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Summary. We find the optimal universal constant C, (1 < p < o0) in the following
inequality. If X = (X¢)¢>0 is a martingale and ¥ = (8; H, dXs)¢>0 for some predictable
process H taking values in [—1, 1], then

E[sup Y| < Cpl| X ||
t>0

1. Introduction. Suppose that ({2, F,P) is a probability space, equip-
ped with a nondecreasing right-continuous family (F;);>0 of sub-o-fields
of F. In addition, assume that F( contains all the sets of probability 0. Let
X = (Xt)t>0 be an adapted real-valued right-continuous martingale with
left limits. Let Y be the Itd integral of H with respect to X, that is,

Vi = HoXo+ | H.dX,, t>0.
(0,4]

Here H is a predictable process with values in [—1,1]. For p € [1,00],
let || X, = sup;>q || X¢l[p- Furthermore, let X* = sup;>q Xy and [X[* =
SUP;>q | X¢|-

The purpose of this paper is to compare the moments of X and Y*.
In [B2|, Burkholder developed a method to obtain the following sharp esti-
mate.

THEOREM 1.1. If X is a martingale and Y is as above, then
(1.1) Y[l < ~[l1X 1],
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where v = 2.536.. .. is the unique solution of the equation

-y
7—3——exp<2>.

The constant is the best possible.

It was shown in [OI] that if X is assumed to be a nonnegative super-
martingale, then the optimal constant in (1.1)) decreases to 2 + (3e)~! =
2.1226.... The paper |O2| contains the following fact.

THEOREM 1.2. If X and Y are as above, then
(1.2) 1Y) < Bl[IX T,
where = 2.0856... is the positive solution to the equation

2log<§ ﬂo) —1- 5,

Furthermore, if X is assumed to be nonnegative, then the optimal constant

in (1.2)) decreases to 14/9 = 1.5555. ...

In the present paper we continue this line of research and provide new
sharp bounds for the first moment of Y* by || X||, for p > 1. If p = 1, then
there is no finite constant C; such that ||Y*||; < C1]|X||1, even when Y = X.
For example, take X; = eO‘Wf_O‘Qt/Q, where W is the Wiener process; then
EX* = o0 and E|X¢| = EX; = 1 for all ¢. Let

2p — 1\ 7P
F<p 1) if1<p<2,
p —
Cr (2 2o veza) T 2 <p <,
P=213
1+et if p = .

Here is our main result.

THEOREM 1.3. Suppose X is a martingale and Y is as above. If 1 <
p < 00, then

(1.3) Y™ < Cpll X]lp-
The constant Cy, is the best possible.

By the approximation arguments of Bichteler |Bi|, the theorem above is
a quick consequence of its discrete-time version, which we will prove next.
Suppose that (2, F,P) is a probability space, filtered by (F,)n>0. Let f =
(fn)n>0 be an adapted martingale and g = (gn)n>0 be its transform by a
predictable sequence v = (v, )n>0 bounded in absolute value by 1. That is,
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we have

n
gnzzvkdfka n:07172a"'>
k=0

where dfy = fo and dfy = fr — fr_1 for k > 1. Here by predictability of v

we mean that vy is Fy-measurable and for any k > 1, v is measurable with

respect to Fr_1. In the particular case when each v is deterministic and

takes values in the set {—1, 1}, we will say that g is a £1 transform of f.
Denote f; = maxy<, fr and f* = sup;, fi.

THEOREM 1.4. Suppose f, g are martingales such that g is a transform
of f by a predictable sequence bounded in absolute value by 1. If 1 < p < oo,
then

(1.4) g™l < Gl flp-

A few words about the organization of the paper. The proof of our result is
based on Burkholder’s technique, which exploits properties of certain special
functions; the method is described in the next section. Section 3 contains the
proof of and for p € (1, 2], while the case p € (2, 00| is postponed
to the final part of the paper, Section 4.

2. Some reductions and the method of proof. Using approximation
arguments of Bichteler [Bi], it suffices to focus on the discrete-time setting.
Now, with no loss of generality, we may assume that in we deal with
simple sequences f and g. By simplicity of f we mean that for any integer n,
the random variable f,, takes only a finite number of values and there exists
a deterministic number N such that fy = fyi11 = --- with probability 1.
Clearly, if f and g are simple, then the almost sure limits fo, and g~ exist
and are finite. Next, we may assume that go > 0 almost surely, which gives
lg*| = ¢*. Indeed, it suffices to replace vy by sgn fy if necessary; then |g*|
increases, so we obtain a stronger estimate to prove.

The key reduction is that it suffices to work with +1 transforms only.
Recall Lemma A.1 from [BI].

LEMMA 2.1. Let g be the transform of a martingale f by a real-valued
predictable sequence v uniformly bounded in absolute value by 1. Then for
each j > 1 there exist martingales F7 = (F3)n,>0 and G = (G})n>0 such
that for 7 > 1 andn > 0,

[e.e]
fo=Fhy and gy= 277Gy,
j=1
and G is a £1 transform of .

To see how the lemma works in our setting, suppose we have establish-
ed (1.4) for +1 transforms. Now, if g is a transform of f, then Lemma
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gives us the processes F7 and G/, for which we may write

o0 o0
sup > 279G, || < D26
n . .
Jj=1 Jj=1

gl = |

<Gy S 27 F )y = Gyl fllpe

j=1
as needed.
Observe that in the proof of ([1.4) we may assume that p is finite. Let

A= {(z,y,2) € R3:y < z} and define V,, : A — R by

yVz—|z|P +7,(0) ifl<p<2,

Vo(z,y,2) = :

yVz—lzlP+M, if2<p<oo,
where 7, is given by (3.1)) and M), is introduced in (4.2) below. It is enough
to show that

(2'1) Evp(fomgooagzo) <0

for all simple martingales f, g such that g is a £1 transform of f. This
follows from a standard homogenization procedure. Indeed: for 1 < p < 2,
apply (2.1) to the martingales f/\, g/A, where A > 0 is fixed. This yields

Egl, < A7PE|foo|? — My (0).

A= (—ipzoﬁ)l/pufup

gives (|1.4). For p > 2 the reasoning is the same.
The estimate ([2.1]) will be achieved if we find a function U : A — R with
the following three properties.

Now the choice

1° Foranye € {—1,1} and (z,y, z) € A there is anumber ¢ = ¢(g, z,y, 2)
such that for all d € R,
Ulx+ed,y+d,(y+d)Vz) <U(x,y,z)+ cd.
2° U(z,y,z) > Vp(z,y, 2) for all (z,v, 2).
3° U(z,y,y) <0 for all z, y such that z = |y|.

The class of all functions U satisfying 1°-3° will be denoted by U(V}).
Sometimes it is convenient to replace 1° with the following equivalent
condition (see [B2]):

1° For any € € {—1,1}, (z,y,2) € A and any simple centered random
variable T', we have

EU(z +eT,y+T,(y +T)V 2) <U(z,y, 2).
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The relation between the inequality (2.1)) and the class (V) is described
in the following fact.

THEOREM 2.2. If the class U(V},) is nonempty, then the inequality (2.1)
holds for any simple f, g such that g is a £1 transform of f.

Proof. Take U € U(V,) and simple f, g such that g is a £1 transform
of f. The process (U(fn,gn,9s))n>0 is a supermartingale: indeed, the in-
equality E[U(fn, gn,95) | Fn-1] < U(fa-1,9n-1,95-1), n = 1, follows from
the conditional form of 1¥, with x = f,—1, ¥y = gn—1, 2 = g_;, T = dg,, and
e € {—1,1} such that dg,, = edf,. Consequently, using 2° and then 3°, one
gets

Thus the problem of proving a given martingale inequality is re-
duced to the problem of constructing a function with properties 1°, 2° and 3°.

It turns out that the implication can be reversed. For V), as above, con-
sider Uy : A — R given by

UO(:E’ Y, Z) = SupEVb(fooagOOag:;o \ Z),

where the supremum is taken over the class M(z,y) of all pairs (f,g) of
simple martingales such that (fo,g0) = (x,y) and dg, = +df, for all n > 1
(that is, there is a deterministic v = (vy,)n>1 taking values in {—1,1} such
that dg, = vpdf,, n > 1).

THEOREM 2.3. If (2.1)) is valid, then the class U(V},) is nonempty and
Uy is its least element.

For the proof, one needs to slightly modify the argument used in [B2]
(see Theorem 2.2 there). Theorem [2.3| will be quite useful in the proof of the
optimality of the constants C). In the next two sections we will construct
appropriate special functions.

3. The proof of (1.4) for 1 < p < 2. We start by defining a function
Tp + [0700) - (_0070] by

(3.1) Yp(t) = —exp(pt?1) S exp(—psP~ 1) ds.
t
Since
yp(t):—Sexp{ St+up2du}ds
0 0
the function ~, is nonincreasing on [0,00). Let G, : (—00,7,(0)] — [0, 0)

denote the inverse of the function ¢ — 7,(t) — ¢, t > 0. We will need the
following estimate.
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LEMMA 3.1. We have GG + (p — 2)(G})* < 0.
Proof. The inequality to be proved is equivalent to (G,/G})" > p — 1.
Since v, (t) = p(p — 1)?~27,(t) 4 1, we obtain

Gp(x) = (1(Gp(x)) = 1)7' = [p(p — GH*(x)(z + Gp(2))] ™

and
1+ G;(x) _ PYP(_C;p(fL’)) .
p(p — DG~ (2)1(Gp(2))
Therefore
Gp() I_ _ P=1 () (s N = p Gp(x)%lg(Gp(x)) B
(G5 = -6 @Gyl = p1+ 2 > o

because Gp(x) > 0 and 7, (Gp(z)) < 0, 7,(Gp(r)) < 0. =
Now we are ready to introduce a special function. Let
Dy ={(z,y,2) € Ay —z — |z| 2 3,(0)},
Dy ={(z,y,2) € Aty — 2z — |x] <%(0) and [z| > Gp(y — 2z — |z])},
Dy = .A\ (Dl U Dz).
Let U, : A — R be given by

(y—2)? —a° 7(0)

_ 27 (0) + 5 +uy on D1,
Up(z,y,z) =4 #F Ww(0) + (p = 1)Gply — z — [z|)P

— plelGyly — 2 — falP! on Dy,

z — |z|P + 7,(0) on Dy.

We will now verify that U, belongs to U(V}) and thus establish (|1.4]). To
do this, it suffices to show the following fact.

LEMMA 3.2.

(i) The function U, is of class C1 in the interior of A.
(ii) For any e € {—1,1} and (x,y,2) € A, the function F' = F. ;. :
(—o0,z —y] = R, given by F(t) = Uy(x +et,y +t,2), is concave.

(iii) For anye € {—1,1} and x,y,h € R,
2) Up(x +et,y+t,(y+1t)Vy) <Up(z,y,y) + eUp(x,y,y)t + t.
(iv) We have
(33) Up(l’,y,Z) Z %(IE,y) Z) fOT’ (:I:?y? Z) € "4
(v) We have
(34) Sup Up(x7yay) = 07
where the supremum is taken over all x, y satisfying |z| = |y|.

(3.2



Mazximal Inequalities for Stochastic Integrals 279

Proof. (i) This is straightforward: U, is of class C! in the interior of
Dg, Dy and Do, so the claim reduces to tedious verification that the partial
derivatives Upg, Upy and U,, match at the common boundaries of Dy, Dy
and Ds.

(ii) In view of (i), it suffices to show that F"(t) < 0 for those ¢ for which
the second derivative exists. In view of the translation property F; , , .(u) =
Fr piesyts,-(u—s), valid for all u and s, it suffices to check F”(t) < 0 only
for t = 0. Furthermore, since we have U, (0,y,2) = 0 and Up(z,y,2) =
Up(—x,y, 2), we may restrict ourselves to = > 0.

If e = 1, then we easily verify that F”/(0) = 0 if (z, y, 2) lies in the interior
(D1 U D2)° of Dy U Dy and F”(0) = —p(p — 1)2P~2 < 0 if (z,y,2) € D§.
Thus it remains to check the case ¢ = —1. We start from the observation
that F”(0) = 0 if (z,y,2) € DY. If (x,y,2) € DJ, then

F(0) = 4p(p — 1)CE (G, GG+ 1) + (Gy — ) ((p — (G} + GG,
where all the functions on the right are evaluated at =g = y — z — x. Since
y < z, we have r < —x( and, in view of Lemma
(3.5)  F"(0) < 4p(p — 1)Gh™>(w0) [Gy(w0) Gy (0) (Gp(0) + 1)

+ (Gp(zo) + 0)((p — 2)(Gp(0))* + Gp(20)Gy(20))]
=0.
Here in the last step we have used the equality
Gp(2)Gy(#)(Gp(x) + 1)
Gp(z) +

which can be easily extracted from the proof of Lemma [3.1l Thus we are
done with D§. Finally, if (z,y, z) belongs to the interior of Dy, then F”(0) =
—p(p—1)a?2 < 0.

(ili) We may assume that z > 0, due to the symmetry of the function Up.
Note that Upy(x,y—,y) = 1; therefore, if ¢ < 0, then the estimate follows

from the concavity of U, along the lines of slope +1, established in the
previous part. If £ > 0, then

Up(z+et,y+t,(y+t)Vy) =Up(z,y+t,y+t)=y+t+ Uz +¢t,0,0),

and hence we will be done if we show that the function s — U,(s,0,0) is
concave on [0,00). However, its second derivative equals 1/7,(0) < 0 for
s < 7p(0) and

p(p = DG (=5)[(Gp(—5) = 5)((p = 2)(Gp(=5))? + Gp(—5)P G (—s))
+ Gp(=35)Gp(—5)(Gp(—s) +2)]
= p(p = 1)Gy(—5)"2G(—s) <0
for s > 7,(0). Here we have used the equality from , with g = —s.

Gp(z)Go(z) + (p — 2)(Gh(2))? = —

i
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(iv) Again, it suffices to deal only with nonnegative . On the set Dy both
sides of (3.3) are equal. To prove the majorization on Dy, let @(s) = v,(0)—sP
for s > 0. Observe that

Up(,y,2) = 2+ D(Gp(y — 2 — x))
+P(Gply — 2 — 2))(z = Gply — 2 — ),

which, by concavity of @, is not smaller than z + @(x). Finally, the estimate
for (z,y,z) € Dy is a consequence of the fact that

Upy(2,y—,2) = 7”(0)7;(8 —%) 5,

Up(x7y7 Z) - ‘/;)(xaya Z) > Up($,y072) - V;’)(xaymz) > 0.

Here (z, 0, 2) € 0D and the latter bound follows from the majorization on
Do, which we have just established.
(v) We have

Up(z,y,y) = Up(|z],0,0) + y < Up(|z],0,0) + |z].

As shown in the proof of (iii), s — Up(s,0,0), s > 0, is concave, hence so is
the function s +— Uy, (s,0,0) + s, s > 0. It suffices to note that its derivative
vanishes at —7,(0), so the value at this point (which is equal to 0) is the
supremum we are searching for. m

Sharpness. As shown by Peskir [P], the Doob-type bound

2p — 1\ 71/7
2=L) i 1<ps2

1821, gr(

is sharp. Here B is a Brownian motion (not necessarily starting from 0) and
T is a stopping time for B satisfying 7 € LP/2. Consequently, the estimate
(1.4]) is also sharp, evenif X =Y. u

4. The proof of (1.4) for p > 2. Suppose that p is finite. Let v, :
[0,00) — (—00,0) be given by

t
Yp(t) = exp(—ptP~1) { — S exp(psP™1) ds — p*l/(Pfl)e]
p-1/(=1)
t
= —t+p(p—1)exp(—pt’ ) S sP~Lexp(psP~1) ds
p—1/(p=1)

if t > p~/@-1 and

W(t) = (p—2)(t —p~ /@) —p= /=)
if t € [0,p~Y/®P=1)]. We start with the following straightforward fact.
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LEMMA 4.1. The function vy, is of class C' and nondecreasing.

Proof. The first assertion can be verified easily. To prove the second
one, note that it suffices to show ~,(t) > 0 for ¢t > p~ Y/ @=1 Equivalently,
Y,(t) > 0 reads

¢
*Pexp(pt” ) —pp—1) | exp(ps?!)ds — p® /P D(p—1)e <0.
p=1/(=1)

However, the inequality is true for ¢ = p~*/®=1) and the derivative of the
left-hand side equals (2 — p)t! =P exp(ptP~!) < 0. This completes the proof. m

Let Gp : [0,00) — [p~1/®=1 0) be the inverse to the function t
Yp(t) +t, t > p~ /P~ (the function is invertible, by the previous fact). We
have the following version of Lemma,

LEMMA 4.2. We have G,G) + (p — 2)(G},)* > 0.

Proof. It can be verified that

Gp(2)Gy(7)(Gp(x) — 1)
2 _ Up P p
41 GG+ (- 26w = PR
and this is nonnegative: it follows from the very definition of G, that
Gp(r) >0, Gi(r) > 0 and Gj(z) <1, 2 — Gp(z) < 0. =

Define
2
_ P ey P /-1 s2
(4.2) M, = = [2 T §s e*2ds|.

Let Hy : R? — R be given by
Hp(z,y) = (0= D' P(=(p = V]| + [y) (J| + [y[)"~
and put
Dy ={(z,y,2) € Aty — 2> y(x), 2 +y— 2 <0},
Dy = {(z,y,2) € Ay — 22> y(x), x+y— 2z >0},
Dy = A\ (D1 U Dso).
Introduce Uy, : A — R by
2+ Hy(x,y — 2+ (p— Dp~ /@Dy — M, on Dy,
2= Mp+ (p—1)Gp(|z| +y —2)
= plz|Gy(|z] +y — 2P~ on Dy,
z—|xP — M, on Dy.

Here is the analogue of Lemma Again, once we show it, we will be done

with the proof of ([1.4).

Up(CC, ya Z) =
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LEMMA 4.3.
(i) The function U, is of class C*.
(i) For any e € {—1,1} and (z,y,2) € A, the function F = F_ 3, :
(—o00,z —y] = R, given by F(t) = Uy(x + ety +t,2), is concave.
(ii) For any e € {—1,1} and z,y,h € R,
(4.3) Up(x+et,y+t,(y+1t)Vy) <Up(x,y,y) + cUpe(x,y,y)t + t.
(iv) We have

(44) Up(l',y,Z) Z %(IE,ya Z) fOT’ (:E?y) Z) 6"4'
(v) We have
(4.5) sup Up(z,y,y) =0,
where the supremum is taken over all x,y satisfying |x| = |y|.

Proof. (i) Straightforward.

(ii) We proceed as in the proof of Lemma[3.2[(ii) and check F”(0) < 0 for
x >0 and (x,y, 2z) lying in the interior of some D;.

If ¢ = 1, there is nothing to check: we have F”(0) = 0 if (z,y,2) €
(D1 U D3)° or F"(0) = —p(p — 1)aP~2 < 0 if (2,9,2) € DJ. It remains
to verify the case ¢ = —1. If (x,y, 2) belongs to the interior of D;, then
F"(0) < 0; this follows from the fact that for any (2’,y’) € R?, the function
t — Hp(a' +t,y —t) is concave (see [BI, p. 17]). If (z,y,z) € D3, then

F"(0) = dp(p — DG (GG (G — 1) + (G — 2)((p — 2)(G})* + GpGp)],
where all the functions on the right are evaluated at xop = x+y — 2. We have
y < z,s0 x < xp and, by Lemma [4.2]

F(0) < 4p(p — 1)G2(20)[Gp(w0) G (o) (Gl (o) — 1)

+(Gp(0) — 20)((p — 2)(G}(20))* + Gp(0) Gy (20))]
=0,
where we have used the equality from (4.1). Finally, if (z,y, z) belongs to
the interior of Dy, then F”(0) = —p(p — 1)2P~2 < 0.

(iii) We have Upy(z,y—,y) = 1 and Up(z,y,y) = y + Up(x,0,0). There-
fore, arguing as in the proof of Lemma[3.2] we see that it suffices to show that
the function s — Up(s,0,0), s > 0, is concave. Indeed, its second derivative
at s equals

(4.6) —p(p — 1)G(5)G(s) <0
and we are done.
(iv) The majorization can be proved in the same manner as in Lemmal[3.2]

using the concave function @(s) = —sP, s > 0. The details are left to the
reader.
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(v) Observe that
Up(e,9) = -+ p(J2, 0,0) < [a] + T(Ja], 0,0).

Denoting the right-hand side by ¥(|z|), we find that ¥ is concave on (0, c0)
(see the proof of (iii)) and

W'(t) = p(p — 1)GL (1) Gp(t)P 2 (Gy(t) — t) — pGp(t)P~ 1 +1
= —pGy(t)P ! + 2.

Consequently, ¥ attains its maximum at the point ty satisfying G,(tp) =
(2/p)V/ =1, or

(4.7) to = v ((2/p)Y®P=V) + (2/p)/ P
(p/2)" 1/ =1

_pp-De | s exp(ps ) ds
p*l/(Pfl)

2
1
and, as one easily checks, the maximum is equal to 0. This completes the

proof. m
Sharpness, 2 < p < oo. We have, by Young’s inequality,
cllfllp < IFIE+p P/ @D (p— 1)/ P71,
so if held with some ¢ < C),, we would have
(4.8) lg*ll < lIflp+C

for some C' < p~P/(P=1)(p — 1)05/(19—1) = M), Therefore it suffices to show
that the smallest C' for which is valid equals M),

Suppose, then, that holds with some universal C, and let us use
Theorem with V' =V}, given by V,(z,y,2) = z — |z|P. As a result, we
obtain a function Uy satisfying 1°-3°. Observe that for any (x,y, z) € A and
t e R,

(4.9) Uo(z,y,2) =t + Up(xz,y —t,z — t).

This is a consequence of the fact that the function V), also has this property,
and of the very definition of Uj.
Now it is convenient to split the proof into a few parts.

STEP 1. First we will show that for any v,
(4.10) Uo(0,5,9) > y+ (p— Dp "~V = U,(0,9,).

In view of (@.9), it suffices to prove this for y = 0. Let d = p~¥/®=1 and
5 > 0. Applying 1¥ toe = —1, 2 = y = z = 0 and a mean-zero T taking
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values § and —d, we obtain

d 1)
P 5U0(*5,5,5) + s

By (4.9), Up(—9,9,9) = § + Up(—0,0,0). Furthermore, by 2°, Uy(d, —d,0)
> dp so the above ebtimate yields

Uo(0,0,0) > Uo(d, —d, 0).

d
4.11 > ——(4 J d|P.
(A1) Uo(0,0,0)2 S (5+ Up(=5,0,0)) — - —Id
Similarly, one uses property 1° and then 2° to get
d
_ > _d_45 —
Uo( 5,0,0)_d+5Uo(0,5,5)+d+5UO( d—9,—d,0)
d )
> ) ———(d+56
" T30+ 00(0.0,0)) = s (d + 5"

Combining this with (4.11] , subtracting Uy(0, 0, 0) from both sides of the re-
sulting estimate, dividing through by ¢ and letting § — 0 leads to Uy(0,0,0)
>d—dP = Upy(0,0,0), which is what we need.

Consequently, by the definition of Uy, for any y € R and « > 0 there is
a pair (f™Y, ¢g"¥) € M(0,y) satisfying
(4.12) Up(0,9,9) < Vp(f&Y, 9" (95)7) + .

STEP 2. Let N be a positive integer and let § = to/N, where t( is given
by . We will need the following auxiliary fact.

LEMMA 4.4. There is a universal R such that the following holds. If
x € [0,t0], y € R and T is a centered random variable which takes values in

[p(Gp()), 0], then
(4.13) EUp(x — T,y + T, (y +T)Vy) < Up(z,y,y) + RG>
Proof. We start from the observation that for any fixed z € [0, o] and
Yy € R7 if le [_’YP(GP(J:))?OL
Up(x - ta ) + ta y) = Up(l‘v Y, y) - pr(ﬂi‘, Y, y)t + t.
For t € (0, 4], by the concavity of s — Up(s,0,0),
Uz —t,y+ty+t) =y+t+ Uy(z —t,0,0)

>y +t 4+ Uy(2,0,0) — Ups(2,0,0)t — RS>
= Up(2,y,y) — Upa(2,y,y)t +t — RS".

Here, for example, one may take R = —inf,c[ ) Upzz(,0,0), which is fi-
nite: see (4.6)). The inequality (4.13 - follows immediately from the above two
estimates. m

Now consider a martingale f = (f,)_,, starting from to, which satisfies
the following condition: if 0 < n < N —1, then on the set {f, =t —nd}, the
difference df,, 1 takes values —¢ and —v,(G,(fn(w))); on the complement of
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this set, df,+1 = 0. Let g be the £1 transform of f given by g9 = fo and
dgn = —dfn, n=1,...,N. The key fact about the pair (f, g) is that

(4.14)

EU,(frs 9n> 9n) < EUp(frt1, 9nt1: 9pi1) + R6%, n=0,1,...,N—1.

This is an immediate consequence of Lemma (applied conditionally with
respect to F,) and the fact that U,(fn, gn, 95) 7# Up(frt1, Gn+1, 9541) if and
only if f, =t —mnd or g, =t +nd = g.

The next property of the pair (f,g) is that if fy # 0, then we have
Up(fn, 9N, 9n) = Vp(fN,gn, gx)- Indeed, fn # 0 implies df, > 0 for some

n > 1 and then, by construction,
IN — 9N = 9n — In = —dgn = dfn = 1(fn) = 1 (fN)-
Thus we may write
(4.15) M, = Up(to, to, o)
< EUy(fn,9n.95) + RNS?
=EV,(fn, 9v: 9n) 1 e r0y + Up(0, 2to, 2t)P(fn = 0) + RN,
since gn = g = 2to on { fx = 0}.
STEP 3. Now let us extend the pair (f,g) as follows. Fix k > 0 and put

IN=fNt1=fni2 ="+ and gy = gN+1 = gni2 = -+ on {fy # 0}, while
on {fn = 0}, let the conditional distribution of (fy, gn)n>n With respect to
{fn = 0} be that of the pair (2%, g%2%0) obtained at the end of Step 1. The
process (f, g) we get consists of simple martingales and, by (4.12) and (4.15)),
we have

My < EVp(foos Goo» 95) + RNG? + kP(fy = 0).

Now it suffices to note that choosing N sufficiently large and « sufficiently
small, we can make the expression RNJ? + kP(fy = 0) arbitrarily small.
This shows that M), is indeed the smallest C' which is allowed in (4.8)). m

Sharpness, p = co. We may assume that || X||ooc = 1. The proof will be
entirely based on the following version of Theorem [2.3]

THEOREM 4.5. Let Up : {(z,y,2) : |z| <1,y < z} — R be given by
Uo(l'a% Z) = Eg:;o Vg,

where the supremum is taken over the class of all pairs (f,g) € M (x,y) such
that || flleoc < 1. Then Uy enjoys the following properties:

1° For any ¢ € {-1,1}, z € [-1,1], y < z and any simple centered
random variable T satisfying |z + eT| < 1, we have

EUsg(z+eT,y+T,(y+T)V z) <Up(x,y, 2).
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2° Up(x,y,z) > z for all (x,y,z) from the domain of Uy.
3° Us(x,y,y) < Cx for all z, y such that |z| = |y| € [-1,1].

For the proof, modify the argument from [B2]. Note that the function Uy
satisfies (4.9) (with the obvious restriction to z lying in [—1, 1]).

Now we turn to the optimality of the constant C. First we will show
that

(4.16) Up(0,0,0) > 1
To prove this, take § € (0,1) and use 1° to obtain

UO(O7 07 O) >

1 4]
+5U0(5, 5,0) + 1 +6U0(—1,—1,0).

We have Uy(—1,—1,0) > 0 by 2°, and Uy(6,6,6) = 6 + U(6,0,0) by (4.9).
Thus we have
0 4 Up(0,0,0)
. > .
(4.17) U0(0,0,0) = —— =~
Similarly, using 1° and then 2° yields

Plug this into (£.17)), subtract Up(0,0,0) from both sides, divide through by
0 and let § — 0. As a result, one gets .
Now fix a positive integer N and set § = (1 — e~ !)/N. For any k =
., N, we have, by 1°, 2° and ,
) 1—ké

> ———Up(1 -1 —_ -1
UO(k(S,0,0)_ 1—]€5+(5U0( ak5 70)+1_k5+6U0((k )57575)
—ké

>_ - 7 _
or, equivalently,

Uy(k9,0,0) S Uo((k —1)4,0,0) 1)

1—kd — 1—(k—-1) 1—(k—1)§
It follows by induction that
Uy(N6,0,0)

N
eUp(1—e71,0,0) = > Up(0,0,0) + Y —————
k=1

1—-NJ 1-

Letting N — oo and using (4.16]), we arrive at

l—e™
eUp(1—e71,0,0) > 1+ S
0

and hence, by (4.9)),
Ul—etl—etl—e)=1-et+Uy(1-e1,0,00>14¢!
It suffices to apply 3° to complete the proof. =
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