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Summary. We give sufficient and necessary conditions for complex extreme points of the
unit ball of Orlicz—Lorentz spaces, as well as we find criteria for the complex rotundity
and uniform complex rotundity of these spaces. As an application we show that the set of
norm-attaining operators is dense in the space of bounded linear operators from d.(w, 1)
into d(w, 1), where d.(w,1) is a predual of a complex Lorentz sequence space d(w,1), if
and only if w € ¢g \ £2.

1. Introduction. The notions of complex rotundity and uniform com-
plex rotundity have been introduced in [22] and [10], respectively. The mo-
tivation came from vector-valued analytic function theory. In [22], it was
proved that for any X-valued analytic function, the strong maximum mod-
ulus theorem holds true whenever X is a complex rotund Banach space.
Furthermore, in [22] it was shown that L; is complex rotund, and later
on in [10] that it is also uniformly complex rotund. Characterizations of
complex (uniform) rotundity of Orlicz or Musielak—Orlicz spaces were given
in [6], while complex analogues of various moduli of convexity of a normed
space were studied in [7] and [9].

In this paper, we find criteria for complex extreme points of the unit ball
and for the complex rotundity and uniform complex rotundity of Orlicz—
Lorentz spaces. As corollaries we obtain the corresponding criteria for com-
plex rotundity in Lorentz spaces. These results extend the already known
criteria for real extreme points, rotundity and uniform rotundity in Lorentz
or Orlicz—Lorentz spaces (cf. [2, 12, 15, 16, 17]). In the last section we apply
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complex rotundity of Lorentz sequence spaces to provide an answer to the
problem raised in [1], in the case of complex spaces. In fact, employing the
strong maximum modulus theorem in the complex Lorentz sequence space
d(w,1), we show that the set of norm-attaining operators is dense in the
space of bounded linear operators from d,(w, 1) into d(w, 1), where d,(w, 1)
is a predual of d(w, 1), if and only if w € ¢y \ 4.

Let R, Ry, C and N denote the sets of all real, nonnegative real, complex
and natural numbers, respectively. We assume here that ¢ : Ry — Ry is
a Young function, that is, ¢ is convex, ¢(0) = 0 and ¢(u) > 0 for u > 0.
A non-increasing function w : [0,7) — (0, c0) locally integrable with respect
to the Lebesgue measure | | on [0,7), where v < oo, is called a weight
function. For f : [0,7) — C measurable with respect to | |, define the
distribution function d¢(0) = |{t € [0,7) : |f(¢)] > 0} for § > 0, and its
generalized inverse

F(t) =inf{0 > 0:ds(0) <t}, te[0,9),

called the decreasing rearrangement of f. The Orlicz—Lorentz space Ay 4, is
then defined as the set of all measurable functions f : [0,v) — C such that
0o (Af) < oo for some A > 0, where

Y v
00 (f) = Yol f*(#))w(t) dt = {o(f*)w
0 0

The space Ay 4, equipped with the norm
[f]l =inf{A > 0: 0, (f/A) < 1}

is a Banach space.

Now, let us define an Orlicz—Lorentz sequence space A, ,,. Given a com-
plex-valued sequence z = {z(n)} = {x(n)}>2,, consider the function f(t) =
> ey (k)X[k—1,k)(t), t > 0, and define a decreasing rearrangement of z as

follows:
z*(n)=f*(n—1), mneN

Let further w = {w(n)} be a weight sequence, that is, w(n) > 0 for alln € N,
and {w(n)} is non-increasing with » 7, w(n) = co. Then analogously to
the non-atomic case, the Orlicz-Lorentz sequence space A, ,, consists of all
sequences ¢ = {z(n)} such that for some A > 0,

0,02) = 3" (e (n)w(n) < oo,
n=1

and equipped with the norm ||z|| = inf{A > 0 : g,(x/A) < 1}, Ay is a
Banach space. Observe here that the condition ">, w(n) = oo implies
that Ay, — co.
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If o(u) =uP, 1 < p < oo, then Ay 4 (resp., Apw) is a Lorentz space A, 4,
(resp., Lorentz sequence space d(w,p)) (cf. [12, 20]) with the norm

Il = d (f*)pw)l/p (vesp., l1allup = (ix*(n)pw(n)>l/p).
0 n=1

The spaces A, ., and A, coincide with the Orlicz space L, and the Orlicz
sequence space £, respectively ([21]), whenever w = 1.

The functional g, is a modular [21]. In particular g, is convex and or-
thogonally subadditive, that is, for any measurable functions f, g, we have
op(af + B9) < aop(f) + Boy(g) for a+ 3 =1, a,3 > 0 and g,(f +g) <
00(f) + 0p(g) if min{[f], |g|} = 0.

We shall further need several growth conditions on ¢ or w. We say that
¢ satisfies the AY-condition if in the case of Sgw < oo (resp., Sgw = o)
there exist K > 1 and z¢ > 0 (resp., there is K > 1) such that

o(2z) < Kp(x) for all x > xg (resp. for all x > 0).

Recall also that ¢ satisfies the do-condition if there exist zg > 0 and K > 0
such that

o(2x) < Kp(z) forall 0 <z < x.
The weight function w is regular if

. 2w
K= inf

> 1.
0<z<vy/2 Sg w

Most of the results collected in the next lemma are well known, and they
correspond to the analogous results in Orlicz spaces [6]. We provide the
proof here for the sake of completeness.

LEMMA 1.1. Suppose that ¢ satisfies the AY-condition and let f, fn
€ Ay . Then:

(1) 0p(fo) = 00 if and only if | fal] — co.

(2) For any € € (0,1), there exists 6 > 0 such that if o,(f) <1 —¢€ then
Il <1-0.

(3) For any € € (0,1), there exists 6 > 0 such that if o,(f) > 1+ ¢ then
111+

(4) 0p(fa) — 1 if and only if | fall — 1.

(5) Norm and modular convergence are equivalent, i.e., 0,(fn) — 0 if
and only if || fn| — 0.

Proof. (1) Suppose first that §j w = oo. Then the AY-condition is satis-
fied for all arguments. If {||f,||} is bounded, then there is m € N such that
| fnll < 2™ for all n € N. So g,(frn/2™) < 1 for all n € N, and thus for every
n €N,
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Qtp(fn) < Km@go(fn/2m) < K™,

which shows that {o,(fs)} is bounded. Suppose now that {jw < co. As
above, if {||f,|} is bounded, then there is m € N such that o, (f,/2™) <1
for all n € N. Then for g from the A¥-condition and every n € N,

05 (fn) < 0p(frX{|fnl<2mao}) T 0o (frX{|fu]>2m20})

This proves that if o, (f,) — oo then || f,|| — co. The converse implication
is obvious by definition of || ||.

Suppose that (2) does not hold. Then there is € > 0 and a sequence { f,, }
such that o, (fn) <1 —¢cand 1/2 < ||f,|| T 1. Let L = sup,,{0,(2fn)} and
an = ||full 7t = 1. By (1), L < oo. Then for every n € N,

1= Qtp(fn/anH) = Qtp(2anfn + (1 —=an)fn) < anQ@(an) +(1- an)é’@(fn)
<a,L+1—e—1—¢ asn— oo,

which is a contradiction.

Suppose now that (3) does not hold. Then there are € > 0 and a sequence
{/fn} such that o,(fn) > 1+, [[ful | 1 and 1 < |[ful] <2, n € N. Setting
now by, = || full/ (2]l fall — 1), we obtain

L+e<0,(fn) =04 <bn H;_nH + (1 — bn)2fn>

< ancp <”.‘;—:H> + (1 - bn)@ap(2fn)

<b,+(1—-by,)L—1 asn— oo,

which is a contradiction again. The last two claims are easy consequences
of (1)-(3) and properties of o, and || ||. =

REMARK 1.2. Notice that Lemma 1.1 also holds in Orlicz—Lorentz se-
quence spaces if we replace the AY-condition by the d2-condition.

Finally, recall the following auxiliary results on geometric properties of
Orlicz—Lorentz spaces.

THEOREM 1.3 ([5, 16]). The following conditions are equivalent.

(1) ¢ satisfies the AY -condition and Sgw =00 if v = oo (resp., ¢ sat-
isfies the d2-condition).
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(2) No isometric copy of lss is contained in Ay (reSp., Apaw)-
(3) Apw (1esp., Apw) is separable.

Recall that a Banach space X contains £;’s A-uniformly or contains
A-uniformly copies of all £’s (for A > 1 and 1 < p < o) if for each n € N
there is an n-dimensional subspace E of X together with an isomorphism
Up : £ — E such that [|Up] |U; ] < A ([8]).

THEOREM 1.4 ([19]). Suppose that the weight function w is not regular.
Then Ay contains £, ’s A-uniformly for all X > 1.

A measurable function f : [0,00) — C satisfies condition (+) if there
is 61 > 0 such that [f(t)] > 61 a.e. and djy_g,(0) < oo for all & > 0.
Equivalently, f satisfies condition (4) if for all § > 0 either d¢(f) < oo or

{t: [f(®)] <6} = 0.

LEMMA 1.5 ([15, 16]). Suppose that f satisfies condition (+) and there
exists A C [0,7) with positive measure such that |f(t)| < |g(t)| for all t € A
and |f| < |g|. Then there exists a set B with positive measure such that

f*(t) < g*(t) fort e B.

2. Complex rotundity of Orlicz—Lorentz spaces. An element x of
the unit sphere Sx of a complex Banach space (X, || ||) is a complex extreme
point of the unit ball Bx of X if {z + {y : |(| <1, ( € C} C Bx for some
y € X implies that y = 0. A complex Banach space is complex rotund if
every element of the unit sphere is a complex extreme point of its unit ball.
It has been shown in [22] that Lo, or o are not complex rotund, while
L1 or £1 have this property. This clearly shows that complex rotundity and
rotundity (in the usual real sense) are very different properties.

Now, we characterize the complex extreme points of the unit ball of A, ;.

THEOREM 2.1. A function f € A, 15 a complex extreme point of the
unit ball of Ay if and only if the following conditions are satisfied:

(1) 0p(f) =1,
(2) f satisfies condition (+).

Proof. First recall [3] that for any measurable functions h;, i = 1,2, on
[0,) we have

Y 0 0
| (h1 + ho)*w < \ hjw + | R5w.
0 0 0

Now suppose that f satisfies (1) and (2) and assume that || f + (g|| < 1 for
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all || <1 for some g € Ay . So, in view of the above inequality,

vy ¥ ’Y - .
1= o(fw < [l f)w < S( \f+€g\ +90(!f2C9!)>w
0 0 0
vy " .
SS(s@(\fJ;CQI) +<p(|f—2@“g|) )ng
0

Hence for any |¢| < 1,

S(f]) = <<P(!f +¢gD) | ollf - Cg!)>*'

2 + 2

But by condition (+) and Lemma 1.5, the last equality implies that for
I <1,

p(If) = 5@ f +Cal) +o(lf = Cal))  ae.

Without loss of generality we may assume that the equality above holds for
all t € [0,7). Using the convexity of ¢, for each ¢ € [0,7), there exist & > 0
and B € R such that

e(|fO)]) = alfO)] + 5,
and for all v € Ry,
o(u) > au+ .
For fixed t € [0,7), there exist & > 0 and 8 € R so that for all (| <1,

p(IF ) = alf@)] + 8 = (e f1) + Cg®)) + (| f(t) = Cg(®)])
> 5(alf(t) + Cg(®) + B+ alf(t) = Cg(t) + B).
Hence for all |(| <1 and ¢t € [0,7),

21f(0)] = £ (&) + Cg(®)] + [£(£) = Cg(t)].
This implies that g = 0 and proves the sufficiency.

Assume now that f € S, is a complex extreme point of By, . To
show (1) suppose that o,(f) < 1 and ||f| = 1. By the definition of the
norm, g, (rf) = oo for all » > 1. Setting T' = supp f = {t : f(t) # 0} and
a=1-p,(f), we have a > 0. First we shall prove that there is Ag C 7" so
that [Ao| > 0 and 0,(fx4,) < a, and g, (rfxa,) < oo for all r > 1. In fact,
take B, so that T' = |J,, B, and |By,| < co. We also have T' = | J,, Dy,, where
Dy ={te€T:|f(t)] <n}. Clearly, T'=,,,, Bn N Dp,. Since |T| > 0, there
exist n,m € N such that |D,, N By,| > 0. Denoting by D the set D, N By,
we have 0 < |D| < 0o, D C T, and

v y | D

00(fxp) < §@(nxp) w = | (n)xp0ppyw = ¢(n) | w< oo,
0 0 0
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by the local integrability of w. By the absolute continuity of the integral,
there exists Ag C D such that

| Aol

05 (X 4,) < @(n) S w < a.

0
For » > 1 we also have

|40

0,(rfxa,) < @(rn) S w < 00.

0
Continuity of the function r — 0,(rfxa,), 7 > 0, yields o, (71 fxa,) = a for
some 11 > 1. Choose ¢ > 0 so that |z 4+ 1| < rq for all |z| < §. Then setting
g =0fxA,, we have for all || <1,

0o (f 4+ Cg) = 0p(Fxr\a, + (14 C0) fx,)
< 0p(f) + 0p(r1fxa,) = 04(f) +a=1.

Hence || f + Cg|| < 1 for all |¢| < 1, where g # 0 a.e., so f is not a complex
extreme point.

In order to show (2) suppose that f does not satisfy condition (+). This
clearly implies that 7 = co. Then there is § > 0 such that d;(6) = oo and
{t : |f(t)] < 6} > 0. Defining A = {t: |f(t)] < 6} we choose a set A; C A
with positive measure and a > 0 such that |f(¢)| < 6 — 2a for all t € A;.
Letting g(t) = axa,(t), we have (f + (g)* = f* for all |(| < 1. This shows
that f is not a complex extreme point and completes the proof. m

COROLLARY 2.2. The complex Orlicz—Lorentz space Ay, is complex ro-
tund if and only if (i) ¢ satisfies the AY-condition and (ii) Sgow = o0 if
v = 0.

Proof. Suppose that (i) or (ii) does not hold. Then by Theorem 1.3,
there is an isometric copy of /, contained in A ,,. Since £, is not complex
rotund, neither is A, .

Suppose now that conditions (i) and (ii) are satisfied. Then by Lem-
ma 1.1, || f|| = 1 if and only if o,(f) = 1. If v < oo then clearly every
element in A, ,, satisfies condition (+). Then by Theorem 2.1, A, is com-
plex rotund. If v = oo, then for every 6 > 0 and every f € Ay,

00 {1f[>6} o0
Vo0 rm=a) w=00) | w<|olf)w<o
0 0 0

So |{t : |f(t)| > 6} < oo. Therefore every element in A, ,, satisfies con-
dition (+). Again Theorem 2.1 shows that A, , is complex rotund. This
completes the proof. m
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COROLLARY 2.3. An element of the unit sphere of a Lorentz space Ay,
1 < p < o0, is a complex extreme point if and only if it satisfies condi-
tion (+).

COROLLARY 2.4. The Lorentz space Ay, 1 < p < 00, is complex rotund

if and only sz w = 0o when v = 0.

We finish this section with a result on complex rotundity in the sequence
Orlicz—Lorentz space.

THEOREM 2.5. The Orlicz—Lorentz sequence space Ay, 5 complex ro-
tund if and only if ¢ satisfies the da-condition.

Proof. If ¢ does not satisfy the da-condition, then by Theorem 1.3 there
is an isometric copy of / in Ay 4, and so Ay, cannot be complex rotund.
Conversely, suppose that ¢ satisfies the da-condition. Take z € S, and
Y € Apw such that ||z + Cy|| < 1 for all || < 1. Then by the d>-condition,
Lemma 1.1 and Remark 1.2, o, (z) = 1. Moreover, there exists a permutation
0 : N — N such that z*(n) = |z(o(n))|, since lim, o x(n) = 0. Then, by
the Hardy-Littlewood inequality [3] for each |(| < 1,

Zs@\fv n))+Cy(o( Z ((24Cy)* (n)w(n) = op(a+Cy) < 1

Hence for each |¢| <1,
= Z p(|z(o(n)))w(n)

< 52 )+ ¢yla(n)]) + ¢(lz(a(n)) = Cy(a(n))]))w(n) < 1.

n=1

This implies that for each |[(| <1 and n € N,

p(lz(o(n))]) = 3(p(lz(o(n)) + Cylo(n))]) + @(lz(o(n) = Cy(a(m))])-
By the same argument as in the proof of Theorem 2.1, we infer that y = 0
and this completes the proof. m

l\3|*—‘

COROLLARY 2.6. The Lorentz sequence space d(w,p) is complex rotund
forall 1 <p < 0.

3. Uniform complex rotundity of Orlicz—Lorentz spaces. We say
that a complex Banach space (X, || ||) is uniformly complex rotund, called
further uniformly c-convex, if for any € > 0, there exists 6 = d(e) > 0
such that if z,y € X, |ly|| > ¢ and ||z + Cy|| < 1 for all || < 1 then
|lz]] <1 — 4. Notice that every uniformly convex complex Banach space is
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uniformly c-convex. But in general the converse is not true, since it is well
known that L; is uniformly c-convex [10].

The following moduli of complex convexity for a Banach space X were
introduced in [7]. For 0 < p < oo and 0 < & < 2, we define

x 1 2m ” 1/p
e =int { (5= { o elPas) "~ 1 ol =1, ol =<

0
H () = inf{sup{[la + eyl : 0 <O <2n} —1: |z = 1, [ly]| = &}.

Let f and g be non-negative, non-decreasing functions on [0, 2]. We shall
write f < g if there is K’ > 1 such that f(¢/K) < Kg(e) forall0 <e < 1/K.
We write f ~ ¢ (f and g are then said to be equivalent at zero) if f < ¢
and g < f. It has been showed in [7] that for 0 < p < oo, the moduli H;(
are all equivalent at zero.

We shall say that a complex Banach space (X, | ||) is uniformly PL-
convex (resp., uniformly HZX-conver) if H{*(¢) > 0 for all ¢ > 0 (resp.,
HZX(g) > 0 for all ¢ > 0). It is clear that X is uniformly c-convex if and only
if it is HX-convex. Moreover, HZX (¢) > H;X(g), and in [9] it was showed
that there exists A > 0 such that for every complex Banach space X,
A(HZX(£))? < H{f(¢) for all 0 < ¢ < 1. This implies that for complex
Banach spaces the notions of uniform c-convexity, uniform Ho)g-convexity
and uniform P L-convexity coincide.

We will next investigate uniform c-convexity of Orlicz—Lorentz spaces.
Recall the following useful facts about uniform c-convexity.

LEMMA 3.1 ([6]). Let X be a complex Banach space. Then the following
conditions are equivalent.

(1) X is uniformly c-conver.
(2) For every € > 0, there is 6(¢) > 0 such that z,y € X, ||y|| > ¢,
llz + Cy|| <1 for all ¢ = 1,40 implies ||z|| < 1 — ().
(3) For every € > 0, there is 0(¢) > 0 such that for any z,y € X,
lyll = emax{||z + yl|, |z — yll, |z + wyll, |z — iyll}
implies
1—0(¢e)
o < 2=
Notice that C with the absolute value as a norm is a uniformly c-convex
space.
The following lemma will allow us to reduce the investigations of the
norm in A, ,, to the modular g,.

(I +yll + [l = yll + llz + ]l + = = ayl)-

LEMMA 3.2. Suppose ¢ satisfies the AY-condition. Then the Orlicz—
Lorentz space Ay is uniformly c-convex if and only if o, is uniformly
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c-convez, i.e. for any e > 0, there exists § = 6() > 0 such that if f,g € Ay w
and

00(9) > €, 0p(f+C9) <1 forall |¢|<1
(or equivalently for all { = +1, i), then o,(f) < 1—0.

Proof. Suppose ¢ satisfies the AY-condition and assume A, ,, is not
uniformly c-convex. Then there are eg > 0 and sequences { f,}, {gn} in Ay w
so that for every n € N and every || < 1,

ot Conll <1, llgall 2 20, Tl full = 1.

By definition of || || it follows that o,(fn + (gn) < 1. Moreover, by Lem-
ma 1.1(4), lim, 0,(fn) = 1, and by Lemma 1.1(5), there exists €1 > 0 such
that o,(gn) > €1 for every n € N. So g, is not uniformly c-convex. The
converse can be proved by a similar argument. =

For a regular weight w we obtain the following lemma (cf. [12]).

LEMMA 3.3. Suppose that the weight function w is reqular, so that

(3.1) = inf

Then for fited m € N, there is 6 = 6(m) > 0 such that for every o €
(0,7/(2™ +1)),
(2™4+1)o

(3.2) | w=6fw

2mg 0
If v < oo then for each 0 < a < 1, there is @ = 0(a) > 0 such that for every
o € [av,9],

0% o
(3.3) S w >0 S w.
y—o 0
Proof. Let 0 < o <~/ 2m+1l Since w is non-increasing,
(2™+41)o omtly
| wzgm | ow
2Mmg 2Mmag
Then
(2™+1)o 2m+1)o 2™ 2m+1)o
Somg W _Jamg W §o Tw m Jomg =W
o - m I > K m
w 2Mmg S w o 2mg
SO So w 0 0 w

m 2mtlg m ¢2mtls 2Mg
> K Somg w (K 0 w—), w
= 9 52’"0 - 9 2mg
0w o “w

(e
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So 0 = (K/2)™(K — 1) > 0 satisfies (3.2) if ¥ = oo. Now if v < oo and

v/2mFl <o <v/(2m+1), then § = min{(K/2)"(K-1), 8?172,,”,1” w/ §jw}

> 0 satisfies (3.2) if v < co. For the last claim, if v < co then notice that
¥ o . . .

o w/ § w is positive and continuous on [a7y, 7]. So there

is = 6(a) > 0 such that for every ay < o <7,

the function o — §

Y o
S w >0 S w,
y—o 0
which completes the proof. m

THEOREM 3.4. The Orlicz—Lorentz space A, 4, is uniformly c-convex if
and only if the following conditions are fulfilled:

(1) ¢ satisfies the AY-condition;
(2) the weight function w is regular.

Proof. Suppose that ¢ satisfies the A¥-condition and w is regular, but
Ay is not uniformly c-convex. By Lemma 3.2, g, is not uniformly c-convex.
So there are € > 0 and sequences {f,}, {gn} in A, so that for every n € N
and every |(| <1,

0p(fn+Can) <1, 0p(gn) 22,  limoy(fn) = 1.

By Theorem 1.3, A, 4, is separable. Then the family of all simple functions
with supports of finite measure is dense in A, .. So we may assume that
for each n € N there is &, > 0 so that both f,, and g, are constant on each
interval of the form [(k —1)&,, k&) € [0,7), k € N, and both f,, and g,, have
supports of finite measure.

For n € N, let

E, = {t € 10.7) ¢ 9n()] > 5 max{|fa(t) + Coul)] : € = il,ﬂ}}.

Then -
Q@(anE,CL) < Z Z Qap(fn + an) <e,
C=+1,+i

where E}; = [0,v)\ E,. Hence 2 < 0,(9n) < 00(9nXE, )+ 04 (gnXE: ) implies
that

(3.4) 00 (gnXE,) > €.
Setting
1 1
sn=7 >, elfatCamD=7 D @llgn+Chal).
C=+1,+i C==+1,+i

by the uniform convexity of C there is §; > 0 such that for all n € N and
allt € E,,
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(50D < 222 S Gl1falt) + Conlt)) = (L= 1) (1)

(=+1,4i
Notice that for every t € [0,7),

e[ fa()]) <sn(t),  @(lgn(B)]) < sn(t).

Let
hy = (1 - 51)5nXE + 90(‘fn|)XE$L

We use here the method invented in [12]. For convenience, we further omit
the index n. Thus, until the end of the proof, f,g,h,s, E and £ will stand
for fn, gn, hn, Sn, By and &,, respectively. Since f and g are constant on each
interval [(k — 1)&, k¢) and have supports of finite measure, it follows that h
as well as hxg are constant on each interval [(k — 1)&, k§) and have a finite
number of values. Thus, for some j,r € N,

J

Z X[(i-1)&,i¢),  (hxe)” Zh’“ (k—1)€,k€)

=1

(SXE =

k
X (k= 1)¢ k) ZS X[(k=1)¢,k¢)>
k=1

where h! > ... > K/ >0, b1 Z ...>h¥* >0and sk = ﬁhi’f. Notice that
for each t € [(ix, — 1)&,ix€),
(51 ; 51

h*(t h*(t) = h'* Bt = sk,
O+ 5 MO =+ 175 i
Hence by the Hardy-Littlewood inequality [3],
v 51 r ik
Sh w—l— 5 Z S h*w
0 k=1 (ij,—1)¢
r ik 51 J€
:ZS <hw+—1_51hw>+ Z S h*w
k=1 (i, —1)¢ JE{l,...n} (j—1)¢
]Q{ll, 77'7“}
r (793 J€
S S
k=1 (ig—1)¢ JE{1,...n} (H—1)¢
jg{ilv"wi'f}
¥ 74
<\sfw=\- *
<Vsw=15( X vl +¢o)w)
0 0 (¢=+1,4i
1
=1 2 ellf et
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Since h* > ¢(|f])",
,

(3.5) {hrw > 0, (f) — 1.
0
Thus
r iR
(3.6) > rw—o

Moreover, in view of (3.4) we get

Y

3.7 §(hxe)w=(1-5)
0

(sxE)*w

> (1 =01) Ve(lglxe) w = (1 = d1)ox(9xE) > (1 — d1)e.

O e 2 O ey 2

By regularity of w, suppose further that K > 1 is a constant in (3.1).

Applying the definition of h, in view of (3.6) and (3.7), and letting e3 =
(1—161)e >0, a* =n¥, g7 =", and B = oF — o**! for k < r, we obtain
the following formulas:

1€ i2& (293
(3.8) ﬁlsw—i—ﬁQSuH—...—i—ﬁ’"Sw
0 0 0
(313 2§ ir§ v
= S hiw + S h2w+ ...+ S hirwSSh*wg 1,
0 1€ ir—1€ 0
£ 2¢ r§ v
(3.9) B18w+ﬁ2Sw—}—...—l—ﬂrSw:S(hXE)*w253>O,
0 0 0 0
1€ 1€ irg ro ik
(3.10) 8" | w+...+ﬂ’"( | o+ | w) -3 | rw—o
(i1-1)¢ (i1-1)¢ (ir—1)€ k=1 (i —1)¢
Choose m so that K™e3/2 > 1. Now in view of (3.8) and regularity of w,
i€ 2mkg k¢
12 > w88 wxkm Y g w,
ip>2mk 0 i >2mk 0 iK>2mk 0

where k = 1,...,r. This implies that

h 1 €
k 3
2 Fesm <
1 >2Mk 0
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Hence by (3.9),
k &3
> —.
> 8 S Z 5
’Lk<2mk

Assume first that v = oo. In view of monotonicity of w, by Lemma 3.3,
there is # > 0 depending only on m, such that

Z ﬁk( X W+ ...+ X w
in<2mk (i1—1)¢ (ix—1)¢
iR (2mk+1)¢
> > kg ) wx ) k8| w
i <2mk (ir—1)¢ i, <2mk 2m kg
(2™ +1)ke
PONCA NENDS 05’“5 >
ip<2mk 2mkt iR <2mk 2

But this contradicts (3.10), proving the sufficiency for v = co. Now suppose
that v < oo. Since w is non-increasing and iy < ... < 4,, we have the
following inequalities:

01§ (733
> ﬁ"’( Vows+ w)
ig<2Mk (11-1)¢ (ix—1)§
(2mk41)¢ (2mk+1)¢
>y ﬁ’“( Vowr+ w)
iR <2mk 2me 2me
(2m+1)kE<y
1§ 1€
+ Z 5k< S w+ ...+ S w)
ip<2mk (i1—1)¢ (ik—=1)¢
(2m41) ke >y
(2mk+1)€ = (k=1)¢ ¥
> Z kG* S w+ Z ﬁk( S w+ ...+ Sw)
i <2mk 2m ke i <2mk y—ké y—€
(2m+1)kE<y (2m+1)kE>y
(2mk41)¢ 5
> > ok wr Y s w
<2k omkg 1R<2mk y—kt
(2m+1)kE<y (2m+1)kE>y

Then by (3.2) there is # > 0 depending only on m and such that
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1€ ix€
Z ﬂk( S w4+ ...+ S w)
ir<2mk (i1—1)¢ (ik—1)§
(2mk+1)¢ 7
> > kw0 4w
i,<2mk 2mkg i,<2mk y—k&
(2m+1)kg<y 2m+1)kE>y
(2m+1)k¢ v
> > 8 ) e > 8w
i,<2mk 2m kg i,<2mk y—k&
(2m+1)kg<y 2m+1)kE>y
3 v
> > 0 e+ > 8w
iL<2mk 0 i,<2mk y—k¢
(2m+1)kE<y v/ (2m+1)<kE<y

and by (3.3), we find 6; > 0 depending only on m so that

1€ ik
Z ﬂk( X w4 ...+ X w)
i, <2mk (i1—1)¢ (i—1)¢
k¢ v
D SRS VTSI
ip<2"k 0 i, <2"k Y—k€
(2m+1)kE<y v/ (M 1) <kE<y
k& 3
=D DR KR D DR A R
<2k 0 i, <27k 0
(2m41)kE<y v/(2M+1)<kE<y
e min{9,91}63

> min{6, 0 } Z g* S w >

ix<2mk 0

2

Again this contradicts (3.10) and the sufficiency is proved.

Conversely, if A, ,, is uniformly c-convex, then it is clearly complex ro-
tund, and by Corollary 2.2, ¢ satisfies the A¥-condition. Notice also that
a Banach space which contains ¢7_’s A-uniformly for all A > 1 cannot be
uniformly c-convex. Hence, in view of Theorem 1.4, w is regular. The proof
is complete. m

THEOREM 3.5. Let A, ., be a complex Orlicz—Lorentz space. The follow-
ing conditions are equivalent.

(1) Ay is uniformly c-convex.

(2) ¢ satisfies the condition AY and the weight function w is reqular.
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(3) Apw is of cotype q for some 2 < q < oo.

(4) Ay has an equivalent q-uniformly PL-convex norm for some 2 <
q < 0.

(5) Agpw is uniformly PL-convex.

Proof. By Theorem 3.4 we know that (1) is equivalent to (2). The equiv-
alences (3)<(4) and (1)< (5) have been proved in Corollaries 7.1 and 7.4
of [7] and Theorem 2.1 of [9], respectively. If (1) is satisfied then A, ,, can-
not contain £7’s A-uniformly for all A > 1, and by the well known result of
Pisier (Theorem 14.1 in [8]), Ay, has finite cotype, and so (3) is satisfied.

Finally, we will show that (3)=-(2). Suppose that (2) is not true. If ¢
does not satisfy the Ay-condition, then by Theorem 1.3, A, ,, contains an
isometric copy of £+, and so it cannot be of finite cotype. If w is not regular,
then by Theorem 1.4, A, ,, contains £ ’s A-uniformly for all A > 1, and again
by Pisier’s result, it cannot have any finite cotype. m

The next result on uniform c-convexity in Lorentz spaces is an immediate
corollary of the previous theorem.

COROLLARY 3.6. Let Ay, 1 < p < 00, be a complex Lorentz space. The
following conditions are equivalent.

(1) Ap,w is uniformly c-convex.
(2) The weight function w is regular.
(3) Ap,w is of cotype q for some 2 < g < 0.
(4) Ap.w has an equivalent g-uniformly PL-convex norm for some 2 <
q < 00.
(5) Apw is uniformly PL-convex.

4. Applications to norm-attaining operators. Let {w(n)} € ¢\ 41
be a decreasing sequence of positive numbers, and let ¥(n) = > ";_, w(k).
For a complex sequence x = {x(n)}, define the functional
> h—1 2 ()
|l = sup =EL———,
] U= )
where {z*(n)} is a decreasing rearrangement of x = {x(n)}. The Marcinkie-
wicz sequence space my is the space of all sequences z with ||z||y < co. Its
order continuous subspace d,(w,1) = mg, is the subspace of my consisting
of all x = {z(n)} with
n *
_ k
lim 2i=1 )
It is well known [14, 18, 20] that d.(w, 1) is a predual of the Lorentz sequence
space d(w, 1) equipped with the norm || ||,,1.
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Let X and Y be Banach spaces, and let L(X,Y) be the space of all
bounded linear operators from X to Y, and NA(X,Y) C L(X,Y) be the set
of all norm-attaining operators. Recall that a bounded operator T': X — Y
is norm-attaining if |Tz| = ||T|| for some z € Bx. When Y = R, Bishop
and Phelps [4] showed that NA(X,Y") is dense in L(X,Y"). Since then there
have been many attempts to prove or disprove for what X or Y, NA(X,Y)
is dense in L(X,Y). In [11], Gowers showed that NA(G,¢),), 1 < p < oo,
is not dense in L(G,¥,), where G = d,(w,1) and w = {n~1}22,. Using the
same space G, the authors of [1] showed that NA(G,G*) is not dense in
L(G,G*) if G is equipped with a proper equivalent norm. They also raised
the question whether this is also true for G with its original norm. Here we
answer their question in the affirmative for complex spaces G. Let us start
with the following elementary lemma.

LEMMA 4.1. The identity operator I : di(w,1) — d(w,1) is a bounded
operator if and only if the weight sequence {w(n)} is in la.

Proof. Suppose that the identity operator I : d.(w,1) — d(w,1) is
bounded. Recall that d(w, 1) is a Kéthe dual of d.(w,1) ([20, 18]), that is,

Il = sup {(@.5) = >~ amy(n) : lyllw < 1}.

n=1
Hence for each n > 1, taking x, = >, _; w(k)eg, where e, are the standard
unit vectors, we have ||z,|l¢ < 1 and so,

n

Tz, 20) = Y w(k)® < 1]

k=1
Thus {w(n)} € lo.
For the converse, suppose that {w(n)} € ¢3. By definition of || ||w, for
any x € di(w, 1) and each n € N,

Y@ (k) < |lzlle® (n).
k=1

Now, by summation by parts, if we set ¥(0) = 0 and S(n) = > p_; z*(k)
for each n € N and S(0) = 0, then

n

Y at(kyw(k) =Y (S(k) = S(k = 1)w(k)
k=1

Eonl
—_

3

S(k)(w(k) —w(k+ 1))+ S(n)w(n)
1

B
Il
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n—1
<lzlle Y @ (k) (w(k) = wlk + 1) + ||z o (n)w(n)
k=1

< el Y (k) = (k= D)w(k) = |zo Y wk)® < |zlle Y wk)>
k=1 k=1 k=1

Therefore the identity operator I is well defined and bounded. This com-
pletes the proof. =

Recall the result ([13, 18, 14]) characterizing the geometric structure of
the ball in Marcinkiewicz spaces.

LEMMA 4.2. For each x € By, (1), there exist n € N and € > 0 such
that ||z + Ay|| < 1 for each y € Bg,(w,1) with y = (0,...,0,y(n +1),...),
and for each |\ < e.

THEOREM 4.3. Let d(w,1) and d.(w,1) be complex spaces. Then the set
NA(d«(w,1),d(w, 1)) is not dense in L(d.(w,1),d(w,1)) if {w(n)} € la.

Proof. First we shall show that every norm-attaining operator from
di(w, 1) into d(w,1) has a finite rank. Suppose T € NA(d.(w,1),d(w,1))
and ||T|| = |Tzo||w,1 for xo € Bg, (w,1)- By Lemma 4.2, there are n > 1 and
e > 0 such that for each y = (0,...,0,y(n+1),...) € Bg, (1) and for each
¢l <e,

2o + Cyllw < 1.

Hence

T[] = [ITzollw1 = [IT(z0 4+ CY)llw1 = 1 Tx0 + CTYlw,-

Notice that the complex Lorentz space d(w, 1) is complex rotund by Corol-
lary 2.6. Therefore the strong maximum modulus theorem holds in d(w, 1)
(see [22]). This implies that ||Txo + (Tyl|lw1 is constant for every || < e,
and so Ty = 0. Thus every norm-attaining operator has a finite rank. Now,
for any T' € NA(d.(w,1),d(w,1)) there exists n € N such that Te,, = 0 for
all m > n. Hence

1 =Tl > w(1)llem|lw1 = w(1)* > 0.

Thus NA(dy(w,1),d(w, 1)) is not dense in L(d.(w, 1), d(w, 1)), and this com-
pletes the proof. =

In fact we can say more. In [14], it is proved that the condition w € ¢
holds if and only if the space AL?(d.(w,1)) of norm-attaining continuous
bilinear forms is not dense in the space L?(d.(w,1)) of continuous bilinear
forms on d.(w, 1). If we identify, in a natural way, the space L?(d.(w, 1)) with
L(dy(w,1),d(w,1)), then AL?*(ds(w,1)) C NA(de(w,1),d(w,1)) (see [1]).
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This implies that if w € c¢g \ f2, then NA(d«(w,1),d(w,1)) is dense in
L(d«(w,1),d(w,1)). Summarizing these facts we obtain the following re-

sult.

COROLLARY 4.4. Let d(w,1) and di«(w,1) be complex spaces. Then the

set NA(dy(w,1),d(w,1)) is dense in L(d.(w,1),d(w,1)) if and only if
{w(n)} & £s.
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