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MEASURE AND INTEGRATION

Upper Estimate of Concentration and
Thin Dimensions of Measures
by

H. GACKI, |A. LASOTA | and J. MYJAK

The idea of this article originated during the last visit of Professor Andrzej
Lasota in L’Aquila, December 2005. Unfortunately, his untimely death made
a common conclusion of our nice discussions impossible. We have completed
this paper as a token of respect for our Master and Friend.

Summary. We show upper estimates of the concentration and thin dimensions of mea-
sures invariant with respect to families of transformations. These estimates are proved
under the assumption that the transformations have a squeezing property which is more
general than the Lipschitz condition. These results are in the spirit of a paper by A. La-
sota and J. Traple [Chaos Solitons Fractals 28 (2006)] and generalize the classical Moran
formula.

1. Introduction. The concept of dimension of sets and measures is a
basic tool in diverse branches of mathematics. For example, it is an important
characteristic of attractors generated by iterated function systems. Various
notions of dimension have been proposed: Hausdorff dimension, fractal di-
mension, correlation dimension, information dimension, capacity, entropy.
These concepts have been widely investigated and used, but unfortunately,
all of them are rather hard to calculate.

Recently two other concepts of dimension have been proposed by A. La-
sota: the concentration dimension and the thin dimension. These dimensions
are often easier to calculate and provide a natural and intrinsic estimation of
the Hausdorff dimension and the fractal dimension of sets (see [13], [11]). The
concentration dimension is defined by using the Lévy concentration function
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and it is strongly related to the Hausdorff dimension. The thin dimension is
based on the notion of the thin function, which is a kind of anti-concentration
function. This dimension is related to the fractal dimension.

Since the calculation of dimensions is rather difficult, it is important
to find their estimates. Undoubtedly the most elegant and popular such
result is the so called Moran formula (see [16]). Suppose that we have an
IFS {w; : i = 1,...,N}, where all functions w; are strictly contractive
with Lipschitz constants L;. It is well known that such a system admits an
attractor K. Then the Hausdorff dimension of K is less than or equal to d,
where d is the unique solution of the Moran equation

(1) Zn:Lgl =1.
=1

If all w; are similarities with scaling factor L;, then the Hausdorff dimension
of K is equal to d. The above result has been generalized in various directions.

We will find an upper estimate of the concentration dimension of a mea-
sure invariant with respect to an iterated function system with a squeezing
property, and an upper estimate of the thin dimension of a measure invariant
with respect to an iterated function system with condensation.

2. Notation and auxiliary results. Let (X, p) be a separable metric
space. By B(xz,r) (resp. B°(z,r)) we denote the closed (resp. open) ball
with center at € X and radius » > 0. For A ¢ X and = € X, A stands
for the closure of A, diam A for the diameter of A, 0A for the boundary of
A and p(z, A) for the distance from z to A. Occasionally we write |A| in
place of diam A. As usual, we denote by R, R} and N the sets of reals, of all
nonnegative reals and of all positive integers respectively.

By B(X) we denote the o-algebra of Borel subsets of X and by M(X)
the family of all finite Borel measures on X. Finally, M;(X) denotes the
space of all measures p € M(X) such that p(X) = 1.

For pn € M(X) the support of p is defined by

suppp = {x € X : u(B(z,e)) > 0 for every € > 0}.

It is easy to verify that for every fixed ¢ > 0 the function X 3 z —
wu(B°(x,€)) is lower semicontinuous. Moreover, if (X, p) is separable, then
sup{pu(B°(z,¢)):x € X} > 0.

Let { Ay, }rnen be a sequence of subsets of X. The lower limit Li A,, and the
upper limit Ls A,, are defined by the following conditions: A point x belongs
to Li A, if there is a sequence{z, } converging to = such that x,, € A,, while
x belongs to Ls A,, if there is a sequence {z,, } converging to x such that
Ty, € Ap, for k € N. If LiA,, = Ls A,, we denote this limit set by Lt A,
and call it the topological or Kuratowski limit of {Ay}.



Concentration and Thin Dimensions of Measures 151

By an iterated function system (briefly IFS) we mean a family of contin-
uous functions

w;: X =X, €1,

where I = {1,...,N}.
Given an IFS {w; : i € I} we define

(2) F(A)=Jwi(4) for ACX.
i€l

A closed set Ag such that F(Ag) = Ag is called invariant with respect
to the IFS {w; : i € I'}.

If there exists a closed set Ay such that Lt F"(A) = Ay for every non-
empty bounded subset A of X, then the IFS {w; : i € I} is called asymp-
totically stable. The set Ag is uniquely defined and it is called the attractor
or fractal (in the sense of Barnsley). Observe that in the case when X is a
compact space, the topological limit coincides with the Hausdorff limit. Note
also that the function F', in general, is not continuous with respect to the
topological limit.

It is well known that if all w; are strictly contractive, then there exists a
unique compact set K such that

Moreover, for every compact set A C X, F"(A) — K in the Hausdorff
distance. In the classical theory of iterated function systems the set K is
called the attractor or fractal corresponding to the IFS {w; : i € I} (see [1]).
If all w; are lipschitzian function with Lipschitz constant L;, then dimgy K <
d, where d is the unique solution of the Moran equation (1). If all w; are
similarities with scaling factor L;, then dimyg K = d.

We say that an IFS {w; : i € I} is regular if there exists a nonempty
subset Iy C I such that the IFS {w; : i € Iy} is asymptotically stable. The
attractor of the subsystem {w; : i € Iy} is called a nucleus of the system
{’U)Z' v el }

Let {w; : i € I'} be a regular IFS and let Ay be a nucleus of this system.
Define

(3) A, = Fr(Ao),
el
where F is given by (2).

PROPOSITION 1 ([12]). Let {w; : i € I} be a regular IFS and let A, be
the corresponding semifractal defined by (3). Then:
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(i) Ax does not depend on the choice of nucleus;
(ii) Ay is the smallest set invariant with respect to IFS;
(iii) Lt F™(A) = A, for every nonempty subset A of A,.

An operator P : M1 — M; is called Markov if:

o P(A1p1 + Aap2) = M Ppy + XaPusg for A, Ao € Ry, i1, 2 € My,

o Pu(X) = pu(X).

A measure p* € M is called invariant with respect to P if Pu, = p..
The operator P is called asymtotically stable if it admits an invariant measure
p and {P"u} converges weakly to ju, (ie {y fdP"u — { fdu for every
continuous function f: X — R).

The family {(w;,p;) : i € I}, where w; : X — X, p; : X — (0,1), i € I,
are continuous functions and ), ; p;(z) = 1 for all z € X, is called an IFS
with probabilities.

Given an IFS {(w;,p;) : ¢ € I} we can define a Markov operator P :
M1 — My by

Pu(A)=>" | pix)pu(dz), AecB(X).
el w(a)
We say that a measure p is invariant with respect to the IFS {(w;,p;) :
i € I} if it is invariant with respect to the corresponding Markov operator.
Similarly, IF'S is called asymptotically stable if P is asymptotically stable. In
particular, if all functions p; are constant the invariant measure satisfies the
condition

(4) u(A) =3 pin(w(4), A€ BX).
el
It is well known that if all functions w; are lipschitzian with Lipschitz
constants L; the probabilities p; are constant, and if

(5) > pili <1,
iel
then the IFS {(w;,p;) : i € I'} is asymptotically stable.

PROPOSITION 2 (|12]). Assume that the IFS {(w;,p;) : i € I} is asymp-
totically stable and the IFS {w; : i € I} is reqular. Moreover, assume that
pi(z) >0 forz € X andi € I. Then

Ay = supp fu,
where Ay is a semifractal of the IFS {w; : i € I} and ps is an invariant

measure with respect to the IFS {(w;,p;) 1 € I}.

In the theory of iterated function systems normally the functions under
consideration are supposed to be contractions or more generally lipschitzian.
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Here we assume that they have the so called squeezing property. This prop-
erty has been frequently used in the theory of differential equations (see
[2]-10], [15]-[17]) and more recently in the theory of iterated function sys-
tems (see [7, 8, 9, 14, 19, 20]).

SQUEEZING PROPERTY. Let A be a nonempty bounded subset of X. We
say that a family of functions {w; : ¢ € I}, w; : A — A, has the squeezing
property if there exist nonexpansive mappings P; : A — R* and constants
L; € (0,1) and ¢; > 0 for ¢ € I such that

p(wi(z), wi(y)) < max{Lip(xz,y), cil|Pi(z) = Pi(y)[l:}  for z,y € X,
where || - ||; denotes the norm in R¥:,

The following covering property of Euclidean spaces is essential for fur-
ther results:

COVERING PROPERTY. Let L € (0,1), ¢ > 0 and (R¥,|| - ||) be given.
Then there exists an integer m > 1 such that for every set B ¢ R* with
diam B < c¢ there exist Borel sets Aq,..., 4,, such that

m
BCUAj and [A;| <L forj=1,...,m.
j=1

Furthermore, in the case when diamB < cr we can find sets 4A;, j =
1,...,m, such that

m
BCUAj and |Aj|<Lr forj=1,...,m.
j=1

LEMMA 1. Let X be a metric space. Suppose that a family {w; : i € I}
has the squeezing property. Let r > 0. For every i € {1,..., N} there exists
m; (chosen according to the Covering Property) such that for every B C X
with |B| < r there are sets D}, ..., D5, such that

m;
(6) wi(B) C U D; and \D;] < Lir forj=1,...,m,.
j=1

Proof. The proof is implicitly contained in the first step of the proof of
Theorem 2.1 in [14]. For the convenience of the reader we give the main
idea, thus making our exposition self-contained. For i € {1,..., N} let m;
be the integer chosen according to the Covering Property and related to the
constants ¢;, L; and the space R¥:. Let B be a Borel set such that |B| < r.
Recall that P;(B) C R¥:. Since |c;P;(B)| < ¢;r, by the Covering Property
there exist sets {Aq,..., A, } such that ¢; P;(B) C U;"zll Ajand |Aj| <rL;
for j =1,...,m;. Define

D; = wi_l((CiPi)il(Aj) ﬂB), j = 1, ceey My

Simple calculation shows that such sets satisfy condition (6).
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LEMMA 2. Let oy, B;, Ly € (0,1) fori € J be given, where J is an arbi-
trary set of indices. Let p be a probability measure and let @ : Ry — R4 be
a bounded increasing function. Suppose that for some a > 0 the function @
satisfies the following condition:

&(r) > supa;®(r/L;)  forr e (0,a).
ieJ
Then there exists ¢ > 0 such that
&(r) > cr®  forre (0,a),

where

. logay
min .
icJ log L;

For the proof of this lemma we refer to [13].

S =

LEMMA 3. Let Li,p; € (0,1) fori e 1,...,N and o > 0 be given. Let
Junctions ¢, : (0,00) — [0,00) be such that

(7) ¢(7”) Z min{a,plw(r/Ll),...,pr(r/LN)} fOTO <r g To,
8)  @(r) <min{a, prp(r/L1),....pne(r/Ln)}  for 0 <r <.
Suppose that

(9) o(r) < 4(r)
for r € [lrg, o], where | = min{Ly,...,Ly}. Then inequality (9) holds for
every r € (0,7¢).

Proof. Let L = max{L1,...,Ly}. Using an induction argument one can
show that for every n € N, inequality (9) holds for r € [L"1lrg, rq]. Since
L™ — 0 as n — oo, the statement follows.

3. Upper bound for upper concentration dimension. Given a
Borel measure p € My the upper concentration dimension of p is given
by the formula

- 1
dimy, 4 = limsup M,
r—0 log r
where

Qu(r) =sup{u(A) : Ae B(X), |[A| <r} forr>0

is the well known Lévy concentration function. The values of @), are always
positive (see [11, Remark 2.1]).

THEOREM 1. Assume that a system {(w;,p;) : @ € I} has the Squeezing
Property. Let u be an invariant measure with respect to this system. Further,
for each couple of numbers L;, c;, i € I, let the integer m; be chosen according



Concentration and Thin Dimensions of Measures 155

to the Covering Property. Then

— . log(pi/mi)

d < —

ML= r?el}l log L;
Proof. Denote by fi the outer measure generated by pu, i.e.
A(F) =inf{u(A): Ae B(X), EC A} for EC X.
Using the relation (4) it is easy to verify that
UE) > pii(w; ' (E)), ECX,
el

Fix ro > 0 and let r € (0,79]. Let B € B(X) be an arbitrary set such that

|B| < r. From the above inequality and the inclusion w; *(w;(B)) 2 B it
follows that

ilwi(B)) = pif(w; " (wi(B))) = pip(B).
Let Di,... ,Dfm be given by Lemma 1. Obviously

S (D)) = fi(wi(B) = pi(B).
j=1

Recall that |D;| < Lyr for j = 1,...,m;. From the definition of the Lévy
concentration function @, it follows that

S QuLir) > piu(B)

j=1

Since @, (L;r) does not depend on the index j we have
miQu(Lir) = pip(B).

The last inequality is true for every B C X with |B| < r. Consequently,
miQu(Lir) = piQu(r).

Evidently this condition is equivalent to

Qulr) = 7 Qulr/L).

)

Since ¢ € [ is arbitrary, it follows that
Di
Qu(r) = sup —Qu(r/L;), 1€ (0,ro).
iel My
According to Lemma 2 there exists ¢ > 0 such that

Qu(r) >cr®, 1€ (0,rg),

where
o — i J08@i/mi)
iel  logL;
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Consequently,

—— . log(pi/mi)
d < —_—
LR = Iznelln log L;

Theorem 1 immediately yields

COROLLARY 1. Let d be the unique positive solution of the equation
Z m,-L‘ii =1.
el
Put p; = m;L¢ fori € I and consider the IFS {(w;,p;) : i € I}. Suppose that
a measure ( 1s invariant with respect to this system. Then

diimL,uSd.

In Theorem 1 we assume that all L; are strictly positive and this condition
is essentially used in the proof. Now we will show that the statement of
Theorem 1 remains true if some of the constants L; are zero.

THEOREM 2. Let an IFS {(w;,p;) i € {1,...,N + M}} be given. As-
sume that there exist nonezpansive maps Py : X — RF fori=1,...,N+M,
constants L; € (0,1) fori =1,...,N and constants ¢; > 0 fori =1,...,
N + M such that

p(wi(z), wi(y)) < max{Lip(z,y),ci|Pi(x) — Pi(y)ll:}, =y € X,
fori=1,...,N and
p(wi(z), wi(y)) < cil| Pi(x) — Bi(y)lls, =,y € X,

fori = N+4+1,...,N + M. Suppose that i is an invariant measure with
respect to the given system. Then

log(p1/m1) log(pn /mn)
logLy ' logLy

dimL,ugmin{ ,kN+1,...,k:N+M}.

Proof. We may assume that all coefficients ¢; for ¢« > N are positive
integers. Fix an integer n > 2 and define L; = 1/nfori = N+1,..., N+ M.
For given ¢; and L; = 1/n, i > N, the integer number m;, required by the
Covering Property, is equal to ¢;(c;n)¥, where ¢; is a constant depending on
the norm in R¥. For example, if R* is endowed with the supremum norm,
then ¢; = 1. Observe that the completed IFS {(w;,p;) i€ {1,..., N+ M}}
has the Squeezing Property. Applying Theorem 1 we obtain

log(p1/m1) log(pN+M/MN+M)
loglL; 77 log Lyt )

(10) dimp, pu < min{

For ¢ > N, we have

log(pi/m;) _ log(piqi) — kilogn — k;logc;
log L; —logn '
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Letting n — oo we obtain

1 i /T
iy [08(Pi/mi)

=k; fori=N+1,...,N+ M.

From the last observation and inequality (10) the statement of Theorem 2
follows immediately.

4. Upper bound for thin dimension. Given p € M;(X) we define
the lower and upper thin dimensions by the formulas

log T — log T,
@Tuzliminfm, dimTuzlimsupL“(T)

r—0  logr r—0 logr '

where

T,(r) = inf{u(B(x,r)) : x € supppu} for r > 0.
The function T}, : (0,00) — [0,1] will be called the thin function corre-
sponding to the measure ;. Note that the values T),(r) are positive if supp p

is a compact set. In general 7),(r) is only nonnegative and we adopt the
convention that log0 = —oc.

We are going to find upper bounds on the thin dimension of the invariant
measure for so called condensation systems (see [1]). Let now (X, ) denote
a complete, separable metric space.

Let w; : X — X,i=1,...,N, be a sequence of functions satisfying the
Lipschitz conditions

(11) Q(wl(x)vwl(y)) ELZQ(Z',:U) for $7y€sz:1aaN

Let C' be an arbitrary finite subset of X and let wg : X — C be a given
function. Further, let (po,p1,...,pn) be a probability vector, i.e.

N
(12) Zpizl, pr >0 fork=0,...,N.
=0

THEOREM 3. Suppose that the IFS {(w;,p;) : i € {0,...,N}} satisfies
conditions (11) and (12). Assume that wo : X — C, where C is a finite subset
of X. Let pu be an invariant measure of the system {(w;,p;) : i € {0,...,N}},
i.€.

N
(13) p(A) = pip(w;(A))  for A€ B(X).
1=0

Further, assume that supp p is compact. Then

= log pi
d < .
PR = N Tog L
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Proof. Standard calculation shows that for every measurable function
w: X — X we have

(14) supp(p o w ™) C w(supp p).
From (13) it follows that

supp p1 = | supp(p 0 w; ™),
i=0

and by (14),

supp g C supp(p o wy *) Uwi (supp ) U - - - Uwy (supp p).
Since K = supp p is compact, the last inclusion can be rewritten in the form
(15) K C supp(powy ') Uwi (K)U---Uwy(K).

Fix r9 > 0 and let r € (0,79). Since the function X > z — u(B°(z,)) is
lower semicontinuous, by the Weierstrass theorem there exists £ € K such
that

w(B°(z,r)) = inf{u(B°(z,r)) : x € K}.
Consequently,
Tyu(r) = W(B*(z,7)).

By (15) the point Z belongs to UZ L wi(K) or to supp(uowyt).

Suppose first that T € Ui:1 w;(K'). This means that £ = w;(y) for some
y € K. On the other hand, observe that

(16) W (BY(,7)) 5 B°(y, /L),
Indeed, for z € B°(y,r/L;), we have
p(Z, wi(2)) = p(wi(y), wi(2)) < Lip(y,z) <r

which means that w;(z) € B°(Z,r). By (13) and (16) we have

W(B2(3,1)) > ps(w (B2(E,1))) > pip(B°(y, /L)) > piTu(r/Ls).
Consequently,
(17) T,(r) > piT,(r/L;)  for r € (0,7).

Suppose now that & € supp(u o wy'). Then (14) yields supp(u o wy!)

C wo(K). But wo(K) is a finite set. Consequently, so is supp(u o wy '), say
{c1,. .., em}. Obviously (uowyh)({e;}) > 0for j=1,...,m. Let

Qp = lgun (1 0wy )({es})-
<j<

Since 7 € {c1,...,cn} we have

(o wo_l)(Bo(ij,r)) >a, forre (0,7,
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and by (13),

u(B°(z,7)) > po(po wal)(BO(i",r)) > pooy,  for r € (0,79
Finally, from the last inequality and conditions (17) it follows that
(18) T, (r) > min{poo,, p1 T, (r/L1), ..., pnTu(r/LNn)}, 7€ (0,70].

The last inequality says that the function () = T),(r) satisfies condition
(7) with ppay, in place of a.
Now consider the function

s

log p;
o(r) =cr®, where 0<c<pya, and s> max 105?'

It is easy to see that ¢ satisfies condition (8).

Observe that the smallest value of 1 in the interval [lrg, o] is T}, (lro).
On the other hand, the largest value of ¢ in [lrg,ro] is ¢(r9) = cr§. Thus,
for a sufficiently small constant ¢, inequality (9) holds in [lrg, 7], and by
Lemma 3 this inequality holds for every r € (0, 7).

Obviously

o log T, 1
dim7 g = limsup M < lim sup 0g ¢(r) =
r—0 1Og r r—0 log T

Hence the statement of Theorem 3 follows immediately.

The example below shows that the statement of Theorem 3 fails to hold
without the assumption that C' is a finite subset of X.

EXAMPLE 1. Consider the set
X =[0,13/8]U{a, :n=0,1,...} U{9/4},
where

3 1
apg=2 and a, =2+ 2—2 for n > 1.

53
k=1
On the space X consider the functions
1
wl(x):iw, wa(z)=-xz+ - forzelX,

and
2 for z € [0,13/8],

wo(z) =% a, forz=a,_1,n=12,...,
9/4 for x =9/4.
Since Y 32, (1/k%) = 72 /6, the sequence {a,, } converges to 9/4. Obviously

the functions w; and we are similarities with scaling factor Ly = Lo = 1/2
and wy is a Lipschitzian function with Lipschitz constant Ly = 1.
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Observe that the IFS {(w;,p;) : i = 0,1,2}, where p; = 1/3, 1 =0,1,2,
satisfies condition (5) and so it is asymptotically stable. Let u, be the cor-
responding invariant measure. Obviously, IFS {w; : i = 0,1,2} is regular.
Let K be the corresponding semifractal. According to Proposition 2 we have
K = supp p4. Clearly,

K = wy(K)Uw; (K)Uws(K).

Set D = {a,:n=0,1,...}. From (3) it follows easily that D C K. In
addition we have

wo(K) =D, wi(K)C[0,9/8], w(K)C][1/2,13/8].
Thus wy (w1 (K)) = 0 and wy ' (we(K)) = . Consequently,
(19) (e 0wy ) (wi(K)) =0 and  (ue 0wy ) (wa(K)) = 0.
In particular, since supp p. = K and wy ' (wo(K)) D K we have
(1t 0 05 ) (w0 () = 1.

Using (4), (19) and the last equality we obtain
prelwo () = = o g™ (w0 (K))) + 5 e (w0 (FN)) + 5 (w5 (o (K))
1
=

Observe also that for n > 2,
wh (K) = {an—1,an, ...}

and

wy H(wf (K)) = {an-2,an-1,. ..} = wg ™ (K).
By an induction argument it is easy to verify that
1 1 1

e () = 5 g (W (R)) + 5 ™ ( (R)) + 5 o™ (w0 (K))
= & g (B () = 51

Thus
pe({an}) = p (g™ () \ wi P (K)
= e (wgTHE)) = (w2 (K))
_ 1/3n+1 . 1/3n+2 — 2/371-&-2'

Finally, observe that for r, = 3/(472n?) we have B°(ay,,7,) = {a,}. Conse-
quently,

T (rn) < ps({an}) < 2/3"%2.
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It follows that

log T),, (7n) S log(2/3™+2) _ log2—(n+2)log3
logr, = logry log(3/47%) — 2logn’

Letting n — oo we obtain

(1]
2]

3l
(4]
]
(6]
(7]
18]
(9

[10]
[11]
[12]

[13]
[14]

[15]
[16]
[17]
18]

[19]

dim p = 00.
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