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FUNCTIONS OF A COMPLEX VARIABLE

On a Problem of Best Uniform Approximation
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Summary. In this paper, a generalization of a result on the uniform best approximation
of α cosnx+β sinnx by trigonometric polynomials of degree less than n is considered and
its relationship with a well-known polynomial inequality of C. Visser is indicated.

1. Introduction

1.1. A classical result on best approximation. Let us denote by Tm
the class of all trigonometric polynomials t(x) :=

∑m
µ=−m cµe

iµx of degree
at most m with coefficients in C. If t belongs to Tm and t(x) is real for all
real x then we say that t belongs to T (R)

m .
The following result [1, p. 66] gives the best uniform approximation of

the function α cosnx+ β sinnx by trigonometric polynomials in T (R)
n−1.

Theorem A. Let α and β be any real numbers. Then, for any trigono-
metric polynomial t ∈ T (R)

n−1, we have

(1.1) max
−π≤x≤π

|α cosnx+ β sinnx− t(x)| ≥
√
α2 + β2.

Remark 1. If t belongs to Tn−1 then s(x) := (t(x) + t(x))/2 belongs to
T (R)
n−1 and

|α cosnx+ β sinnx− t(x)| ≥ |α cosnx+ β sinnx− s(x)| (−π ≤ x ≤ π).

Hence, (1.1) also holds for any t ∈ Tn−1.
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Remark 2. Clearly, we could have written

sup
−∞<x<∞

|α cosnx+ β sinnx− t(x)|

instead of max−π≤x≤π |α cosnx + β sinnx − t(x)| on the left-hand side
of (1.1).

Note that
∑m

µ=−m cµe
iµz is well defined for any z ∈ C and is holomorphic

throughout C. Thus, a trigonometric polynomial t(x) :=
∑m

µ=−m cµe
ix is the

restriction of an entire function, to R. It may be added that t(z) is an entire
function of exponential type τ ≥ m. In order to elaborate on this statement
we recall some definitions.

1.2. Functions of exponential type. Let f be an entire function and
let M(r) := max|z|=r |f(z)|. The function f is said to be of order ρ (see
[3, p. 8]) if

lim sup
r→∞

log logM(r)

log r
= ρ ∈ [0,∞].

A constant has order 0, by convention. An entire function f of finite positive
order ρ is of type T if lim supr→∞ r

−ρ logM(r) = T ∈ [0,∞].
Let S be an unbounded subset of the complex plane, like the open angle

A(θ1, θ2) := {z = reiθ : θ1 < θ < θ2} or its closure A(θ1, θ2). A function f
is said to be of exponential type τ in S if it is differentiable at every interior
point of S and, for each ε > 0, there exists a constant K depending on ε but
not on z, such that |f(z)| < Ke(τ+ε)|z| for all z ∈ S.

In view of the preceding definitions, an entire function of order less than 1
is of exponential type τ for any τ ≥ 0; functions of order 1 and type T ≤ τ are
also of exponential type τ . As mentioned above, a trigonometric polynomial
t of degree at most m is the restriction of an entire function of exponential
type τ (≥m) to R. Trigonometric polynomials are bounded on the real axis
and they are 2π-periodic. It is known (see [3, Theorem 6.10.1]) that if f(z)
is an entire function of exponential type τ which is periodic on the real axis
with period ∆ then it must be of the form f(z) =

∑n
ν=−n aνe

2πiνz/∆ with
n ≤ b∆τ/(2π)c.

Let f be of exponential type in the angle A(α, β). The dependence of its
growth on the direction in which z tends to infinity is characterized by the
function

h(θ) = hf (θ) := lim sup
r→∞

log |f(reiθ)|
r

(α < θ < β),

called the indicator function of f . Unless hf (θ) ≡ −∞, it is continuous. For
this and other properties of the indicator function see [3, Chapter 5]. For an
entire function f of exponential type, the indicator function hf (θ) is defined
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for all θ. It is clear that if f is an entire function of exponential type τ then
hf (θ) ≤ τ for 0 ≤ θ < 2π.

1.3. Statement of the main result. Returning to Theorem A we note
that (1.1) can be written as

max
−π≤x≤π

∣∣∣∣α+ iβ

2
e−inx − g(x) + α− iβ

2
einx

∣∣∣∣ ≥ ∣∣∣∣α+ iβ

2

∣∣∣∣+ ∣∣∣∣α− iβ2

∣∣∣∣.
With this it should be clear that the following result says considerably

more than Theorem A.

Theorem 1. Let 0 < σ < τ . Then for any A,B ∈ C and any entire
function g of exponential type σ, we have

(1.2) sup
−∞<x<∞

|Ae−iτx − g(x) +Beiτx| ≥ |A|+ |B|.

The following result is contained in Theorem 1.

Corollary 1. Let {λν}nν=0 be an increasing sequence of n+1 numbers
in R and {aν}nν=0 a sequence of n+ 1 numbers in C. Then

(1.3) |a0|+ |an| ≤ sup
−∞<x<∞

∣∣∣a0eiλ0x + n−1∑
ν=1

aνe
iλνx + ane

iλnx
∣∣∣.

Remark 3. It may be noted that
∑n−1

ν=1 aνe
iλνx is in general not periodic;

it is uniformly almost periodic in the sense of H. Bohr (see [2, p. 6]).

In the case where λν = ν for ν = 0, 1, . . . , n, Corollary 1 says that for
any sequence of n+1 numbers in C, |a0|+ |an| ≤ max−π≤x≤π |

∑n
ν=0 aνe

iνx|.
This may also be stated as follows.

Corollary 2. Let p(z) :=
∑n

ν=0 aνz
ν be a polynomial of degree n such

that |p(z)| ≤M for |z| = 1. Then |a0|+ |an| ≤M .

Corollary 2 is known as Visser’s inequality [7, p. 84, Theorem 3]. In
[4], [5] and [6, Chapter 16], the reader will find various generalizations of
that inequality; Corollary 1 seems to be a new one. Visser’s proof of Corol-
lary 2 is based on certain properties of the nth roots of unity. We do not
see how his approach would get us anywhere under the conditions of Corol-
lary 1.

2. Some auxiliary results. The following result [3, Theorem 6.2.4], a
consequence of the Phragmén–Lindelöf principle, plays an important role in
the study of functions of exponential type. We need it too.

Lemma 1. Let f be a function of exponential type in the open upper
half-plane such that hf (π/2) ≤ c. Furthermore, let f be continuous in
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the closed upper half-plane and suppose that |f(x)| ≤ M on the real axis.
Then

(2.1) |f(x+ iy)| ≤Mecy (−∞ < x <∞, y > 0).

For our proof of Theorem 1 we also need the following result [3, p. 129].

Lemma 2. Let ω(z) be an entire function of exponential type having no
zeros in the open upper half-plane and having

hω(α) := lim sup
r→∞

log |ω(reiα)|
r

≥ hω(−α) := lim sup
r→∞

log |ω(re−iα)|
r

for some α ∈ (0, π). Then |ω(z)| ≥ |ω(z)| for =z > 0.

3. Proofs of Theorem 1 and Corollary 1

Proof of Theorem 1. Let f(z) := Ae−iτz−g(z)+Beiτz. We have to prove
that |A|+ |B| ≤ supx∈R |f(x)| if g is an entire function of exponential type
σ < τ .

There is nothing to prove if A and B are both zero or if |f(x)| is un-
bounded. So, let at least one of the two numbers A and B be different
from 0. By considering f(−z) if necessary we may suppose that A 6= 0. Let
supx∈R |f(x)| = M . Clearly, hf (π/2) = τ . Hence, by Lemma 1, |f(z)| ≤
Meτy for y := =z > 0. In particular,

(3.1) |Aeτy − g(iy) +Be−τy| ≤Meτy (y > 0).

Note that |g(x)| ≤ M + |A| + |B| on the real axis. Since g(z) is of
exponential type σ, we not only have hg(π/2) ≤ σ but also hg(−π/2) ≤ σ.
So, Lemma 1 may be applied to g(z) if y > 0, and to g(z) if y < 0, in order
to see that

(3.2) |g(iy)| ≤ (M + |A|+ |B|) eσ|y| (−∞ < y <∞).

Now, divide the two sides of (3.1) by eτy and let y → ∞. Taking into
consideration inequality (3.2) for y > 0, we obtain

(3.3) |A| ≤M.

This completes the proof if B is 0. So, hereafter we suppose that A and B
are both different from 0.

For λ := |λ|eiγ with |λ| > 1, let

ω(z) = ωλ(z) := λMe−iτz − f(z) = (λM −A)e−iτz + g(z)−B eiτz.

Then ωλ is an entire function of exponential type such that

hω(π/2) = hω(−π/2) = τ
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and ω(z) 6= 0 for y := =z ≥ 0. By Lemma 2, |ω(z)| ≥ |ω(z)| for y := =z > 0.
In particular, for any y > 0, we have∣∣(|λ|Meiγ −A)eτy + g(iy)−Be−τy

∣∣
≥
∣∣(|λ|Meiγ −A)e−τy + g(−iy)−Beτy

∣∣.
Because of (3.3) it is possible to choose γ such that∣∣|λ|Meiγ −A

∣∣ = |λ|M − |A|.
Hence, for any y > 0, we have
(|λ|M − |A|)eτy + |g(iy)−Be−τy| ≥ |B|eτy − (|λ|M − |A|)e−τy − |g(−iy)|,
which may also be written as

(|λ|M − |A|) + |g(iy)−Be−τy|e−τy

≥ |B| − (|λ|M − |A|)e−2τy − |g(−iy)|e−τy.
Now let y →∞. Clearly, (|λ|M − |A|)e−2τy tends to 0. Because of (3.2) and
the fact that σ < τ , so do |g(iy) − Be−τy|e−τy and |g(−iy)|e−τy. We thus
see that |λ|M ≥ |A|+ |B|, where |λ| can be any number greater than 1. This
is possible only if (1.2) holds.

Proof of Corollary 1. Set

φ(z) := a0e
iλ0z +

n−1∑
ν=1

aνe
iλνz + ane

iλnz.

We have to show that sup−∞<x<∞ |φ(x)| ≥ |a0| + |an|. This holds if and
only if
(3.4) sup

−∞<x<∞
|e−i(λn+λ0)zφ(2x)| ≥ |a0|+ |an|.

In order to prove (3.4), we note that

e−i(λn+λ0)zφ(2z) = a0e
−i(λn−λ0)z +

n−1∑
ν=1

aνe
−i(λn−2λν+λ0)z + ane

i(λn−λ0)z

= a0e
−i(λn−λ0)z − g(z) + ane

i(λn−λ0)z,

where

g(z) := −
n−1∑
ν=1

aνe
−i(λn−2λν+λ0)z.(3.5)

Since λn − 2λν + λ0 decreases as ν increases, g(z) is an entire function of
exponential type σ, where

σ := max{|λn − 2λ1 + λ0|, |λn − 2λn−1 + λ0|} < λn − λ0.
Applying Theorem 1 with A := a0, B := an, τ := λn − λ0 and g(z) as
in (3.5), we obtain (1.3).
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