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Summary. We give a simple proof of almost properness of any extremal mapping in the
sense of Lempert function or in the sense of Kobayashi—-Royden pseudometric.

Let D C C" be a domain. For any z,w € D (resp. z € D, X € C") we
denote by o1(z,w) (resp. o2(z, X)) the set of all points r € [0, 1) (resp. r > 0)
such that we can find a holomorphic mapping from the unit disc D to D with
f(0) =z and f(r) = w (resp. rf'(0) = X). We put
(1) kp(z,w)= inf r and kp(z, X)= inf

reo1(z,w) reoz(z,X)
We call ED the Lempert function and kp the Kobayashi-Royden pseudomet-
ric (see e.g. [3]). A holomorphic mapping f : D — D is a kp-extremal (resp.
kp-extremal) for z,w € D,z # w (resp. z € D, X € C*\ {0}) if f(0) = z
and f(kp(z,w)) = w (resp. f(0) = z and rp(z, X)f'(0) = X).

The Lempert function and the Kobayashi-Royden pseudometric play an
essential role in complex analysis, especially in problems related to boundary
properties of biholomorphic (more generally, proper holomorphic) mappings
(see e.g. |2]). In many cases, the primary problem is to show that appropriate
bounded extremal functions f : D — D are almost proper, i.e., f*({) C 0D
for a.a. ( € T, where T denotes the unit circle and f* denotes the non-
tangential boundary value of f (see e.g. [6]). This problem was studied for
example in [4], [5], [1], [3]. The main idea of the paper is to give a truly
elementary proof of a result from [5] in a more general setting.
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THEOREM 1. Let D € C™ be a weakly Runge domain (see below) and let
f:D — D be a holomorphic mapping such that for some v > 0 we have

2) dist(f(\),dD) > v(1 - [A]), A eD.

Assume that f is kp- or kp-extremal. Then for any a > 0 and any B < 1
the set

(3) {X e T:dist(f(t\),0D) > a1 —t)%, t € (0,1)}
has Lebesgue measure zero in T. In particular, f*(¢) € OD for a.a. ( € T.

We say that D € C" is a weakly Runge domain if there exists a domain
G D D such that for any bounded holomorphic mapping f : D — G with
f*(T) € D we have f(D) € D.

Proof of Theorem 1. For a > 0 and 8 < 1 we put
Q(a, B) = {\ € T : dist(f(t)\),dD) > a(1 —t)°, t € (0,1)}.

Note that for any 8; < 2 we have Q(«, 51) C Q(a, [B2).

So, without loss of generality we may assume that for some o > 0 and
B € (0,1) the set Q(«, 3) has positive measure. In the following we denote
the set Q(a, 3) by P. We may assume that 0 < (27)* {,df < 1 (otherwise
we take as P any smaller subset of Q(«, 3) of positive measure). We put

1 e+ 2
p(z) = m S

A de-
etf — 2
P

Note that 0 < Rp(A) < 1 for any A € D. Without loss of generality, we may

assume that f is kp-extremal for points f(0), f(o) (resp. kp-extremal for
f(0), '(0)). For a fixed t € (0,1) consider a mapping

G2 = F(N) + 2D 2 (1(0) — f(10))

(resp. g:(\) = f(tA) + e @N=2O)X\(1 — ¢)f(0)), where 7; € R will be
chosen later. Note that ¢.(0) = f(0) and g¢(c) = f(o) (resp. g:(0) = f(0)
and ¢;(0) = f/(0)). Our aim is to show that for all ¢ € (0, 1) sufficiently close
to 1 we can choose 7 in such a way that g,(ID) € D, which contradicts the
extremality of f. To get this we only have to show that ¢/ (T) € D. We will
prove this for ED—extremal mappings (for kp-extremals one can use similar
arguments).
It is sufficient to show that for any ¢ close to 1 we have

(" (N)—p(0)) N (f(o) — f(to))

g

g%a—t)ﬂ for A € P

and

N X (1(0)  fto))| < T(-1) for AeT\ P

<

no =2
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Since || f(0) — f(to)]| < plo|(1 —t), it suffices to have
1(1-Rp(0)) , « & 1 — )81
e ps50-1)

and
4 —nRe(o) ) < T
(4) e p< g
Take ~; such that
n(1=Re(@) , = L (1 _ p)B-1
€ p=5 0=t
Then for t sufficiently close to 1 we also have inequality (4). Moreover,
lge = f(t)lp =0 ast—1.

Since D is a weakly Runge domain, g;(ID) € D for ¢ close enough to 1.
To end the proof suppose that there exists a set P C T of positive measure
such that for all ( € P we have

dist(f*(¢),0D) > € > 0.
Put
P, ={\eT:dist(f(t\),0D) > eforany t € (1 —1/n,1)}, neN.

Note that P C |
sure. m

nen Pn- Hence, for some ng the set Py, is of positive mea-

REMARK 2. (i) Note that any Runge domain is weakly Runge.

(ii) Take any domain G C C" and let u be a plurisubharmonic function
in G. Assume that D = {z € G : u(z) < 0} € G. Then D is weakly Runge.

Let us show that (2) holds for any analytic disc in a large class of domains.

DEFINITION 3 (see [5]). A domain D C C" is called p-pseudoconvez if
there is a p € PSH N C(D) such that p|lsgp =0, p < 0 on D and dist(z,0D)

> |p(2)].
PropoOSITION 4. Let D C C™ be a p-pseudoconvexr domain and let f :
D — D be an analytic disc. Then (2) is satisfied.

Proof. Let p be a plurisubharmonic function given by the definition of
the p-psedoconvex domain. Consider the subharmonic function v = po f.
Note that for some C' > 0 we have |p(f(¢))| > C(1 — [{]) (see e.g. [5]), and
therefore dist(f(¢),0D) > C(1 —|[(]). =

Note that if D1, Do are bounded domains and D is any connected compo-
nent of D1 N Dy, and if f : D — D is such that dist(f()),dD;) > v;(1—|A|)
for j = 1,2 and A € D then dist(f(A),0D) > min{~v1,72}(1 — |A|). The class
of p-pseudoconvex domains contains in particular the strongly pseudoconvex
domains and the analytic polyhedra, i.e., bounded connected components of
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sets {z € C" : |fi(»)] < 1,7 = 1,...,m}, where f;, j = 1,...,m, are
holomorphic functions in C™.

REMARK 5. In the proof of Theorem 2 in [5], E. Poletsky used the
fact that if D € C" is a p-pseudoconvex domain and if f : D — C” is a
bounded holomorphic mapping such that f*({) € D for a.a. ( € T, then
f(D) C D. Note that this is not true for annuli on the complex plane (which
are p-pseudoconvex and weakly Runge). That is why in Theorem 1 we as-
sume more, namely a Runge type property.

REMARK 6. W. Zwonek 7] constructed a pseudoconvex Reinhardt do-
main D and an extremal mapping f : D — D for which (2) is not satisfied.
Consider the domain D = {(z,w) € D? : jw| < el#I/Iz1=D} and the holomor-
phic mapping f(A) = (A,0). Then D is a pseudoconvex Reinhardt domain
and f:D — D is an extremal mapping. However, (2) is not satisfied.

COROLLARY 7. Let G C C" be a domain and let fi,..., fm be holomor-
phic functions such that

G={zeG:|fi(z)|<1,j=1,....,m} €q.

If D is any connected component of G then any %D— and kp-extremal s
almost proper.

REMARK 8. Note that if D C C is a taut domain, i.e., different from C
and C\ {a}, a € C, then any kp- and kp-extremal f : D — D is a covering
(see e.g. [3]). Therefore, f is almost proper. We do not know whether for any
taut domain in C" its extremal mappings are almost proper.

Using the above technique we can show the following property of %D—

extremals.

PROPOSITION 9. Let D € C™ be a domain and let f : D — D be a
holomorphic mapping such that for some v > 0 we have
(5) dist(f(A),0D) > ~v(1 —|\]), X e D.
Assume that f is kp-extremal for (f(0), f(c)). Then f'(c) # 0.
Proof. For a fixed t € (0, 1) consider a mapping
A
9e(N) = f(tA) + — (f(o) = f(to)).
Note that ¢;(0) = f(0) and g,(0) = f(o). Assume that f'(0) = 0. We want
to show that for ¢ sufficiently close to 1 we have ¢g;(D) € D. Indeed, put
flo) — f(to)
A=A ——"F 2,
sz)t( ) 0_(1 _ t)
Then ||¢¢|]l[p — 0 as ¢ — 1. Hence, for ¢ sufficiently close to 1 we have
[¥tllp <7/2. =
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