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MEASURE AND INTEGRATION

On the Hausdor� Dimension of Topologi
al Subspa
esbyTomasz SZAREK and Ma
iej �L�CZKAPresented by Andrzej LASOTA
Summary. It is shown that every Polish spa
e X with dimT X ≥ d admits a 
ompa
tsubspa
e Y su
h that dimH Y ≥ d where dimT and dimH denote the topologi
al andHausdor� dimensions, respe
tively.In this note we prove that every Polish spa
e (i.e. 
omplete and separablemetri
 spa
e) X has a 
ompa
t subspa
e Y su
h that dimH Y ≥ dimT X,where dimH and dimT denote the Hausdor� dimension and the topologi
aldimension, respe
tively.From Mar
zewski's theorem it follows that if X is a Polish spa
e, then
dimH X ≥ dimT X (see [8℄). On the other hand, it is well known that forevery positive integer n there exists an example of a Polish spa
e, say E,su
h that dimT E = n and dimT F = 0 for every 
ompa
t subspa
e F ⊂ E(see [2, 5℄).The present paper is 
losely related to [7℄. It �lls the gap 
ontained inthe proof of Lemma 2 there. Indeed, we ta
itly assumed that the measurede�ned in that lemma was �nite. Then we used Ulam's lemma (see [1℄) validonly for �nite measures.Re
all now the de�nition of the upper Lebesgue integral. Let A ⊂ R be aBorel set. Let f : A → [0,∞] be given. Set

Ff = {g : A → [0,∞] : g is Borel measurable and g(x) ≥ f(x), x ∈ A}and de�ne the upper Lebesgue integral by the formula\
A

f(x) dx = inf
g∈Ff

\
A

g(x) dx.
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The following fa
ts 
an be easily derived from the above de�nition:
•
T
A
f(x) dx =

T
A
f(x) dx if f is Borel measurable;

•
T
A
f(x) dx ≤

T
A
g(x) dx if 0 ≤ f(x) ≤ g(x) for x ∈ A;

•
T
A
f(x) dx =

T
A

g(x) dx for some g ∈ Ff ;
•
T
A
f(x) dx > 0 if f(x) > 0 for every x ∈ A;

•
T
A

lim infn→∞ fn(x) dx ≤ lim infn→∞

T
A
fn(x) dx for ea
h sequen
e

(fn)n≥1 of nonnegative fun
tions.By B(x, r) (resp. S(x, r)) we denote the 
losed ball (resp. sphere) with
entre x and radius r.Lemma 1. If dimT X ≥ d+1, where d is an integer greater than or equalto −1, then there exists x0 ∈ X and λ0 > 0 su
h that dimT S(x0, λ) ≥ d forevery λ ∈ (0, λ0].The proof easily follows from the de�nition of topologi
al dimension (seealso [6℄).Lemma 2. Suppose that dimT X ≥ d, where d ∈ N ∪ {0}. Then thereexists a Borel probability measure µ su
h that
(1) µ(B(x, r)) ≤ Crd for every x ∈ X and r > 0,where C > 0 is a positive 
onstant independent of x and r.Proof. We use indu
tion on d. For d = 0 
ondition (1) obviously holdsfor every Borel probability measure µ. Assume that it holds for d = m. ByLemma 1 there exist x0 ∈ X and λ0 > 0 su
h that dimT S(x0, λ) ≥ m forevery λ ∈ (0, λ0]. Fix λ ∈ (0, λ0] and set Xλ = S(x0, λ). By the indu
tionhypothesis there exists a Borel probability measure µ̃λ on Xλ su
h that

µ̃λ(Bλ(x, r)) ≤ Cλrm for every x ∈ Xλ and r > 0,where Bλ(x, r) stands for the 
losed ball in Xλ with 
entre x ∈ Xλ andradius r, and Cλ is independent of x and r. Without loss of generality wemay assume that Cλ ≥ 1. De�ne the Borel measure µλ : B(X) → [0, 1] bythe formula
µλ(A) = µ̃λ(A ∩ Xλ)/(2mCλ) for A ∈ B(X).Clearly suppµλ ⊂ Xλ and

(2) µλ(B(x, r)) ≤ rm for every x ∈ X and r > 0.Set
β =

\
(0,λ0]

µλ(X) dλ
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and observe that β > 0, by the properties of the upper Lebesgue integral.From these properties it follows that there is a de
reasing sequen
e (Xn)n≥1of 
losed subsets of X su
h that\

(0,λ0]

µλ(Xn) dλ > β/2

and Xn has a 2−n-net for ea
h n ∈ N. Indeed, let n = 1 and let {xk}k≥1be a dense subset of X. Applying the Fatou lemma for the upper Lebesgueintegral to fn(λ) = µλ(
⋃n

i=1 B(xi, 1/2)) we obtain\
(0,λ0]

µλ

( i1⋃

i=1

B(xi, 1/2)
)

dλ > β/2

for some i1 ∈ N. Set X1 =
⋃i1

i=1 B(xi, 1/2). Further, assume that we havede�ned X1, . . . , Xk. As before we �nd ik+1 su
h that\
(0,λ0]

µλ

(
Xk ∩

ik+1⋃

i=1

B(xi, 1/2k+1)
)

dλ > β/2.

Setting Xk+1 = Xk ∩
⋃ik+1

i=1 B(xi, 1/2k+1) �nishes the indu
tion.For k ∈ N and i ∈ {1, . . . , k} we de�ne
αk,i = sup{µλ(Xk) : λ ∈ ((i − 1)λ0/k, iλ0/k]}.Let

νk =
λ0

k

k∑

i=1

µk,i,where µk,i = µλk,i
with λk,i ∈ ((i − 1)λ0/k, iλ0/k] and

µλk,i
(Xk) ≥ αk,i/2.By the de�nition of the upper Lebesgue integral we have

(3) 2νk(Xk) ≥
λ0

k

k∑

i=1

αk,i ≥
λ0\
0

µλ(Xk) dλ > β/2.Now de�ne a positive linear fun
tional Λ : C(X) → R by the formula
Λ(f) = L

(( \
Xk

f dνk

)
k∈N

) for f ∈ C(X),

where L is a Bana
h limit and C(X) stands for the spa
e of 
ontinuousfun
tions f : X → R. From (3) it follows that Λ is nontrivial. Let K =⋂∞
k=1 Xk. Observe that K is a 
ompa
t set and Λ(f) = 0 for 0 ≤ f ≤ 1X\K .
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Hen
e Λ is a Riesz fun
tional. Let µ∗ be the Borel measure su
h that

Λ(f) =
\
X

f(x)µ∗(dx) for f ∈ C(X).Obviously suppµ∗ ⊂ K. We end the proof by showing that
µ∗(B(x, r)) ≤ 2rm+1for all x ∈ X and r > 0. This part of the proof is similar to the proof ofProposition 5 in [6℄. It is in
orporated here for 
onvenien
e of the reader andto make the paper self-
ontained. Fix x ∈ X and r > 0. For k ∈ N de�ne

i(k) = minJk and I(k) = maxJk,where
Jk = {1 ≤ i ≤ k : B(x, r) ∩ S(x0, λk,i) 6= ∅}.If Jk = ∅ we set i(k) = I(k) = 0. Further we have

λ0

k
(I(k) − i(k)) ≤ 2r +

λ0

k
.On the other hand, by the 
onstru
tion of the measures νk we obtain

(4) νk(B(x, r)) ≤
λ0

k
rm(I(k) − i(k) + 1) ≤ 2rm+1 +

λ0

k
2rm.Fix now η > 0 and let f ∈ C(X) be su
h that f(y) = 1 for y ∈ B(x, r),

f(y) = 0 for y /∈ B(x, r + η) and 0 ≤ f ≤ 1. Then
µ∗(B(x, r)) ≤ Λ(f) ≤ lim sup

k→∞
νk(B(x, r + η)).By (4) and the fa
t that η > 0 may be arbitrarily small, we obtain

µ∗(B(x, r)) ≤ 2rm+1and the proof is 
omplete.We are in a position to formulate the main result of the paper.Theorem 1. Suppose that dimT X ≥ d, where d ∈ N ∪ {0}. Then thereexists a 
ompa
t subspa
e Y ⊂ X su
h that dimH Y ≥ d.Proof. From Lemma 3 it follows that there exists a Borel measure, say µ∗,and a positive 
onstant C > 0 su
h that
µ∗(B(x, r)) ≤ Crd for x ∈ X and r > 0.Further there exists a 
ompa
t set Y ⊂ X su
h that µ∗(Y ) > 0, by Ulam'slemma. Then dimH Y ≥ d by Frostman's lemma (see [3, 4℄).
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