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Summary. We calculate the exact value of the color number of a periodic homeomor-
phism without fixed points on a finite connected graph.

1. Introduction. All spaces are assumed separable metrizable and all
maps are continuous. We denote the set of natural numbers by N and write
the unit interval [0,1] as I. If f : X — X is a map, then we write inductively
f®=1idx and f* = fo f*! for each n € N.

Let f : X — X be a fixed-point free map. A closed subset A of X is
called a color of (X, f) if f(A)NA=0. A coloring of (X, f) is a finite cover
U of X consisting of colors. The minimal cardinality of a coloring is called
the color number of (X, f), denoted by col(X, f), i.e.,

col(X, f) = min{|U| | U is a coloring of (X, f)}.

Since finite open covers can be shrunk to closed covers, and finite closed cov-
ers can be swelled to open covers, the closedness of the coloring is irrelevant.
Finite open covers do equally well.

Let X be a set and f: X — X a fixed-point free map. It is known that
X is the union of disjoint subsets X7, Xo, X3 such that f(X;)NX; =0 for
i=1,2,3 (ct. [4], [7]). Subsequently, Blaszczyk and Kim proved the following
topological version of the above.

THEOREM 1.1 (|3]). Let X be a 0-dimensional paracompact space and

f X — X a fired-point free homeomorphism. Then X 1is the union of
disjoint clopen sets X1, Xo, X3 such that f(X;)NX; =0 fori=1,2,3.
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On the other hand, van Douwen proved that any fixed-point free auto-
homeomorphism on a finite-dimensional paracompact space has finite color
number (cf. [5]). Moreover, an upper bound of the color number was estab-
lished as follows.

THEOREM 1.2 (|6, Theorem 3|). Let X be a paracompact Hausdorff space
with dim X < n. If f: X — X is a fized-point free homeomorphism, then
col(X, f) <n+3.

In [8, Theorem 1.1], J. van Mill gives a simple proof of the theorem above.
Furthermore, for a fixed-point free involution, the upper bound of the color
number can be improved.

THEOREM 1.3 (|1, Theorem 2|). Let X be a paracompact Hausdorff space
with dim X < n and f: X — X a fized-point free homeomorphism. If f is
an involution, i.e., f*(x) =z for all x € X, then col(X, f) < n + 2.

For example, the color number of the rotation through 27/3 on a circle
is 4. Moreover, let S} be the n-dimensional Y-sphere and AR Sy — Sy
the period 3 homeomorphism defined in [2, p. 258]. Then col(S3,y" 1) =
n + 3 (|2, Theorem 4]). Here, S}- is the bipartite cubic graph K (3,3) on six
nodes.

Now, let X be a connected space and f : X — X a fixed-point free
homeomorphism. Clearly, col(X, f) > 3. By Theorem 1.2, it is natural to
ask whether col(X, f) = n + 3 or not. In this paper, we concentrate on the
following question.

QUESTION 1.4. Let X be a finite connected graph, i.e., a 1-dimensional
connected finite simplicial complex, and f: X — X a fized-point free hom-
eomorphism on X. Which is true, col(X, f) =3 or col(X, f) =47

We calculate the exact values of the color numbers of certain periodic
homeomorphisms. First, we show that if a fixed-point free homeomorphism
on an arcwise-connected space has a point of period 3, then its color number
is at least 4. Next, we calculate the exact value of the color number of a fixed-
point free homeomorphism which has no period 3 point on a finite connected
graph: Let f : X — X be a fixed-point free homeomorphism with a periodic
point on a finite connected graph X and n, = min{m | f™(z) = z}. If the
greatest common divisor of {n;} is neither 1 nor 3, then col(X, f) = 3.

2. Fixed-point free homeomorphisms with a period three point.
Let X be a connected space and f : X — X a fixed-point free homeo-
morphism. Clearly, col(X, f) > 3. Moreover, if f3(z) = z for each z € X,
then col(X, f) > 4 (cf. [1, Example 7(1)]). In fact, suppose that there is a
coloring {Uy, Uz, Us} of (X, f). We may assume that U; N Uz # (0, and let



Colorings of Periodic Homeomorphisms 65

a € Uy N Us. Then we have f(a) € Us, so f%(a) € Uy U Us. However, since
f3(a) = a € Uy NUs, we have a contradiction.

The next proposition asserts that if a fixed-point free homeomorphism
on an arcwise-connected space with f* = idx for some n € N has a point of
period 3 then its color number is at least 4.

PROPOSITION 2.1. Let X be an arcwise-connected space and f : X — X
a fixed-point free homeomorphism with f™ =idx for some n € N. If f has
a period 3 point in X, then col(X, f) > 4.

Proof. On the contrary, suppose that there exists a closed coloring U =
{U1,U3,Us} of (X, f). Let x be a period 3 point for f in X, i.e., f3(z) = .
Since no two elements of {x, f(x), f2(z)} belong to only one element of U,
we may assume that fP~1(z) € Intx U, for each p = 1,2,3 and fP~1(z) € U,
whenever p # q.

Let a € X~\U;. Since X is arcwise-connected, there exists an embedding
¢ : T — X such that ¢(0) = z and ¢(1) = a. Let to = inf{s € I | p(s) ¢ U1 }.
Then (p(to) € Uy UUs.

Assume that ¢(tg) € Us. Since U is a coloring, f(p(to)) ¢ Ua. Let t; =
1)) &

inf{s € T | f(e(s)) ¢ Ua}. Note that t; < tg, and thus f(¢([0,t
f(¢([0,0])). Moreover, we have f(¢([0,%])) N Uy = 0 and f(p(t1)) € Us.
Since U is a coloring, f2(<,0(t1)) ¢ Us. Let to = inf{s e I| f2(p(s)) ¢ Us}.

As ta < t1, we have f2(o([0,2])) C f2(¢((0,11])), f2(([0,t1])) N T2 = 0,
and f2(¢(t2)) € Uy. Continuing in this fashion, we obtain

P p(tn2)) € Us, [ Hp(ta-1)) € Un,

fn_l(SO([Oatnfl])) - fn_l(QP([Oatnfﬂ))v and  tp—1 <tp—2.
Let t, = inf{s € I | f™(¢(s)) ¢ Ui}. Since t, < t,_1, it follows that
F(e([0,t,])) € f™(¢([0,tn—1])). On the other hand, by the definition of ¢,
and f™ =idx, we obtain t,, = ty, a contradiction.

If p(to) € Us, mimicking the argument above, we also have a contradic-
tion. m

By Theorem 1.2 and Proposition 2.1, we have the following.

COROLLARY 2.2. Let X be a 1-dimensional arcwise-connected space and
f X — X a fizred-point free homeomorphism with f* = idx for some
n € N. If f has a period 3 point in X, then col(X, f) = 4.

EXAMPLE 2.3. Let Z, = {xg,1,...,2,—1} be an n-point discrete space,
and Z,,xZy, a join of Z,,, and Z,. Define f,, : Z, — Z, by fn(x;) = ;41 mod-
ulon fori=0,...,n—1, and let f,, * fr : Zn * Zp, — Zp, x Zp, be the natu-

ral map constructed from f,, and f,. By Corollary 2.2, col(Z3 * Z,, f3 * fn)
=4 for all n € N with n > 2.
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3. Fixed-point free homeomorphisms without period three
point. In this section, we calculate the exact value of the color number
for a fixed-point free homeomorphism without period 3 points on a finite
connected graph.

Let U = {Uy,...,U,} be a coloring of (X, f). If we wish to emphasize
the number of colors of U, we say that U is a p-coloring of (X, f).

DEFINITION 3.1. Let f: X — X be a map, A a closed subset of X with
f(A) C A, and U = {Uy,...,Up} a p-coloring of (A, f|a). We say that a
coloring U = {U1, .. .,ﬁq} (p < q) of (X, f) is an extension of U to (X, f),
or U extends to the q-coloring u of (X, f)if U; N A = U for each i < p.

We denote by (n) = {0,1,...,n — 1} the cyclic additive group with 0
the unit element. Let X,, =1 x (n), B, = {0,1} x (n), and f, : X;, — X,
be a homeomorphism which is represented by f,(t,i) = (fn,i(t),7 + 1) with
addition modulo n, where f,, ; : I — I is an order preserving homeomorphism
for each i = 0,1,...,n — 1. Note that fA(8,7) = (d,i +p) = fi(5,p) for each
0=0,1.

Let f : X — X be a map. Then the mapping torus of (X, f), written
M (X, f), is obtained from X x I by identifying (z,1) with (f(x),0). Let
sp : (n) — (n) be the shift map, i.e., s,(i) = ¢ + 1. Then s, has a natural
extension s, on M((n),sy), namely, s,(i,t) = (s,(i),t) and the rotation
R, : St — S! through 27/n can be viewed as 5, on M ({n), s,).

We will consider extension of colorings of (B, fu|p,) to colorings of
(Xn, fn) for n > 2.

NoOTATION 3.2. Let j=0,1, k=0,...,n—1,and U ={U, |p=1,...,q}
a coloring of (By, fu|p,). We represent U by the 2 x n matrix whose (j +
1,k + 1)-component is p if (j,k) € U,,.

For example, let n = 3, Uy = {0,1} x {1}, Uy = {0,1} x {2} and Us =
{0,1} x {0}. Then U = {U;,Us,Us} is represented by (g 1 2). Let n =4,
Vi = {(0,0),(0,2),(1,1),(1,3)} and Vo = {(0,1),(0,3),(1,0),(1,2)}. Then
V = {V1,Va} is represented by (; ? é f)

LEMMA 3.3. Let n = 2m with m > 1 and U™ = {Uy,Us} a 2-coloring
of (Bn, fnlB.)-

(1) The 2-coloring U™ = (} g i g) of (Bn, fnlB,) extends to a
2-coloring U™ of (X, fn)-

(2) The 2-coloring U™ = (% ? - % ?) of (Bn, fnlB,) extends to a
3-coloring um of (Xn, fn)-
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Proof. (1) Let

U]Ix{Qz} and Uy = U]Ix{2z+1}

=0

Since ﬁp N B, = U, for p = 1,2, the covering U= {Ul, UQ} is as desired.
(2) Let w9 = (1/2,0), yo = 1/2, ; = fi(xo) = (yi,i) for each i =
L....2m—1,and 25, ; = f,  (z0) = (¥, _1,2m — 1). Let

m—1 m—2

U, = (U [0, y2i] X {2@}) U ( U B(Hymﬂ),q x {2i + 1})
=0 =0
0 |5 (U {1, D1 ¢ (2 - 13

U = (TU[y%, 1] x {2@}) U (n[j [0, yQ;“} x {2i + 1})

=0 i=0

I
U |:O7 5 mln{me—lvyém—l}:| X {2m - 1}7

m—2

0= (U [ 0] = g2+ 1)

=0

U [mm{yzm 15 y2m 11

B i) (1 + max{y2m—1, Yom—11}) } x {2m —1}.
The covering U = {Uy, Uy, Us} is as desired.

Fixn=2m+1and ! =0,1,...,n — 1. Define the 3-coloring U™ of
(Bn, ful,) to be u®m = (U™ ™ ™ where
U™ = {(0,2i+1), (1,1 +2i+1) |i=0,1,...,m— 1},
U™ = {(0,2i +2), (1,1+2i+2) | i=0,1,...,m— 1},
U5 = {(0,0), (1,)}.

For any k = 1,2, U*3) does not extend to a 3-coloring of (X3, f3). In fact,
the existence of an extended 3-coloring U*3) of (M((3), s3), 33) which is the
rotation through 27 /3 on the circle contradicts Proposition 2.1. Thus, in the
rest of this paper, we only consider the case where m > 2.

We define the map ¢ : {0,1} x (n) — {0,1} x (n) by p(t,7) = (1 —t,1).

LEMMA 3.4. For any p=1,2,3, f" o ¢(U,§l’”)) = U,§""’").
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Proof. We can calculate as follows:

1l o™y = ol ({(1,2i + 1), (0,1 +2i+1) | i =0,1,...,m—1})

={(L,2i+1+n-10),00,l+2i+1+n—-10)]i=0,1,...,m—1}
={(0,2i+1),(Ln—1+2i+1)|i=0,1,...,m—1} = """,
17l o U™y = ol ({(1,2i +2), (0,1 +2i+2) | i =0,1,...,m—1})
= {(1,2i+24+n—10),(0,l+ 2 +2+n—1)|i=0,1,...,m—1}
={(0,2i+2),(Ln—1+2i+2)|i=0,1,...,m—1} = 0",

n— ln n—
fito o™ = £ {(1,0),(0.0)) = {(Ln = 1), (0,1 +n — D)}
— {(0,0), (1,n =)} = U0
REMARK 3.5. By the lemma above, if /(™ extends to a coloring of
(Xn, fn), then so does U™t for 1 < | < n — 1. Note that U™ ex-
tends to a 3-coloring of (X, f»). In fact, let gom = U;ZBI]I x {21 + 1},
) = UZG T x {20 + 2}, and ﬁéo’n) = I x {0}. Then the coloring
uon = {Ul(o’n),UQ(O’n),Uéo’n)} of (Xn, fn) extends U™, Hence, we need
only check whether /(™ extends to a 3-coloring of (X,,, f,) for l =1,...,m
and n = 2m + 1 with m > 2.
NOTATION 3.6. Let U™ = {UP, U, Uy} and U™ = {UP, UL, UL}
be covers of X,, and X, respectively. Define a cover um + Yy =
(U, U5 U™ of Xopyn by UMY = UM U fm, (UP) for i =1,2,3.

LEMMA 3.7. Let n = 2m + 1 with m > 2. Then the 3-colorings Uytn)
and U™ extend to 3-colorings of (Xn, fn)-

Proof. We note that

can be considered as

21 -1 2 3121

12 .- 212312
Let z9 = (1/2,0) and x; = fi(x) = (ys,1) for each i = 0,...,2m — 3. Set
yéme = (1 +y2m—3>/27 Yom—2 € I with f?’b(yémf?ﬂ 2m — 3) = (Y2m-2,2m —2),

yémf2 = (1 +y2m—2)/2) Y2m—1 € I with fn(yémfw 2m — 2) = (y2m—1a 2m — 1)7
yém—l = (1 +y2mfl)/27 Yam € I with fn(yém—l, 2m — 1) = (y2ma 2m),
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and y4, . € T with f,(x0) = (v4,,,2m). Let

U = (762[.@21-,1] x {2i} UWDB [0, y2;+1] x {2i + 1})

i=0 i=0
U [0, Yom—a] x {2m — 2} U [yhy,—1, 1] x {2m — 1}

1 .
U |:Oa 2m1n{y27rhy/2/m}:| X {Qm}’

Uy = <HUQ[O,y2i] X {2i}UmU3 [; (1 +y2i+1),1] x {2i+1}>

=0 =0
U [yémf\% 1] X {2771 - 3} U [anémfl} X {2771 - 1}

U B(l + max{Yom, Yom } ) 1] x {2m},

0 = (D et S U be)| ¢ (204 1))

U [0, Yy, 3] X {2m = 3} U [y, 9, 1] x {2m — 2}

1 (1 + max{yom, ygm})] x {2m}.

1.
0 [ mintuem o

Then U = {(71, (72, [73} is a 3-coloring of (Xom+1, fom+1) extending
Z/{(l’”):21”'123121.
12 - 21 2 31 2
Next, we consider the 3-coloring
y@n) _ 31212 ---1 2 .
12312 ---1 2
Let Zo = (1/270) = (y070) 1 = fn($0) = (yb 1)7 X2 = fn(y1/27 1) = (?/2,2)7
= [yo, ] {0} U[0,y1/2] x {1},
= |

0 yo] {0} U [y2/2,1] x {2}.

Then V®) = {1713, V23, V) is a cover of X3, and V@ 4+24(2"-2) is a 3-coloring
of (Xom+1, foms1) extending UZ  where U2m=2) is defined as in Lem-
ma 3.3(1). m

LEMMA 3.8. Let n = 2m + 1 with m > 2. Then UL extends to 3-
coloring U™ of (X, fn) for each 1 =0,1,...,n — 1.
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Proof. By Remark 3.5, we argue by induction on m and [ with [ =
1,...,m.

By Lemma 3.7, the coloring U(-%) extends to a 3-coloring of (X5, f5) for
m=2and [ =1,2.

Suppose that the coloring

L) _ 31 2 - i o 1 2
e 02 31 ...
of (By, fn|Bn), represented by a 2 xn matrix whose (2,14 1)-component is 3,
extends to a 3-coloring U {U ln (l ") U, ln)} for each n < 2m +1

and each [ = 0,...,n — 1. We may assume that UQ(Z ™ (Ix{l}) =0 and
TS Ix{0}) = 0 if (i, §) = (1,2), TS AIx{1}) = 0 and Ix {n} ¢ U™
if (4,7) = (2,1), and Ix {k} € U™ if the (1, k+1)-component and (2, k+1)-
component are equal to 7.

In the case of (i,j5) = (1,2), by Lemma 3.7, the 3-coloring Y (L:2m+3)
represented by a 2 X (2m + 3) matrix whose (2,2)-component is 3, extends
to a 3-coloring of (X243, fom+3s). Then we may assume that [ > 3. We will
consider the 3-coloring

ylomeny _ (3 12 2 12 12 -0 12
212 .- 23121 21)

represented by a 2 x (2m 4+ 3) matrix whose (2,1 + 1)-component is 3, as

12 - 21212 -+ 1 2 3

12 -~ 23121 - 212/
represented by a 2 X (2m + 3) matrix whose (2, [)-component is 3. By induc-
tion, the 3-coloring

u(l—2,2m+1): T2 --- 21 21 2 -« 1 2 3
12 ... 23121 - 21 2

represented by a 2 x (2m+ 1) matrix whose (2, —2)-component is 3, extends
to a 3-coloring Y=22m+1) of (Xom+1, fom+1). Here, we may assume that
Ix {0} C Ull 22m+1) and ﬁl(l_Q’QmH) N (I x {2m}) = 0. Let U be as
in Lemma 3.3(1). Then U® 4 ¢(=22m+1) is a 3-coloring of (Xom+3, fom3)
extending ¢(H2m+3),

In the case of (i,7) = (2,1), by the arguments above, we may assume
that [ > 3. By induction, the coloring

u(l,2m+1)_ 312 --- 1 212 --- 1 2
121 .- 2312 ... 12)
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represented by a 2 X (2m+ 1) matrix whose (2, 1+ 1)-component is 3, extends
to a 3-coloring U2+ of (Xap 41, famas1) such that Q(l’zmﬂ)ﬂ(]lx {0}) =10
and Ix {2m} C [72(l,2m+1). Let 42 be as in Lemma 3.3(1). Then ¢G:2m+1) 4

U@ is a 3-coloring of (Xom43, fomss) extending Y H2m+3) .

Combining the lemmas above, we have the following.

LEMMA 3.9. Let U™ and U™ be colorings as in Lemma 3.3 and 3.8
of (B, fnlB,) with n € N~{1,3}, respectively. Then U™ and UL extend
to 3-colorings of (X, fn) forl=0,1,...,n— 1.

For any homeomorphism f : X — X and any periodic point z € X, we
write ny = min{m | f™(z) = z}. Set P(f) = {z | = is a periodic point of f}
and O(z) = {x, f(z),..., freL(x)}.

PROPOSITION 3.10. Let T be a triangulation of a finite connected graph
X and f: X — X a fized-point free homeomorphism with P(f) # (. If there
exists an n € Nx\{1,3} such that ny is a multiple of n for each x € P(f),
then col(X, f) = 3.

Proof. Since X is connected, col(X, f) > 3. We may assume that |T(0)|
C P(f). We can choose z; € |T(] and decompose |T)| = UZN:O1 O(z;). For
each 7, let m; be the number such that n,, = m;n.

If n=2n' foreachi=1,..., Ny let

Uig = {f*(2:) | 0 < p <myn’ = 1)},
Uia = {f**(2:) | 0 <p <min’ —1}.
For simplicity of notation, as in Notation 3.2, we can write
m;n
1,2,....1,21,2....12....1,2....19
n n n
instead of the coloring {U; 1, Us2} of O(z;). Let U; = |JN0, Uy for j = 1,2
and U = {Uy,Us}. If n =2n' + 1, let us denote a coloring of O(z;) by
min
{Ui1,Uip, Uiz}t =(1,2,...,1,2,3,1,2,...,1,2,3,...,1,2,...,1,2,3),
n n n

where U; ; = {fP(x;) | (1,p+ 1)-component is equal to j} for j = 1,2, 3. Let
Uj = UzN:O1 Ui jfor j =1,2,3 and U = {Uy, Uz, Us}. Note that U is a coloring
of (|‘T(O)|»f||tr(0>|)~

Now, there exist 1-simplexes o1,...,0n, of T and [y,...,In, € N such
that |ogx| = fP(log|) for 1 < p < lgn if and only if p = lgn. Let Y} =
U;’;"l fP(|lok|) for each k = 1,..., Ny, and thus X = Ug:ll Yy, with Y; =Y;
if and only if i = j.
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Suppose that there exists an = € Y = Ulkn fp(lak |) such that
O(zx) = Yk( ), Then, by the fixed point theorem, there exists a y € Yk\Yk(O)
such that f%"(y) = y. In this case, adding O(y) to T7(©), we may assume that
f*"(z) = z for each z € Yk(o).

Consider a disjoint sum Xj,, = @l’“" P(lokl) for each k =1,...,N;
and a coloring (Xi,,, fi,n). Let By, = @l’“n fp(|ak |). Then the colorlng
Vi of (Bin, flkn|szn) is naturally induced by U N Yk( ), i.e., there exist an [
with 0 <1 < n — 1 and a coloring W, € {t/™, 1™} such that

Vi =Wgi+-+ Wy,
Ui

where (™, /(") are as in Lemma 3.9. Thus, V, extends to a 3- colormg Vk of
(X1, flkn) This shows that L{ﬂY( ) extends to a 3- coloring {Uk LUk 2, Uy 3}
of (u NYy, f|yk)

Let ﬁj = U]/gv;1 ﬁk,j for each j = 1,2,3. Then {ﬁl, Us, ﬁd} is the desired
3-coloring of (X, f). m

LEMMA 3.11. Let {ai,...,am} be a set of natural numbers. Then the
following conditions are equivalent:

(1) There exists an n € N\{1,3} such that aj is a multiple of n for each
k=1,...,m
(2) ged{ai,...,am} # 1,3, where ged is the greatest common divisor.

Proof. (2)=(1). Put n = ged{ai,...,an}. Then clearly n satisfies con-
dition (1).

(1)=(2). Let n witness condition (1). Notice that a; > n > 1 for each
k =1,...,m, and so ged{ay,...,an} # 1. Assume to the contrary that
ged{ay,...,an} = 3. Since n # 1,3 and n < 3, it follows that n = 2, and so
2 and 3 are common divisors of {a1,...,an}. Thus, ged{ai,...,an} > 6, a
contradiction. m

Let Per(f) = {ny | z € P(f)}. By Proposition 3.10 and Lemma 3.11, we
conclude the following.

THEOREM 3.12. Let f : X — X be a fized-point free homeomorphism
on a finite connected graph X with P(f) # 0. If ged(Per(f)) # 1,3, then
col(X, f) = 3.

COROLLARY 3.13. Let X be a finite connected graph and f : X — X
a fized-point free homeomorphism. If there exists an m € N~ {1,3} such
that fP(x) # = with 1 < p < m and f™(x) = x for each x € X, then
col(X, f) = 3.
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COROLLARY 3.14. Let X be a finite connected graph and f: X — X a
fized-point free homeomorphism. Then col(X, f) = 3 if either of the following
conditions is satisfied:

(1) Per(f) consists of even numbers.
(2) Per(f) consists of powers of some prime number p with p # 3.

EXAMPLE 3.15. (1) Let R, : S — S! be the rotation through 27 /n for
each n € N. If n # 1,3, by Corollary 3.13, we have col(S!, R,) = 3. On the
other hand, by Theorem 1.2 and Proposition 2.1, col(S!, R3) = 4.

(2) Let Z4 x Z4 be as in Example 2.3. For any fixed-point free homeo-
morphism f : Zy x Z4 — Z4 % Z4, each vertex has an even period. In fact,
let Zy; = Zy for i = 0,1 and = € Zyp. First, assume that f(x) € Zyo. If
f2(z) € Zy1, then by finitely many iterations of f, we can find a simplex
x * f(x), which is a contradiction. This implies that {f"(z) | n > 0} C Zy,
and thus n, € {2,3,4}. Now, if = is a period 3 point, then we can take a
y € Zypo \ {z, f(z), f2()} such that f(y) € Z4;1. Then the following two
cases can occur: (i) f2(y) = vy, (i) f2(y) € Z41. Assuming (i), we note
that f(y* f(y)) = y * f(y), and hence f has a fixed point, which is impos-
sible. On the other hand, (ii) ensures that there exists a simplex f(y)* f2(y)
with {f(y), f2(y)} C Z41, a contradiction again. Hence,  has an even pe-
riod.

Next, assume that f(x) € Zy ;. Repeating the same arguments, we can
verify that = has an even period n, with n, = 4,6, 8.

Thus, every vertex of Z4 * Z4 has an even period. Therefore, by Corol-
lary 3.14, we have col(Zy * Z4, f) = 3. This shows that the condition that
col(X, f) < n+ 3 for any fixed-point free homeomorphism f : X — X does
not imply dim X < n.
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