1y/m = Ty + Ya1) i = Yi/n)

and xf = ap,. kit =z} —yp, t € [k/n,(k+1)/n), n € N, solves the

Skorokhod problem for 3™. Since y" — y in D(RT,R%), the result follows
from Theorem 2.5. m

3. SDEs in convex domains. Let (Q,F,(F3), P) be a filtered proba-
bility space and let Y be an (F;) adapted process with Yy € D.
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We say that a pair (X, K) of (F;) adapted processes solves the Skorokhod
problem associated with Y if for almost every w € Q the pair (X (w), K(w))
is a solution of the Skorokhod problem associated with Y (w).

From Theorem 2.6 it follows that for any process Y with Yy € D there
exists a unique solution of the Skorokhod problem associated with Y. The
following remark is due to Stominski (see [8, Corollary 1]).

REMARK 3.1. Let Y, Y be (F:) adapted processes of the form Y =
H+M+V, Y=H+ ]\//_7—1— XA/, where M, M are local martingales, V, V are
processes with locally bounded variation and My = ]\//.70 =V = XA/O =0.If
(X, K), ()? , K) are solutions of the Skorokhod problem associated with Y, Y,
respectively, then for every p € N there exists C), such that

Esup | X, — X[ < CE([M — MPP_ + [V = V22 + (M — M)?_)
t<T

for every (F;) stopping time 7.

Let us denote by F¢ the class of d-dimensional (F;) adapted processes
and by M? the class of (F;) adapted processes with values in the set R% @ R?
of d-dimensional matrices.

We say that an operator F : F* — M? is Lipschitz if

(i) for every X,Y € F? and every stopping time 7, if X™~ = Y7~ then
FX) =FY),

(ii) there exists a one-dimensional, (F;) adapted, non-decreasing process
L = (L) such that P(sup; Ly < c0) = 1 and, for every X,Y € F%,

|F(X) — F(Y)|| < Lysup | Xs — Ys|, teRT.
s<t

Clearly, if f : R* — R% ® R? is Lipschitz, that is, there exists L > 0 such
that || f(x) — f(y)|| < L]z —y| for z,y € R?, then the operator F'(X) defined
by F(X); = f(X;) for X € F? is Lipschitz.

Let F : F? — M?. We say that a pair (X, K) of (F;) adapted processes
is a strong solution of the SDE (1.1) if (1.1) is satisfied and (X, K) is a solu-
tion of the Skorokhod problem associated with Y; = H; + Sg (F(X)s—,dZs),
teRT.

We can now formulate our main result.

THEOREM 3.2. Let H be an (F;) adapted process such that Hy € D,
and let Z be an (F:) adapted semimartingale with Zy = 0. Then for any
Lipschitz operator F' : F4 — M there exists a unique strong solution of the
SDE (1.1).

Proof. By using the arguments from the proof of [6, Chapter V, Theo-
rem 7], we may and do assume that F'(0); = 0 and L; < L for some constant
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L > 0. Since Z is a semimartingale, it admits a unique decomposition
Zy = Jy+ My + By, t€R+,

where J; = > o, AZ,J{|AZ | > 1]}, M is a local square-integrable martin-
gale, |AM| < 2, and B is a predictable process with locally bounded vari-
ation, |AB| < 1. Let C; be a constant from Remark 3.1. For given o’ € D
set a? = (1201L?)~! and 7/ = inf{t > 0; |H; — Hy| > dist(a’,0D)/2}.

We first prove existence and uniqueness of a solution of (1.1) on the in-
terval [0, 7[, where 7 = inf{t > 0;max([M];, (M), |B|?,|J|?) > a®} AT/ A 1.
To this end we set 7, = inf{t > O;sup,c; |Hs| > k} A7 for & € N.
For fixed k¥ € N we denote by SQ_ the class of (F;) adapted processes
Y = (¥;) on [0,1] such that Yy € D, Y = Y™ and Esup;; |V|* < oc.
Then S? is a Banach space with the norm ||Y|g2 = (Esup;« 1V;|?)/2.
Define the mapping @ on S? by letting #(Y) be the first component X
of the solution (X, K) of the Skorokhod problem associated with H™~ +
§o F(Y)s— dZ7+~. We will show that & is a contraction mapping on S2. To
see this, we first observe that (Y = 0) = H™~ 4+ K™, since F(0) = 0.
Hence
Esup |[#(0)¢|*> < 2Esup |H* " |? + 2Esup | K[+~ |> < 2k* + 2E sup | K[+~ |.

t<1 t<1 t<1 t<1
Therefore, by Corollary 2.4, #(Y) € S2. Furthermore, by Remark 3.1, for
any Y,Y € S? we have

Esup |[B(Y); — B(Y)q|?

t<1
Tp—
<O (B | 1P = V)| P d(M], + (M),)
0
Tp—
+E(IB+ Tl [ PO, = F(P)o 2B+ 1,) )
0

< Cu(Bsup||F(V)r- - F(Y ) |2([M] - + (M), —)

+ B |F(Y)e — F(7)-|21B + 2, )

< 6C1a*Esup [|[F(Y)- — F(Y)_|?
t<1
~ 1 ~
< 6C1a’L?Esup|Y; — Yi|> = ~Esup |Y; — Y.
t<1 2 <1

From the above we see that @ : S? — S? is a contraction. Hence, by the
Banach contraction principle, it has a fixed point X%, which is a unique
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solution of (1.1) on [0, 7[. Since P(7x = 7) T 1, putting X = X* on [0, 73]
we obtain a unique solution on [0, 7[. Moreover, putting

X, = (X,— + AH, + (F(X),—, AZ.))

we obtain a solution on [0, 7], because F(X7),— = F(X),_ by the defini-
tion of F.
Now, we define a sequence of stopping times

=7 =7k inf{t > 0; max([M];, \E\tz, |j\t2) > a2} A (T A1),

Where M = MTk+, — MTk, E f BTk+, — BTk, j = JTk+, — JTk, H =
H_., — H., 7, = inf{t > 0,|H;| > dist(a’,0D)/2}. By what has been
proved there exists a unique solution of (1.1) on [0, 7"]. By the same method

as above, having a unique solution on [0, 7*], we can construct a solution of
(1.1) on [0, 7%*1]. Since 7% T oo, the theorem follows. m

COROLLARY 3.3. If [ : Rd_—> R? ® RY is Lipschitz then for every (Fy)
adapted process H with Hy € D and every (F;) adapted semimartingale Z
with Zo = 0 there exists a unique strong solution of the SDE

t
Xy =H +\(f(X,),dZ) + Ki, teR". u
0
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