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Summary. A 
ategori
al generalization of the notion of movability from inverse systemsand shape theory was given by the �rst author who de�ned the notion of movable 
ategoryand used it to interpret the movability of topologi
al spa
es. In this paper the authorsde�ne the notion of uniformly movable 
ategory and prove that a topologi
al spa
e isuniformly movable in the sense of shape theory if and only if its 
omma 
ategory in thehomotopy 
ategory HTop over the sub
ategory HPol of polyhedra is uniformly movable.This is a weakened version of the 
ategori
al notion of uniform movability introdu
ed bythe se
ond author.1. Introdu
tion. The notion of movability for metri
 
ompa
ta was in-trodu
ed by K. Borsuk [1℄ as an important shape invariant. The movablespa
es are a generalization of spa
es having the shape of ANR's. The mov-ability assumption allows a series of important results in algebrai
 topology(like the Whitehead and Hurewi
z theorems) to remain valid with the ho-motopy pro-groups repla
ed by the 
orresponding shape groups. The term�movability� 
omes from the geometri
 interpretation of the de�nition in the
ompa
t 
ase: if X is a 
ompa
tum lying in a spa
e M ∈ AR, one says that
X is movable if for every neighborhood U of X in M there exists a neigh-borhood V ⊂ U of X su
h that for every neighborhood W ⊂ U of X there isa homotopy H : V × [0, 1]→ U su
h that H(x, 0) = x and H(x, 1) ∈ W forevery x ∈ V . One shows that the 
hoi
e of M ∈ AR is irrelevant [1℄. Afterthe notion of movability had been expressed in terms of ANR-systems, forarbitrary topologi
al spa
es, [4℄, it be
ame 
lear that one 
ould de�ne it in2000 Mathemati
s Subje
t Classi�
ation: 54C56, 55P55, 18A25.Key words and phrases: shape theory, uniformly movable inverse system (spa
e), uni-formly movable 
ategory. [229℄ 
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arbitrary pro-
ategories. The de�nitions of a movable obje
t in an arbitrarypro-
ategory and of uniform movability were given by M. Moszy«ska [6℄.Uniform movability is important in the study of mono- and epi-morphismsin pro-
ategories and in the study of the shape of pointed spa
es. In the bookof Marde²i¢ & Segal [5℄ all these approa
hes and appli
ations of various typesof movability are dis
ussed.A 
ategori
al generalization of the notion of movability from inverse sys-tems and shape theory was given by the �rst author of the present paperwho de�ned the notion of movable 
ategory and interpreted the movabilityof topologi
al spa
es in terms of this property [2℄.A 
on
ept of uniform movability for a 
ategory was introdu
ed by these
ond author in [7℄. In that paper a 
ategory K is 
alled uniformly movablewith respe
t to a sub
ategory K′ if there exists a pair (F, ϕ) with F : K → Ka 
ovariant fun
tor and ϕ : F → 1K a natural transformation su
h that everymorphism f ∈ K(Y,X) with Y ∈ K′ admits a morphism G(f) ∈ K(F (X), Y )satisfying f ◦ G(f) = ϕ(X) and su
h that the 
orresponden
e f 7→ G(f) isnatural in the sense that a 
ommutative diagram

Y

u

��

f // X

v

��
Y ′

f ′

// X ′in the 
ategory K , with u : Y → Y ′ a morphism in K′ , indu
es the equality
G(f ′) ◦ F (v) = u ◦ G(f). In the 
ase K′ = K the 
ategory K was simplynamed uniformly movable. The pair (F, ϕ) was 
alled a uniform movabilitypair of K and the morphism G(f) a uniform movability fa
tor of f.This de�nition is good and suggestive from the fun
torial point of viewbut it is too strong if one has in mind movability of topologi
al spa
es. Theuniform movability of the 
omma 
ategory of a spa
e X in HTop over HPolimplies the uniform movability of X ([7, Cor. 1℄). However, the 
onversewas proved only under two supplementary 
onditions on the spa
e X ([7,Cor. 2℄). In the present paper we give a weakened version of this de�nitionthat permits a 
hara
terization of the uniform movability of an arbitraryspa
e X via the uniform movability of the 
omma 
ategory of X.

2. Uniformly movable 
ategories. Let K be an arbitrary 
ategory.Definition 1 ([2℄, [3℄). We say that an obje
t X of K is movable if thereare an obje
t M(X) ∈ K and a morphism mX : M(X)→ X in K su
h thatfor any obje
t Y ∈ K and any morphism p : Y → X in K there exists amorphism u(p) : M(X)→ Y whi
h makes the diagram
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M(X)

mX

||xxxxxxxx

u(p)

��

X

Y

p

ccGGGGGGGGGDiagram 1
ommutative, i.e., p ◦ u(p) = mX .A 
ategory K is 
alled movable if any obje
t of K is movable.Definition 2. We say that an obje
t X of the 
ategory K is uniformlymovable if there are an obje
tM(X) ∈ K and a morphismmX : M(X)→ Xin K that satisfy the following 
onditions:1. for any obje
t Y ∈ K and any morphism p : Y → X in K thereexists a morphism u(p) : M(X) → Y in K whi
h makes Diagram 1
ommutative,2. for all morphisms p : Y → X, q : Z → X and r : Z → Y in K su
hthat p ◦ r = q, Diagram 2 below is 
ommutative:
Y

p

��?
??

??
??

?

X M(X)
mXoo

u(p)

hhQQQQQQQQQQQQQQ

u(q)
vvmmmmmmmmmmmmmmm

Z

r

OO

q

??�������� Diagram 2i.e., u(p) = r ◦ u(q).A 
ategory K is 
alled uniformly movable if any obje
t of K is uniformlymovable.We 
all mX a (uniform) movability morphism of X and u(p) a (uniform)movability fa
tor of p.It is evident that every uniformly movable obje
t is movable. The follow-ing example shows that the 
onverse is not true.Example 1. Let Set◦ be the 
ategory of nonempty sets. Then ea
hsingleton is a movable obje
t whi
h is not uniformly movable.Indeed, let {∗} be a singleton. Then a movability morphism for {∗} 
anbe any 
onstant mapM(∗)→ {∗}. For an arbitrary map q : Z → {∗} we 
antake for u(q) : M(∗)→ Z any map. Thus {∗} is movable. But if p : Y → {∗}
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is another map we 
an write q = p◦r and q = p◦r′ for any maps r, r′ : Z → Y .Let x∗ ∈ M(∗) and suppose that r(u(q)(x∗)) 6= r′(u(q)(x∗)) (suppose that
Y has 
ardinality at least two). Then the relations u(p) = r ◦ u(q) and
u(p) = r′ ◦ u(q) are in
ompatible. Therefore {∗} is not uniformly movable.Remark 1. If K is a uniformly movable 
ategory in the sense of [7℄(see also the introdu
tion) then K is also uniformly movable in the sense ofDe�nition 2.Indeed, let (F, ϕ) be a uniform movability pair of K, and G(f) a uniformmovability fa
tor of a morphism f ∈ K(X,Y ) (see introdu
tion or De�ni-tion 1 in [7℄). With the notations of De�nition 2, if X is an obje
t in K, and
p : Y → X is a morphism in K, we take M(X) = F (X), mX = ϕ(X) and
u(p) = G(p). Now the relation p ◦G(p) = ϕ(X) translates as p ◦u(p) = mX ,whi
h is 
ondition 1 from De�nition 2. Then for some morphisms p : Y → X,
q : Z → X and r : Z → Y su
h that p ◦ r = q, we 
an 
onsider the 
ommu-tative diagram

Y
p // X

Z

r

OO

q // X

1X

OO

with r◦G(p) = G(q), whi
h translates as r◦u(p) = u(q), whi
h is 
ondition 2from De�nition 2.This remark permits us to take over a series of examples from [7℄.Proposition 1. Every 
ategory K with null morphisms is uniformlymovable.Proof. Fix an obje
t X0 ∈ K. For ea
h X ∈ K put M(X) = X0 and let
mX = 0X0X : X0 → X be the null morphism from X0 to X; for an arbitrarymorphism p : Y → X, set u(p) = 0X0Y . Now it is not di�
ult to verify
onditions 1 and 2 of De�nition 2.In parti
ular, the 
ategory Set∗ of pointed sets is uniformly movable.Proposition 2. Every 
ategory K with an initial obje
t O is uniformlymovable.Proof. For ea
h obje
t X ∈ K, put M(X) = O and let mX : O → X bethe only element in K(O,X); for any morphism p : Y → X, let u(p) : O → Ybe the only element in K(O, Y ). Now it is not di�
ult to verify 
onditions 1and 2 of De�nition 2.In parti
ular, the 
ategories Set of all sets and maps andGr of all groupsand homomorphisms are uniformly movable.Proposition 3. An obje
t dominated by a uniformly movable obje
t isuniformly movable.
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Proof. Let X be a uniformly movable obje
t in a 
ategory K and Y anobje
t dominated by X. Let f : X → Y and g : Y → X be morphismswith f ◦ g = 1Y . Set M(Y ) = M(X) and mY = f ◦mX . For any morphism

p : Z → Y de�ne u(p) = u(g ◦ p). Then the relation (g ◦ p) ◦ u(g ◦ p) = mXimplies (f◦g)◦p◦u(g◦p) = f◦mX and thus p◦u(p) = mY , whi
h is 
ondition 1of De�nition 2. Now let morphisms p : Z → Y , q : U → Y , r : U → Z satisfy
q = p ◦ r. Then g ◦ q = (g ◦ p) ◦ r, whi
h implies u(g ◦ p) = r ◦ u(g ◦ q), i.e.,
ondition 2 of De�nition 2 holds.Definition 3 ([3℄). We say that a 
ategory L is weakly fun
toriallydominated by a 
ategory K if there are fun
tors J : L → K and D : K → Land a natural transformation ψ : D ◦ J → 1L.The following proposition is similar to Theorem 2 from [3℄.Proposition 4. If a 
ategory L is weakly fun
torially dominated by auniformly movable 
ategory K then L is also uniformly movable.Proof. For an obje
t X ∈ L, set M(X) = D(M(J(X))) and mX =
ψ(X) ◦ D(mJ(X)) : M(X) → X. If p : Y → X is a morphism in L, put
u(p) = ψ(Y ) ◦D(u(J(p))) : M(X)→ Y . Now we verify the 
onditions fromDe�nition 2. For 
ondition 1 we have

p ◦ u(p) = [p ◦ ψ(Y )] ◦D(u(J(p))) = [ψ(X) ◦D(J(p))] ◦D(u(J(p)))

= ψ(X) ◦ [J(p) ◦D(u(J(p)))] = ψ(X) ◦D(mJ(X)) = mX .For 
ondition 2, if p : Y → X, q : Z → X and r : Z → Y are morphisms in
L satisfying p◦ r = q, then J(p) ◦J(r) = J(q). This implies J(r) ◦u(J(q)) =
u(J(p)) and by applying the fun
tor D we dedu
e D(J(r)) ◦D(u(J(q))) =
D(u(J(p))), so ψ(Y ) ◦D(J(r)) ◦D(u(J(q))) = ψ(Y ) ◦D(u(J(p)) and hen
e
r ◦ ψ(Z) ◦D(u(J(q))) = u(p), that is, r ◦ u(q) = u(p).In parti
ular, Proposition 4 applies if L is fun
torial dominated by K,i.e., D ◦ J = 1L:Corollary 1. If a 
ategory L is fun
torial dominated by a uniformlymovable 
ategory K then L is also uniformly movable.Proposition 5. A produ
t K =

∏
i∈I Ki of 
ategories is uniformly mov-able if and only if every 
ategory Ki, i ∈ I, is uniformly movable.Proof. Suppose K =

∏
i∈I Ki is uniformly movable. For �xed i0 ∈ I andany i ∈ I, i 6= i0, sele
t an obje
t X0

i ∈ Ki. Then 
onsider the follow-ing fun
tors: the proje
tion Pi0 : K → Ki0 and Ji0 : Ki0 → K de�ned by
Ji0(Xi0) = (X ′

i)i∈I , where X ′
i0

= Xi0 and X ′
i = X0

i , i 6= i0, and for a mor-phism f : Xi0 → Yi0 in Ki0 , Ji0(f) = (f ′i)i∈I : Ji0(Xi0) → Ji0(Yi0) is givenby f ′i = 1X0
i
, if i 6= i0 and f ′i0 = f . Then Pi0 ◦ Ji0 = 1Ki0

and we 
an applyCorollary 1.
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Conversely, suppose that all 
ategories Ki, i ∈ I, are uniformly movable.To prove that K =

∏
i∈I Ki is also uniformly movable, forX = (Xi)i∈I , de�ne

M(X) = (M(Xi))i∈I and mX = (mXi
)i∈I , and if p = (pi)i∈I : (Xi)i∈I →

(Yi)i∈I , then set u(p) = (u(pi))i∈I . Then the 
onditions of De�nition 2 areimmediately veri�ed.Now let us 
onsider a 
ategory K with pull-ba
k diagrams. This meansthat for any pair of morphisms f : X → Z and g : Y → Z there exists a
ommutative diagram
X ×Z Y

pY

��

pX // X

f

��
Y

g // Z
alled a pull-ba
k diagram, su
h that for any morphisms uX : U → X and
uY : U → Y satisfying f ◦uX = g◦uY there is a unique morphism uX×ZuY :
U → X ×Z Y su
h that pX ◦ (uX ×Z uY ) = uX and pY ◦ (uX ×Z uY ) = uY .Proposition 6. Let K be a 
ategory with pull-ba
k diagrams. If an obje
t
Z ∈ K is uniformly movable then for any morphisms f : X → Z and
g : Y → Z,
(∗) u(f)×Z u(g) = u(f ◦ pX) = u(g ◦ pY ).Proof. Consider the morphism u(f) : M(Z)→ X with f◦u(f) = mZ and
u(g) : M(Z)→ Y with g ◦u(g) = mZ (Diagram 3). sin
e f ◦ u(f) = g ◦u(g)we 
an 
onsider the morphism u(f) ×Z u(g) : M(Z) → X ×Z Y . Setting
t = f ◦ pX = g ◦ pY , we obtain another morphism u(t) : M(Z) → X ×Z Y .But by 
ondition 2 of De�nition 2, the relations t = f ◦ pX = g ◦ pY imply
u(f) = pX ◦ u(t) and u(g) = pY ◦ u. These relations and the uniqueness of
u(f)×Z u(g) prove that u(t) = u(f)×Z u(g), i.e., (∗).

M(Z)

u(g)

��9
99

99
99

99
99

99
99

99

%%KKK
KKK

KKK
K

u(f)

**TTTTTTTTTTTTTTTTTTTT

X ×Z Y

pY

��

pX // X

f

��
Y

g // ZDiagram 3Remark 2. The dual notions to movability and uniform movability 
anbe de�ned. An obje
t X of a 
ategory K is (uniformly) 
o-movable if thereare an obje
t M(X) ∈ K and a morphism m0
X : M(X) ← X in K thatsatisfy the following 
ondition(s): for any obje
t Y ∈ K and any morphism
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p : X → Y in K there exists a morphism u0(p) : M(X)← Y in K satisfying
m0

X = u0(p)◦p (and if p : X → Y, q : X → Z and r : Y → Z are morphismsin K su
h that q = r ◦ p, then u0(p) = u0(q) ◦ r). A 
ategory K is 
alled(uniformly) 
o-movable if all its obje
ts are (uniformly) 
o-movable. This isequivalent to the fa
t that the dual 
ategory of K is (uniformly) movable.3. Main result. Re
all that if T is a 
ategory with a sub
ategory P,and X ∈ T , then the 
omma 
ategory of X over P, denoted by XP , hasas obje
ts all morphisms p : X → P in T with P ∈ P, and as morphisms
(X

p
→ P ) → (X

p′

→ P ′) all morphisms u : P → P ′ in P su
h that thefollowing diagram 
ommutes:
P

u

��

X

p
>>}}}}}}}}

p′   A
AA

AA
AA

A

P ′Now re
all from [5, Ch. II, �6, 7℄ the notions of movability and uniformmovability in terms of inverse systems.Let T be a 
ategory. Then an obje
t X = (Xλ, pλλ′ , Λ) of pro-T is saidto be movable provided every λ ∈ Λ admits an m(λ) ≥ λ (
alled a movabilityindex of λ) su
h that for any λ′′ ≥ λ there is a morphism rλ : Xm(λ) → Xλ′′of T whi
h satis�es
pλλ′′ ◦ rλ = pλ,m(λ),i.e., makes the following diagram 
ommutative:

Xm(λ)

pλ,m(λ)

||xxxxxxxx

rλ

��

Xλ

Xλ′′

pλ,λ′′

ccGGGGGGGG

The essential feature of this 
ondition is that pλ,m(λ) fa
tors through Xλ′′for λ′′ arbitrarily large (note that rλ is not a bonding morphism).Then an obje
t X = (Xλ, pλλ′ , Λ) of pro-T is uniformly movable if every
λ ∈ Λ admits an m(λ) ≥ λ (
alled a uniform movability index of λ) su
hthat there is a morphism r(λ) : Xm(λ) → X in pro-T satisfying

pλ ◦ r(λ) = pλ,m(λ),
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where pλ : X → Xλ is the morphism of pro-T given by 1Xλ

, i.e., pλ is therestri
tion of X to Xλ. Consequently, pλ,m(λ) fa
tors through X. Note that
r(λ) determines for every ν ∈ Λ a morphism

r(λ)ν : Xm(λ) → Xνin T su
h that
pνν′ ◦ r(λ)ν′

= r(λ)ν if ν ≤ ν ′, and r(λ)λ = pλ,m(λ).In parti
ular, for any ν ≥ λ one obtains pλ,m(λ) = r(λ)λ = pλν ◦ r(λ)ν , sothat uniform movability implies movability.We also mention that movability and uniform movability for inverse sys-tems are preserved by isomorphisms of su
h systems [5, pp. 159�161℄.Another notion whi
h we need in this se
tion is that of expansion systemof an obje
t.If T is a 
ategory and P a sub
ategory of T , then for an obje
t X of T ,a P-expansion of X is a morphism in pro-T of X (as rudimentary system)to an inverse system X = (Xλ, pλλ′ , Λ) in P, p : X → X, with the followinguniversal property:For any inverse system Y = (Yµ, qµµ′ ,M) in P (
alled a P-system)and any morphism h : X → Y in pro-T , there exists a unique morphism
f : X→ Y in pro-T su
h that h = f ◦ p, i.e., the following diagram 
om-mutes:

X
h

  A
AA

AA
AA

A

p // X

f

��
YIf p : X → X and p′ : X → X′ are two P-expansions of the same obje
t

X, then there is a unique isomorphism i : X→ X′ su
h that i ◦p = p′. Thisisomorphism is 
alled the natural isomorphism.The sub
ategory P is 
alled a dense sub
ategory of T provided everyobje
t X ∈ T admits a P-expansion p : X → X.If p : X → X, p′ : X → X′ and q : Y → Y, q′ : Y → Y′ are P-expansions, then two morphisms f : X→ Y, f ′: X′→ Y′ in pro-T are equiv-alent, f ∼ f ′, provided the following diagram in pro-T 
ommutes:
X

f

��

i // X′

f ′

��
Y

j // Y′Now if P is a dense sub
ategory of T , then the shape 
ategory for (T ,P),denoted by Sh(T ,P), has as obje
ts all the obje
ts of T , and morphisms
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F : X → Y are ∼ equivalen
e 
lasses of morphisms f : X→ Y in pro-T , forsome P-expansions p : X → X and q : Y → Y.Now, an obje
t X ∈ T is 
alled movable (uniformly movable) in Sh(T ,P)or simply movable (uniformly movable) if it has a movable (uniformly mov-able) P-expansion. This de�nition is 
orre
t sin
e the properties of movabil-ity and uniform movability for inverse systems are invariant with respe
t toisomorphisms in pro-P.If HTop is the homotopy 
ategory of topologi
al spa
es, then the homo-topy 
ategory HPol of polyhedra is a dense sub
ategory of HTop, and atopologi
al spa
e X is 
alled (uniformly) movable if X is HPol-(uniformly)movable.Now we 
an establish the main theorem.Theorem 1. Let T be a 
ategory , P a sub
ategory of T , and let X ∈ Tbe any obje
t and p = (pλ) : X → X = (Xλ, pλλ′ , Λ) a P-expansion of X.Then X is a uniformly movable inverse system if and only if the 
omma
ategory XP of X in T over P is uniformly movable.Proof. Suppose that XP is a uniformly movable 
ategory. If λ ∈ Λ, 
on-sider pλ : X → Xλ as an obje
t of XP . There are an obje
t M(pλ) = f ′ :
X → Q′ in XP and a morphism mpλ

= η : Q′ → Xλ in XP satisfying the
onditions of De�nition 2 (see Diagram 4 below).By property (AE1) of a P-expansion [5, Ch. I, �2.1, Th. 1℄, there is a
λ̃ ∈ Λ, λ̃ ≥ λ, and an f̃ ′ : X

λ̃
→ Q′ su
h that(1) f ′ = f̃ ′ ◦ p

λ̃
.Then(2) η ◦ f̃ ′ ◦ p

λ̃
= η ◦ f ′ = pλ = p

λλ̃
◦ p

λ̃
.

Q′

η

||yyyy
yyy

y

u(pλλ′′ )

��

Xλ

p
λλ̃

��

f̃ ′

66mmmmmmmmmmmmmmmmm
Xλ′

p
λλ̃

oo

Xλ X
pλoo

pλ′

OO f ′

EE����������������

pλ′′

""E
EEEEEEE

Xλ′′

pλλ′

hhRRRRRRRRRRRRRRRRDiagram 4
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From (2) and property (AE2) [5, Ch. I, �2.1, Th. 1℄, we dedu
e theexisten
e of λ′ ∈ Λ, λ′ ≥ λ̃, for whi
h(3) p

λλ̃
◦ p

λ̃λ′
= η ◦ f̃ ′ ◦ p

λ̃λ′
.Now we show that λ′ is a uniform movability index of λ, i.e., we have tode�ne a morphism r = (rλ′′

) : Xλ′ → X in pro-T , with rλ′′

: Xλ′ → Xλ′′ ,
λ′′ ∈ Λ, satisfying the 
ondition(4) pλ ◦ r = pλλ′ .Let λ′′ ∈ Λ be arbitrary, with λ′′ ≥ λ. For the obje
t pλ′′ : X → Xλ′′ andthe morphism pλλ′′ : Xλ′′ → Xλ of the 
omma 
ategory XP , there exists amorphism u(pλλ′′) : Q′ → Xλ′′ whi
h satis�es the equality(5) η = pλλ′′ ◦ u(pλλ′′)(see De�nition 2). Observe that if λ′′ = λ we get(6) u(pλλ) = η.Now de�ne

rλ′′

= u(pλλ′′) ◦ f̃ ′ ◦ p
λ̃λ′

: Xλ′ → Xλ′′ .(7)By (7), (6) and (3), we have
rλ = u(pλλ) ◦ f̃ ′ ◦ p

λ̃λ′
= η ◦ f̃ ′ ◦ p

λ̃λ′
= p

λλ̃
◦ p

λ̃λ′
= pλλ′ .(8)By applying (3), (5) and (7), we get

pλλ′ = p
λλ̃
◦ p

λ̃λ′
= η ◦ f̃ ′ ◦ p

λ̃λ′
= pλλ′′ ◦ u(pλλ′′) ◦ f̃ ′ ◦ p

λ̃λ′
= pλλ′′ ◦ rλ′′

.Thus, for any λ′′ ∈ Λ, λ′′ ≥ λ,(9) pλλ′ = pλλ′′ ◦ rλ′′

.Now, for λ′′ ∈ Λ with λ′′ < λ < λ′ de�ne rλ′′

= pλ′′λ′ .In order to show that r = (rλ′′

) : Xλ′ → X is a morphism in pro-T whi
hsatis�es (4), we have to prove that for any λ′′ < λ′′′,(10) pλ′′λ′′′ ◦ rλ′′′

= rλ′′

.Let λ ≤ λ′′ < λ′′′. In view of (7), we have(11) rλ′′′

= u(pλλ′′′) ◦ f̃ ′ ◦ p
λ̃λ′

: Xλ′ → Xλ′′′ .Sin
e pλλ′′′ = pλλ′′ ◦ pλ′′λ′′′ , by 
ondition 2 from De�nition 2, we have(12) u(pλλ′′) = pλ′′λ′′′ ◦ u(pλλ′′′).By applying (11), (12), (7), we get
pλ′′λ′′′ ◦ rλ′′′

= pλ′′λ′′′ ◦ u(pλλ′′′) ◦ f̃ ′ ◦ p
λ̃λ′

= u(pλλ′′) ◦ f̃ ′ ◦ p
λ̃λ′

= rλ′′

.So, r = (rλ′′

) : Xλ′ → X is a morphism in pro-T whi
h satis�es (4), andthus X is a uniformly movable in the sense of shape theory.
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To prove the 
onverse, suppose X = (Xλ, pλλ′ , Λ) is a uniformly movableinverse system. Consider an obje
t f : X → Q of the 
omma 
ategory XP(see Diagram 5). By 
ondition (AE1) there exist λ ∈ Λ and fλ : Xλ → Q in

P su
h that(13) f = fλ ◦ pλ.Consider a 
orresponding uniform movability index λ′ ∈ Λ, λ′ ≥ λ. From(13) we get(14) f = fλ ◦ pλλ′ ◦ pλ′ .

Xλ

fλ

~~}}
}}

}}
}}

Xλ′

pλλ′oo

rλ′′′

##F
FFFFFFF

Q X
foo

pλ

``AAAAAAAA pλ′

=={{{{{{{{ pλ′′′ //

f ′′

~~}}
}}

}}
}} pλ′′

!!B
BB

BB
BB

B Xλ′′′

pλ′′λ′′′

||xxxxxxxx

Q′′

η′

``@@@@@@@@

Xλ′′

fλ′′

oo Diagram 5Now let us prove that the obje
t M(f) := pλ′ : X → Xλ′ and themorphism(15) mf := fλ ◦ pλλ′ : Xλ′ → Qare as required in the de�nition of the uniform movability for XP . Indeed, let
f ′′ : X → Q′′ be an arbitrary obje
t and η′ : Q′′ → Q an arbitrary morphismin XP , i.e.,(16) f = η′ ◦ f ′′.There exist λ′′ ∈ Λ, λ′′ ≥ λ, and fλ′′ : Xλ′′ → Q′′ su
h that(17) f ′′ = fλ′′ ◦ pλ′′ .It is 
lear that

fλ ◦ pλλ′′ ◦ pλ′′ = η′ ◦ fλ′′ ◦ pλ′′ .Therefore, a

ording to 
ondition (AE2), we 
an �nd λ′′′ ∈ Λ, λ′′′ ≥ λ′′, su
hthat(18) fλ ◦ pλλ′′ ◦ pλ′′λ′′′ = η′ ◦ fλ′′ ◦ pλ′′λ′′′ .By the uniform movability of X = (Xλ, pλλ′ , Λ), there exists a morphism
r = (rλ′′′

) : Xλ′ → X in pro-T su
h that pλ ◦ r = pλλ′ , i.e., the mapping
rλ′′′

: Xλ′ → Xλ′′′ satis�es(19) pλλ′ = pλλ′′′ ◦ rλ′′′

.



240 P. S. Gevorgyan and I. Pop
De�ne(20) u(η′) = fλ′′ ◦ pλ′′λ′′′ ◦ rλ′′′

: Xλ′ → Q.By (18)�(20), and (15) we get(21) η′◦u(η′)=η′◦fλ′′ ◦pλ′′λ′′′ ◦rλ′′′

=fλ◦pλλ′′ ◦pλ′′λ′′′ ◦rλ′′′

=fλ◦pλλ′ =mf .Thus, the �rst 
ondition of uniform movability of XP is proved.To prove the se
ond 
ondition of uniform movability, let f̃ ′′ : X → Q̃′′be an arbitrary obje
t and η̃′ : Q̃′′ → Q, ϕ : Q̃′′ → Q′′ be some morphismsof XP su
h that(22) η̃′ = η′ ◦ ϕ.Sin
e ϕ : Q̃′′ → Q′′ is a morphism in XP ,(23) f ′′ = ϕ ◦ f̃ ′′.In analogy with the 
onstru
tion of u(η′) (see (20)) u(η̃ ′) 
an be written as(24) u(η̃ ′) = f
λ̃′′
◦ p

λ̃′′λ̃′′′
◦ rλ̃′′′

.Moreover, (see (17)),(25) f̃ ′′ = f
λ̃′′
◦ p

λ̃′′
.It remains to show that(26) u(η′) = ϕ ◦ u(η̃ ′).Let λ0 ∈ Λ be su
h that λ0 ≥ λ′′′ and λ0 ≥ λ̃′′′ (we know that (Λ,≤) is adire
ted set). Taking into a

ount (23) and (25) it is not di�
ult to see that

fλ′′ ◦ pλ′′λ′′′ ◦ pλ′′′λ0 ◦ pλ0 = ϕ ◦ f
λ̃′′
◦ p

λ̃′′λ̃′′′
◦ p

λ̃′′′λ0
◦ pλ0 .Hen
e, by the property (AE2) of the P-expansion p = (pλ) : X → X =

(Xλ, pλλ′ , Λ), we 
an �nd λ1 ∈ Λ, λ1 ≥ λ0, su
h that(27) fλ′′ ◦ pλ′′λ′′′ ◦ pλ′′′λ0 ◦ pλ0λ1 = ϕ ◦ f
λ̃′′
◦ p

λ̃′′λ̃′′′
◦ p

λ̃′′′λ0
◦ pλ0λ1 .Sin
e r = (rλ′′′

) : Xλ′ → X is a morphism of inverse systems, and λ1 ≥ λ′′′,
λ1 ≥ λ̃

′′′, we have
rλ′′′

= pλ′′′λ0 ◦ pλ0λ1 ◦ r
λ1 ,(28)

rλ̃′′′

= p
λ̃′′′λ0

◦ pλ0λ1 ◦ r
λ1 .(29)By (20), (24) and (27)�(29), we get (26):

ϕ ◦ u(η̃′) = ϕ ◦ f
λ̃′′
◦ p

λ̃′′λ̃′′′
◦ rλ̃ ′′′

= ϕ ◦ f
λ̃′′
◦ p

λ̃′′λ̃′′′
◦ p

λ̃′′′λ0
◦ pλ0λ1 ◦ r

λ1

= fλ′′ ◦ pλ′′λ′′′ ◦ pλ′′′λ0 ◦ pλ0λ1 ◦ r
λ1 = fλ′′ ◦ pλ′′λ′′′ ◦ rλ′′′

= u(η′).Now by theorems on dense sub
ategories (see [5, Th. 2, Ch. I, �4.1; Ths. 6and 7, Ch. I, �4.3℄), we get the following 
orollaries.
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Corollary 2. Let T be a 
ategory and P a dense sub
ategory. An obje
t

X ∈ T is uniformly movable in the sense of shape theory if and only if the
omma 
ategory XP of X in T over P is uniformly movable.Corollary 3. If P is a dense sub
ategory of a 
ategory T then anyobje
t P ∈ P is uniformly movable.Proof. The 
omma 
ategory PP has as initial obje
t the identity mor-phism 1P : P → P . By Proposition 2, this implies that PP is a uniformlymovable 
ategory and we 
an apply Corollary 2.Corollary 4. A topologi
al spa
e X is uniformly movable if and only ifits 
omma 
ategory XHPol in the 
ategory HTop over the sub
ategory HPolis uniformly movable.In parti
ular , polyhedra and ANR's are uniformly movable spa
es.Corollary 5. A pair (X,X0) of topologi
al spa
es is uniformly movableif and only if its 
omma 
ategory (X,X0)HPol2 in the homotopy 
ategory ofpairs HTop2 over the homotopy sub
ategory of polyhedral pairs HPol2 isuniformly movable.In parti
ular , a pointed spa
e (X, ∗) is uniformly movable if and only if its
omma 
ategory (X, ∗)HPol∗ in the pointed homotopy 
ategory HTop∗ overthe pointed homotopy sub
ategory of polyhedra HPol∗ is uniformly movable.All pointed polyhedra and pointed ANR's are uniformly movable.Remark 3. In [2℄ a theorem similar to Theorem 1 was stated for movablespa
es. Pre
isely, it was proved that a topologi
al spa
e X is movable if andonly if its 
omma 
ategory XHPol in HTop over HPol is movable. Nowwe 
an use the fa
t that there are movable obje
ts whi
h are not uniformlymovable (see [5, p. 255℄) to 
on
lude that there are movable 
ategories whi
hare not uniformly movable.By our Theorem 1 and Theorem 4 from [4, p. 173℄ we have the followingparti
ular 
ase.Corollary 6. Let T be a 
ategory , P a sub
ategory , and X ∈ T .Suppose that X has as a P-expansion an inverse sequen
e p : X → X =
(Xn, pn,n+1). Then the 
omma 
ategory XP is uniformly movable if and onlyif it is movable.Remark 4. As spe
i�ed in the introdu
tion, if we take into 
onsiderationthe more restri
tive de�nition for the uniform movability of a 
ategory givenin [7℄, in order to prove the uniform movability of the 
omma 
ategory XPof an obje
t X, two supplementary 
onditions were added to the uniformmovability of a P-expansion X =(Xλ, pλλ′ , Λ) of X, namely:
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(G1) If m(λ) is the uniform movability index of λ, then pλ,m(λ) : Xm(λ) →

Xλ is a P-monomorphism, that is, if pλ,m(λ) ◦ u = pλ,m(λ) ◦ v, where
u, v : P → Xm(λ) are two morphisms in the sub
ategory P, then u = v.(G2) If λ, λ′ ∈ Λ, then there exists a λ∗ ∈ Λ with λ∗ ≥ m(λ),m(λ′) su
hthat the following diagram 
ommutes:

Xm(λ)

rλ

""E
EE

EE
EE

EE

Xλ∗

pm(λ),λ∗

;;wwwwwwwww

pm(λ′),λ∗ ##H
HH

HH
HH

HH
X

Xm(λ′)

rλ′

<<yyyyyyyyy

A spa
e admitting su
h a P-expansion was 
alled P-global uniformlymovable. An example is the Warsaw 
ir
le [7, Ex. 9℄.
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