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Abstra
t. We present a generalization of the 
lassi
al 
entral limit theorem to the 
ase of non-
ommuting random variables whi
h are bm-independent and indexed by a partially ordered set.As the set of indi
es I we 
onsider dis
rete latti
es in symmetri
 positive 
ones, with the ordergiven by the 
ones. We show that the limit measures have moments whi
h satisfy re
urren
esgeneralizing the re
urren
e for the Catalan numbers.1. Introdu
tion. In the 
lassi
al Central Limit Theorem (CLT) one 
onsiders 
onver-gen
e of the normalized sums

Sn :=
1√
N

N
∑

i=1

Xiof independent identi
ally distributed random variables Xi, whi
h are 
entered by theexpe
tation E(Xi) = 0 and with the varian
e E(X2
i ) = 1. In this paper we 
onsidera generalization of this to a non-
ommutative setting. Instead of the 
lassi
al randomvariables, whi
h are just fun
tions on a probability spa
e, we shall 
onsider operatorson some Hilbert spa
e, and the 
lassi
al independen
e will be repla
ed by the notion ofbm-independen
e, de�ned in the next se
tion. This notion is asso
iated with partiallyordered sets of indexes I, instead of the totally ordered set N of positive integers. Hen
ewe will have to repla
e the above summation over positive integers in the interval [1, N ]by a summation over some as
ending family of �nite subsets JN ⊂ I. These sets have2000 Mathemati
s Subje
t Classi�
ation: Primary 46L54; Se
ondary 81R50.Key words and phrases: bm-independen
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316 J. WYSOCZAŃSKIto enjoy some geometri
al properties of the ordinary intervals, so the natural 
andidateswould be intervals in the partially ordered set I. However, our method of proof of thebm-Central Limit Theorem works better for some more parti
ular 
hoi
e of these sets.In addition, the 
lassi
al expe
tation E has to be repla
ed by a state ϕ, de�ned for ournon-
ommutative random variables, and the 
onvergen
e is 
onsidered as 
onvergen
e ofmoments with respe
t to this state.The notion of bm-independen
e is a generalization of the monotoni
 independen
einvented and studied initially by Muraki [5℄, and also of the boolean independen
e, whi
happeared �rst in the work by Bo»ejko [1℄ under the name generalized free produ
t ofstates. The main generalization is by repla
ing the totally ordered set of indexes withpartially ordered set indexing the non-
ommutative random variables. The basi
 exampleof the bm-independent family of (non-
ommutative) random variables is provided by thebm-extension 
onstru
tion [7℄. This will be des
ribed also in se
tion 3. The 
onstru
tionis based on the ideas of [6℄, where a sequen
e of monotoni
ally independent operatorswas 
onstru
ted, providing example related to the work by Muraki. Another related
onstru
tion was given by Len
zewski and Saªapata in [4℄.2. bm-independen
e. Let I be a set partially ordered by a relation �. For ξ, η ∈ I weshall write ξ ≺ η if and only if ξ � η and ξ 6= η. In a partially ordered set some elements
ξ, η ∈ I may be non-
omparable; in su
h 
ase we shall write ξ ≁ η.Let {Bξ : ξ ∈ I} be a family of subalgebras of a given algebra B and let ϕ be afun
tional on B.Definition 1. We say that the algebras {Bξ : ξ ∈ I} are bm-independent in B, withrespe
t to the given fun
tional ϕ on B, if the following two 
onditions hold:BM1. If ξ, ρ, η ∈ I satisfy: ξ ≺ ρ ≻ η or ξ ≺ ρ ≁ η or ξ ≁ ρ ≻ η, then for any bξ ∈ Bξ,
bρ ∈ Bρ and bη ∈ Bη

bξbρbη = ϕ(bρ)bξbηBM2. If ξ1, . . . , ξn ∈ I satisfy ξ1 ≻ · · · ≻ ξm ≁ · · · ≁ ξk ≺ · · · ≺ ξn, for some 1 ≤ m ≤
k ≤ n, then for any bξi

∈ Bξi
, with 1 ≤ i ≤ n

ϕ(bξ1
. . . bξn

) =
n

∏

i=1

ϕ(bξi
)If the set I is totally ordered, then these two 
onditions are just Muraki's 
onditionsfor monotoni
 independen
e. On the other hand, if the set I is totally disordered (notwo elements are 
omparable) then the �rst 
ondition is void, and the se
ond one isthe 
ondition for boolean independen
e. The two 
onditions above are su�
ient for the
omputation of the mixed moments, the expressions of the form ϕ(bξ1

. . . bξn
), by meansof the restri
tions of the fun
tional ϕ to ea
h subalgebra Bξ. In the next se
tion we shalldes
ribe the 
onstru
tion of bm-independent subalgebras.3. bm-produ
t of Hilbert spa
es and bm-extensions of operators. Let us 
on-sider a family {Hξ : ξ ∈ I} of Hilbert spa
es, indexed by a partially ordered 
ountableset I, whi
h have a 
ommon unit ve
tor Ω. One may think of a 
ountable number of 
opies



BM-INDEPENDENCE 317of l2, with the natural orthonormal basis {δn : n ≥ 0} and with Ω = δ0; the orthonormalbasis in Hξ would then be {eξn
= δn : n ≥ 0} and eξ0

= Ω. Let H
0
ξ be the orthogonal
omplement of Ω in Hξ.Definition 2. The bm-produ
t of Hilbert spa
es {Hξ : ξ ∈ I} is the Hilbert subspa
e

H of the free Fo
k spa
e FI := F({Hξ : ξ ∈ I}) generated by these spa
es, whi
h isspanned by the va
uum ve
tor Ω and the simple tensors of the form hρj
⊗ · · · ⊗ hρ1

with
ρ1 ≺ · · · ≺ ρj and hρi

∈ H
0
ρi

(1 ≤ i ≤ j). The orthogonal proje
tion FI 7→ H will bedenoted by PH.Let us assume that for ea
h ξ ∈ I we are given an algebra Bξ of operators boundedon Hξ.Definition 3. The bm-extension of an operator bξ ∈ Bξ onto H is de�ned as
aξ := PHbξPH.More expli
itly, for ρ1 ≺ · · · ≺ ρj ∈ I

aξ(hρj
⊗ · · · ⊗ hρ1

) = 0if ξ ≺ ρj or ξ ≁ ρj ;
aξ(hρj

⊗ · · · ⊗ hρ1
) = βhρj−1

⊗ · · · ⊗ hρ1
+ fξ ⊗ hρj−1

⊗ · · · ⊗ hρ1if ρj = ξ and bξhξ = βΩ + fξ with fξ ⊥ Ω;
aξ(hρj

⊗ · · · ⊗ hρ1
) = αhρj

⊗ · · · ⊗ hρ1
+ gξ ⊗ hρj

⊗ · · · ⊗ hρ1if ξ ≻ ρj and bξΩ := αΩ + gξ, with gξ ⊥ Ω.The bm-extension operators are bm-independent with respe
t to the va
uum state
ϕ(a) := 〈aΩ|Ω〉 ([7℄).Theorem 4. If Aξ is the algebra of the bm-extension operators of the given algebra Bξ,then the algebras {Aξ : ξ ∈ I} are bm-independent with respe
t to the fun
tional ϕ.4. Positive symmetri
 
ones and examples of dis
rete sublatti
es. Partial ordersare related to positive 
ones in eu
lidian spa
es in a natural way. If V is a eu
lidian spa
eand Π ⊂ V is a positive 
one, i.e. it is 
losed under addition of ve
tors and undermultipli
ation by positive s
alars, then it de�nes a partial order � on V :Definition 5. If u, v ∈ V then u � v if v − u ∈ Π.Sin
e we seek the repla
ement of the set N of positive integers, whi
h itself is a dis
retelatti
e in the positive 
one Π = [0, +∞) of V = R, we shall 
onsider analogous dis
retelatti
es I in more general situations. In parti
ular, we shall show in ea
h of our Exampleswhat are the repla
ements JN of the intervals [1, N ] ⊂ N ⊂ [0, +∞). Of 
ourse in apartially ordered set we 
an always 
onsider intervals, whi
h are de�ned as follows: if
ξ ≺ η ∈ I then [ξ, η] := {ρ ∈ I : ξ � ρ � η}. However, our methods of proof of thebm-Central Limit Theorems require a little more sophisti
ated de�nitions. In parti
ular,we shall exhibit also some subsets Ik ⊂ JN, whi
h play a 
ombinatorial and geometri
alrole in 
omputing the limit re
urren
es (with the ex
eption of Example 1).The main examples we shall 
onsider will be the following (d is a positive integer).



318 J. WYSOCZAŃSKIExample 1. Let V := R
d and Π := (R+ ∪ 0)d, then I = Id := N

d and for N :=

(N1, . . . , Nd) ∈ Id we de�ne the partial order � as
(k1, . . . , kd) � (m1, . . . , md) if k1 ≤ m1, . . . , kd ≤ mdand the analogues of the intervals as

JN := {(n1, . . . , nd) ∈ Id : n1 ≤ N1, . . . , nd ≤ Nd}These sets are in fa
t latti
e intervals in the partial order.Example 2. Let V be the Minkowski spa
etime and let Π be the Lorentz light 
onede�ned as
Π := {(x; y1, . . . , yd) ∈ R+ × R

d : x2 ≥ y2
1 + · · · + y2

d}and the partial order � is given by
(x; y1, . . . , yd) � (z; w1, . . . , wd) if z− x ≥

(

d
∑

i=1

(wi − yi)
2
)

1

2

.Then we de�ne
Id := {(k; m1, . . . , md) ∈ N × Z

d : k2 ≥ m2
1 + · · · + m2

d} ⊂ Πand for positive integers N ∈ N we 
onsider
JN := {(k; m1, . . . , md) ∈ Id : k ≤ N}.In parti
ular, the elements with the same time-
oordinate k are non-
omparable. In thisexample

Ik := {(k; m1, . . . , md) ∈ Id}.Example 3. Let V = Hermd×d(R) be the ve
tor spa
e of d × d symmetri
 matri
eswith real entries, and let Π ⊂ V be the positive 
one of positive de�nite real symmetri
matri
es. Then we de�ne
Id := {(aij)

d
i,j=1 ∈ Π : aij ∈ Z}the latti
e of real symmetri
 positive de�nite matri
es with integral entries, and for

N = (N1, . . . , Nd) we set
JN := {(aij)

d
i,j=1 ∈ Id : aii ≤ Ni ∀1 ≤ i ≤ d}and

Ik := {(aij)
d
i,j=1 ∈ Id : aii = ki ∀1 ≤ i ≤ d}if k = (k1, . . . , kd).Example 4. Let Id be the set of verti
es of a homogeneous rooted tree of degree d ≥ 2.If ξ0 is the root, and if dist(ρ, η) is the distan
e of ρ and η, then for N ∈ N we de�ne

JN := {ξ ∈ Id : dist(ξ0, ξ) ≤ N},
Ik := {ξ ∈ Id : dist(ξ0, ξ) = k}.The partial order � is de�ned by �being on the geodesi
 
loser to the root�:

ρ � η if dist(ξ0, η) = dist(ξ0, ρ) + dist(ρ, η).



BM-INDEPENDENCE 319In parti
ular, di�erent elements whi
h are at the same distan
e from the root are non-
omparable.Remark 6. The sets JN are 
hosen so that they satisfy the following geometri
 property:if ξ ∈ JN then the set {η ∈ JN : ξ � η} is a translation by ξ of some other set JK, forproperly 
hosen K.5. bm-Central Limit Theorems. Our bm-Central Limit Theorems have the followingformulation (
f. [7℄ and [8℄). Let {aξ : ξ ∈ Id} be a family of bm-extension self-adjointoperators on H and let Id, JN be de�ned as in se
tion 4. Let ϕ be the va
uum state andlet us assume that ϕ(aξ) = 0 and ϕ(a2
ξ) = 1 for ea
h ξ ∈ Id. For ea
h index N as abovelet us de�ne the normalized partial sums as follows:

SN :=
1

√

|JN|
∑

ξ∈JN

aξ.These operators are self-adjoint, and sin
e ϕ is a va
uum state and ϕ((SN)0) = 1, the mo-ment sequen
e ϕ((SN)n) is a positive de�nite sequen
e of real numbers, so if it 
onvergesto some αn when N → ∞, then the limit sequen
e αn is also positive de�nite.Using the 
ombinatorial redu
tion, as in [7℄ and [8℄, one 
an show that the odd mo-ments of the SN tend to zero, as N → ∞:
0 = lim

N→∞
ϕ((SN)2n+1).With the same method of 
ombinatorial redu
tion, and using geometri
al properties ofthe sets JN, one 
an show the following for the even moments.Theorem 7. For ea
h non-negative integer n the limit

gn := lim
N→∞

ϕ((SN)2n)exists, where (gn)n≥0 is the sequen
e of (even) moments of a symmetri
 probability mea-sure µd on the real line, depending on d. These moments satisfy the following re
urren
e:
g0 = g1 = 1 and

gn =

n
∑

m=1

γd(m)gm−1gn−mfor n ≥ 1, where the 
oe�
ients γd(m) are spe
i�ed for ea
h of the above examples:
γd(m)−1 = md in Example 1, γd(m)−1 =

(

m(d + 1)

d + 1

) in Example 2, γd(m) =

(

d+1
2 B

(

d+1
2 ; (m−1)(d+1)

2

))d in Example 3 (here B(s + 1, t + 1) :=
∫ 1

0
xs(1 − x)tdx is theEuler β-fun
tion), and γd(1) = 1, γd(m) = 0 for m ≥ 2 in Example 4.Remark 8. The 
oe�
ients γd(m) 
an be 
omputed as the following limit:

γd(m) = lim
N→∞

∑

k≤N

|Ik|
|JN|

( |JN−k|
|JN|

)m−1

.Remark 9. If γd(m) ≡ 1, whi
h is formally a possible 
ase in Example 1 with d = 0,then the re
urren
e de�nes the Catalan numbers, whi
h are moments of the semi-
ir
lelaw (free CLT).



320 J. WYSOCZAŃSKIRemark 10. If γd(m) = 1
m
, whi
h is the 
ase in Example 1 for d = 1, and in Example 2.for d = 0, then the re
urren
e de�nes the sequen
e of (even) moments of the ar
sinedistribution (monotoni
 CLT).Remark 11. In Example 4 we obtain the 
onstant sequen
e gn ≡ 1 of (even) momentsof the measure µ = 1

2 (δ1 + δ−1) (boolean CLT).
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