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Abstract. It is shown that the isospectral bi-equivariant spectral triple on quantum SU(2)
and the isospectral equivariant spectral triples on the Podles spheres are related by restriction.
In this approach, the equatorial Podles sphere is distinguished because only in this case the
restricted spectral triple admits an equivariant grading operator together with a real structure
(up to infinitesimals of arbitrary high order). The real structure is expressed by the Tomita
operator on quantum SU(2) and it is shown that the failure of the real structure to satisfy the
commutant property is related to the failure of the universal R-matrix operator to be unitary.

1. Introduction. The search for spectral triples on noncommutative spaces arising in
quantum group theory is an active research topic. A typical strategy for finding (equivari-
ant) spectral triples on ¢-deformed spaces is a case by case study starting with a quantum
analogue of the classical spinor bundle and defining the Dirac operator on g-analogues
of harmonic spinors (see, e.g., [4-9]). Until now, only few general methods for the con-
struction of spectral triples were found. The most notable examples are the construction
of Dirac operators on quantum flag manifolds by Krahmer |14] and the construction of
equivariant spectral triples on compact quantum groups by Neshveyev and Tuset [16].
Therefore the question arises whether the latter construction on compact quantum groups
can be used to find spectral triples on the associated quantum homogeneous spaces.

We approach this question by studying the relation between the bi-equivariant Dirac
operator on quantum SU(2) [8] and spectral triples on the 1-parameter family of Podles
spheres A(SZ.), ¢ € [0,00] [6]. This example exhibits already some interesting features.
Whereas the standard Podles sphere A(SZ,) is distinguished for being obtained by a

2010 Mathematics Subject Classification: Primary 58B34; Secondary 17B37.
Key words and phrases: noncommutative geometry, spectral triple, quantum spheres.
The paper is in final form and no version of it will be published elsewhere.

DOI: 10.4064/bc93-0-18 [225] © Instytut Matematyczny PAN, 2011



226 E. WAGNER

quotient of quantum groups and admitting a rich non-commutative spin geometry [21],
it is the equatorial Podles$ sphere A(Sgoo) on the other extreme which distinguishes in
the present approach. The restriction of the bi-equivariant Dirac operator on quantum
SU(2) to the Podles spheres A(S?,) does yield a spectral triple for all ¢ € [0, c0], but only
in the case ¢ = oco the obtained spectral triple admits an equivariant grading operator.

Having an equivariant even spectral triple on .A(S?IOO), one can ask for an equivariant
real structure. Again, our aim is to relate the real structure on A(Sgoo) with the one
coming from the spectral triple on quantum SU(2). Moreover, and maybe more interest-
ingly, we want to implement the real structure by the Tomita operator on A(SU,(2)).
It is known that an equivariant real structure for the bi-equivariant spectral triple on
quantum SU(2) cannot satisfy the commutant and first order property exactly but does
so up to compacts of arbitrary high order [8]. Starting from the Tomita operator on
A(SU,4(2)), we will construct an equivariant operator on the quantum spinor bundle of
A(Sﬁoo) which satisfies the commutant property. This operator is not unitary but its uni-
tary part coincides with restriction of the equivariant real structure on quantum SU(2).
The construction uses the R-matrix operator of U, (sl(2)) for intertwining tensor product
representations. It is argued that the failure of this intertwining operator to be unitary
is responsible for the failure of real structure to satisfy the commutant property.

2. Preliminaries

2.1. Algebraic preliminaries. Throughout this paper, ¢ stands for real number such

that 0 < ¢ < 1, and we set [z] = [z]q := q;:qq:: for x € R. All algebras appearing in
this paper will be complex and unital. We shall use Sweedlers notation for the coproduct,

namely, Az =: (1) ® ().

The Hopf *-algebra U, (su(2)) is generated by e, f, k, k~! with defining relations
Kkt =kT'k=1, ek=qke, kf=qfk, fe—ef=(¢-q ") 'K k),
coproduct Ak =k®k, Ae=ek+k ®e, Af=fRk+k1®f, counit (k) = 1,
e(f) = e(e) = 0, antipode S(k) = k=, S(f) = —qf, S(e) = —q~ ‘e, and involution k* = k

and f* =e.
The coordinate Hopf -algebra A(SU,(2)) of the quantum SU(2) group has two gen-
erators a and b satisfying the relations
ba = qab, b*a = qab*, bb* =b*b, a*a+ ¢?b*b=1, aa® +bb* = 1.

The the counit &, coproduct A and the antipode S are determined by

Aa=a®a—qbeb*, Ab=bRa"+a®b, c(a)=1, (b)) =0,

S(a) =a*, S(b) = —qb, S(Ob*)=—q 'b*, S(a*)=a.
There is a dual pairing between the Hopf *-algebras U, (su(2)) and A(SU4(2)) given on
generators by

(K*a) = g2, (K a") = ¢F5 (£.5) = (e,—qb") = 1,

and zero otherwise. The left action defined by h>x := z(1)(h, x(2)) for h € U,(su(2)) and
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x € A(SU,4(2)) satisfies
he (zy) = (hay>x)(he >y), h>l=eh), (h>x)"=Sh)" >2", (1)
i.e., A(SU4(2)) is a left U, (su(2))-module *-algebra. Similarly, z<h := (h, z(1)) z(2) defines
a right U, (su(2))-action on A(SU,(2)) such that
(xy)<h = (x<h@))(y<hp), 1ah=e€(h), (zah)"=2z"<S(h)". (2)
We follow |17] and define the Podles quantum sphere .A(Sgc), ¢ € [0, 00], as the *-al-
gebra generated by A = A* and B with relations
BA=¢*A, B*'B=A-A%+¢, BB*=¢’A—¢*A?>+¢ forc< o0,
BA=¢*A, B*'B=-A+1, BB =-¢"'A>+1 forc=cc.
The Podles quantum sphere A(S2.) can be viewed as a #-subalgebra of A(SU,(2)) by
setting
B =c"2a"? +a*b— qc' 2%, A=V a + b+ M 2ab for ¢ < o,
B=a"—¢gb?, A=0b"a*+ab forc= 0.
Then the left U, (su(2))-action on A(SU,(2)) turns A(S2,) into a left U, (su(2))-module
x-algebra such that the elements
21 =q¢ "1+ ¢)Y?B, z9:=1—(1+¢)A, x1:=—(1+¢)"2B* forc< oo,
21 =q¢ 1+ ¢*)Y?B, xz0:=—1+¢)A, z1:=—1+¢)?B* forc= 0
transform by a spin 1 representation (see Equation (4)).

2.2. Equivariant representations. Let H be a Hilbert space with inner product (-, -),
V' a dense linear subspace, and A a x-algebra. By a x-representation of A on V', we mean
a homomorphism 7 : A — End(V) such that (r(a)v, w) = (v, 7(a*)w) for all v,w € V
and a € A.

Now assume that A is a left U/-module x-algebra, i.e., there is a left action > of a
Hopf x-algebra U on A satisfying . A x-representation 7 of A on V is called (left)
U-equivariant if there exists a x-representation A of & on V such that

A(h) ()€ = m(ha) > 2) Ah2))§

for all h €e U, x € A and £ € V. We call an operator defined on V equivariant if it
commutes on V with A\(h) for all h € Y. An antilinear operator T is called equivariant if
its domain of definition contains V" and if it satisfies on V' the relation TA(h) = A\(S(h)*)T
for all h € U. We say that an antiunitary operator is equivariant if it leaves V' invariant
and if it is the antiunitary part of the polar decomposition of an equivariant antilinear
(closed) operator.

Given U and A as above, the left crossed product *-algebra A x U is defined as the
x-algebra generated by the two x-subalgebras A and U with cross commutation relations

hx = (h(l) Dz)h(g), hel, x € A.

Thus U-equivariant representations of A correspond to x-representations of A x U. As
Hilbert space representations of A(SU,(2)) x U (su(2)) and A(S2,) x Uy(su(2)) have been
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studied extensively in [18] and [19], we shall mainly consider equivariant representations
from this point of view.

Above definitions have their right handed counter parts. For instance, a x-representa-
tion 7 of a right #/-module *-algebra A (i.e. (2)) is satisfied) is called (right) U-equivariant
if there exists a *-representation p of U« on V such that

W(%)p(h)gZp(h(l))ﬂ'(ZL‘Qh(g)))f, held, xe€ A eV (3)

Assume that we are given a left and right U-equivariant representation 7 of A on V' such

that A(h)p(g) = p(g)A(h) for all h,g € U. Then we say that an operator X on V is
bi-equivariant if it commutes with all operators A(h) and p(h), h € U.

The irreducible *-representations of U,(su(2)) are labeled by non-negative half-inte-

gers. For [ € %NO, the corresponding representation o; acts on a 2]+ 1-dimensional Hilbert
space V; with orthonormal basis {|lm) : m = —I,—1+1,...,1} by the formulas

ou(k) [tm) = g™ [lm), ~ ou(f) tm) = /[l = m][l + m + 1] |l m + 1),
ai(e) lm) = /[l —m +1][l + m] |I,m — 1).
A s-representation of A(SU,(2)) x Uy(su(2)) or A(SZ,) x Uy (su(2)) is called integrable if
its restriction to U, (su(2)) is a direct sum of spin ! representations o;.

Suppose that  is a *-representation of A(SU,(2)) xUy(su(2)) (or A(S2,) 3 Ug(su(2)))
on V. Then the tensor product representation 7 ® o; on V ® V; is defined by setting
T ® oy(h) := m(h@)) @ oi(hg)) for h € Uy(su(2)) and 7™ @ oy(x) = 7(r) ® oy(1) for
z € A(SUy(2)) (or z € A(S2,)). Straightforward computations show that m ® oy yields
indeed a *x-representation of the quoted crossed product *-algebras.

(4)

2.2.1. Integrable representations of A(SU4(2)) xUy(su(2)). Let ¢ denote the Haar state
of A(SU,(2)). From the GNS representation of .A(SU,(2)) associated to ¢, we derive a
unique integrable s-representation m, of A(SU,(2)) x Uy(su(2)), called the Heisenberg
representation [18]. It is obtained as follows. Since v is faithful, we can equip A(SU,4(2))
with the inner product (z,y) := 9 (y*z). The representation is given by the formulas
myp(h)r = h> o and 7y (y)z = yz, where z,y € A(SU,(2)) and h € Uy(su(2)). Recall
that A(SU,(2)) has a vector-space basis {t!,, : 20 € N, m,n = =, -l +1,...,1} con-
sisting of matrix elements of its finite dimensional irreducible corepresentations [13|. The
normalized matrix elements

lmn) == q" 20 +1]2 8, 1€ Ny, myn=—1,~1+1,...,1, (5)
form an orthonormal basis for A(SU,(2)). On
Vin :==span{ [lmn) :m = -1, -1+ 1,...,1}, (6)

the restriction of my to Uy(su(2)) becomes a spin I representation, so 7y, is integrable.
It follows from |19, Proposition 1.2] that each integrable x-representation of the crossed
product *-algebra A(SU,(2)) xU,(su(2)) is unitarily equivalent to a direct sum of Heisen-
berg representations. Moreover, an integrable s-representation of A(SU4(2)) x Uy (su(2))
is irreducible if and only if the vector space of invariant vectors (i.e., vectors belonging
to a spin 0 representations) is 1-dimensional. In particular, each irreducible integrable
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s-representation of A(SU,(2)) x U, (su(2)) is unitarily equivalent to the Heisenberg rep-
resentation.

Defining
py(h)x =S (h), x € A(SU,(2)), (7)
the left U, (su(2))-equivariant representation m, can also be viewed as right U, (su(2))-
equivariant. One easily shows (see, e.g., |18|) that V},, = span{|lmn) : n = —I,...,1} is

an irreducible spin [ representation space with highest weight [Iml), i.e., py(k)|lmn) =
g~ "|lmn). Since left and right U, (su(2))-actions on A(SU,(2)) commute, we have obvi-
ously 7y (h)py(9) = py(9)my(h) for all g, h € Uy(su(2)).

2.2.2. Integrable representations of A(SZ2.) x Ug(su(2)). The integrable representations
of A(S2.) % Uy(su(2)) were completely classified in [19]. It turned out that each inte-
grable representation is a direct sum of irreducible ones. The inequivalent irreducible
integrable representation m; of A(SZ.) X Uy(su(2)) are labeled by half-integers j € 3Z.
Each representation 7; can be realized on an invariant subspace M; C A(SU,(2)) by re-
stricting the Heisenberg representation my, of A(SU4(2)) x U, (su(2)) to the x-subalgebra
A(S2,) x Uy(su(2)). Moreover, A(SU,(2)) is the orthogonal direct sum of these invariant
subspaces, i.e., A(SUq(2)) = @;c12M;. As a left A(S2,)-module, Mj is finitely generated
and projective. It is known that M; can be considered as a line bundle over the quantum
sphere S2. with winding number 2; [1}/11}/15].

For the convenience of the reader, we recall from [19] the explicit description of the
irreducible representations m;, j € %Z. The Hilbert space is the orthogonal direct sum
@l:|j|7|j|+17.__ V!, where V! is a spin [-representation space with an orthonormal basis of
weight vectors {vfw. tk=—1,—1+1,...,1}. The generators e, f, k of U,(su(2)) act on
V! by . The actions of the generators z1, xg, x_1 of A(Sgc) are determined by

mi(x)oh ;= q R k)2 k2] 2204 1] 2 2042 2o (D
— ¢ Pk P+ k122021207 B (D v (8)

= g = 12 R 1) 2 0 a1,

Wj(xo)vé,j _ qk[l*k+1}1/2[l+k+1]1/2[2]1/2[2l+1]71/2[21+2]71/2aj(l)1}§;;1
+ (1= g = k2)[20 ) 8ok ©)
+qk[l_k}1/2[l+k]1/2[2]1/2[21_1]71/2[2l]71/2aj(l_l)vi)—jl

and 7j(z_1) = —¢ 'mj(x_1)*. For ¢ < oo, the real numbers 3;(l) and «;(l) are defined
by

B;(1) = 20427 (121511(a72Ae — Ag) + (1 — ¢ DN I171+1] - (1 — ¢~ 2)[l+1]),
o (1) = [27 220437220422 (1 + [2%¢ — (1 - ¢2)8;(1) — ¢°(3;(0))*) 7,
where Ay = 1/2 4 (c+ 1/4)1/2. For ¢ = oo, B;(1) and «;(l) are given by
B;(1) =sign(j) ¢ [2042) 71 [2] [214]], oy () = [2)7Y/2[2043] 71220422 (212~ ¢2(8;(1))?)

In the case | = k = j = 0, Equation (%) becomes 7q(z0)vf o = c(0)v5 o

1/2



230 E. WAGNER

In the present paper, we are particularly interested in the representation 7y acting on
the trivial line bundle My = A(S2,). This representation can also be obtained from the
GNS representation associated to Haar state 1) on A(Sgc). By the uniqueness of the Haar
state, one can take 1 to be the restriction of 1 on A(SU,(2)) to A(S2.). Analogously to

the Heisenberg representation from the previous subsection, we have (z,y) := z/;(y*x),
mo(y)x = yx, and mo(h)x = h>x, where z,y € A(S2,) and h € Uy(su(2)).

2.3. Spectral triples. By a (compact) spectral triple (A, H, D), we mean a *-algebra
A, a bounded *-representation 7 of .4 on a Hilbert space H, and a self-adjoint operator
D on H such that [2]

(i) (D — ()1 is a compact operator for all ( € C \ R,
(i4) the commutators [D,m(a)] are bounded for all a € A.

If there exists an n € Ny such that the asymptotic behavior of the eigenvalues 0 < pu; <
po < ... of |D|™™ is given by pz, = O(k~1!) as k — oo, then the spectral triple is said to
be nt-summable.

Let U be a Hopf x-algebra, A a left and/or right #-module and 7 a U-equivariant
representation on H. The spectral triple (A, H, D) is called left or right U-equivariant if
D is a left or right equivariant operator. We call it bi-equivariant if D is left and right
U-equivariant.

An (equivariant) spectral triple (A, H, D) ib called even if there exists an (equivariant)
grading operator v on H such that v* =, v* =1, vD = —D~, and y7n(a) = 7(a)y for
all a € A.

In the seminal paper [3|, a real structure J on a spectral triple was defined by an
antiunitary operator J on H satisfying

[r(z), Ja(y)J "] =0, [[D,7(2)],Jn(y)J "] =0, z,y€A (10)

J? = 41, JD = £DJ and, for even spectral triples, Jy = £vJ. The real structure is
called equivariant, if J is equivariant in the sense of Section [2:2]

It was noted in [8] that, by requiring equivariance of J, it is not possible to satisfy
(10). However, the problem was overcome in [8] by requiring that holds up to an
operator ideal contained in the ideal of infinitesimals of arbitrary high order. Here, a
compact operator A is called an infinitesimal of arbitrary high order if its singular values
sn (A) satisty lim,_ oo nPs,(A) =0 for all p > 0.

3. Equivariant spectral triples

3.1. The equivariant Dirac operator on A(SU,(2)). In this section, we summarize
the results from [8] concerning the equivariant isospectral Dirac operator on A(SU,(2)).
Starting point of the construction is the Heisenberg representation my of the left crossed
product *-algebra A(SU,(2)) x Uy(su(2)) on V := A(SU,(2)). The spin representation
m is given by the tensor product representation 7 := my ® o1 actingon W :=V ® V1.
The Hilbert space completion of W will be denoted by H. Settlng p = py ®1id, the 1eft
U, (su(2))-equivariant representation m becomes also right U, (su(2))-equivariant and we
have w(h)p(g) = p(g)w(h) for all h, g € U, (su(2)).
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Recall that the set of vectors defined in (5]) forms an orthonormal basis for A(SU,(2)).
Set

H; :=span{|lmn) :m,n=—1,—l+1,...,1}. (11)

Then, by @, H, = @;}lvm is the 2] + 1-fold orthogonal sum of irreducible spin 1 rep-
resentation spaces. As before, let V}, [ € %NO, denote the irreducible spin [ representation
space. From the Clebsch-Gordan decomposition, it is known that

VioVi=V_1®Vy1, l=11,..., Voo Vy =Vi. (12)
Hence we can write

—_ ! 1 _ 1
Hl@v%_wlfé@wkké’ l—§,

1,..., Ho@V%:Wia (13)
2

where VVIT_ . and I/VllJr , are the linear spaces of vectors from H; ® V% belonging to spin
2 2

l— % and spin [ + % representations, respectively. Since V = @ZG%NOHM it follows that
the representation space W =V ® V% decomposes into

W= we P w (14)

le $No leiN

By (TI)-(T3), we have dim W' = (20 + 1)(2 + 2) and dim W;" = 21(2] + 1).
Now consider the self-adjoint operator D on H determined by

Dw| =+ Yw], w ew/!,  Dwl=—-(1+Yw}, wf e W} (15)

It was proved in [8] that (A(SU4(2)),H, D) is a bi-equivariant spectral triple. The eigen-
values of D are | + 1 with multiplicities (20 +1)(20 + 2) and —(I + %) with multiplicities
21(20 4 1), where | € Ny and | € 3N, respectively. Using the results from [12], one
easily checks that the eigenvalues and multiplicities of 2D — 5 coincide with those of a
classical Dirac operator on S* ~ SU(2) equipped with a SU(2) x SU(2)-invariant met-
ric (set A = —1 in |12, Proposition 3.2]). So we have an isospectral deformation of a

SU(2)-bi-invariant classical spectral triple.

3.2. The equivariant Dirac operator on A(Sic). Our aim is to show that restrict-
ing the Dirac operator on A(SU4(2)) to the quantum spinor bundle A(SZ.) ® Vi C
A(SU4(2)) ® Vy yields a spectral triple on A(S7 SZ,).

To begin, recall from Sectionthat mo is the «-representation of A(SZ.) xUy(su(2))
obtained by restricting the Heisenberg representation of A(SU,(2)) x U, ( u(2)) to its
subalgebra A(SZ.) x Ug(su(2)) and to the subspace My = A(SZ.) of V' = A(SU4(2)).
Along the lines of the previous subsection, we take the tensor product representation
T:=Tg Q0 1on W = My, ® V% as spin representation. Furthermore, the Hilbert space
completion of W, say ‘H, will be considered as Hilbert space of spinors.

Let Vj := span{ vl o :m = —l,...,1}. In Section we saw that My = ®en, Vi
is an orthogonal sum of irreducible spin [ representation spaces. The Clebsch-Gordan
decomposition yields

‘Z@V%:Wl VVl

by 1=12., %@V%:W; (16)
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where the restriction of g ® o1 to VT/ZT or Wll is an irreducible spin [ representation of
Uy (su(2)). Clearly,

v=pw ., oW, (17)

+1 I+4-
1eNp
As My= @leNgf/ cV= Diein, Hyand V) isa spin [ representation space, we have V, C H,.
Comparing (13)) and . shows that VVT C WT and Wl - I/Vll7 where | = 2, 2,.... The
operator D frorn Subsection acts on each WlT and I/Vll as a multiple of the identity.

In particular, D leaves the subspaces W; and I/Vll invariant. Let D denote (the closure
of) the restriction of D to W. By (5],

le—(l—i— )wl,leWl, ﬁw —(+1 )wl,wZGVVl, lz%,%,....(lS)
Since the spin representation g ®o1 is obtained by restricting 7, ®o1 to the subalgebra
A(S2.) % Ug(su(2)) of A(SU4(2)) 3 Uy(su(2)) and to the subspace W C W, we can
now apply verbatim the results from [8]. Therefore, [D,mo ® o1(x)] is bounded for all

x € A(SZ.) and D is left U, (su(2))-equivariant because the same is true for [D, ®o ()]
and D.

Comparing the eigenvalues and the corresponding multiplicities with those of the
Dirac operator on the Riemannian 2-sphere with the standard metric (see, e.g., [10]), one
sees that (A(S2,), H, D) is an isospectral deformation of the classical spectral triple. From
the asymptotic behavior of the eigenvalues, one readily concludes that it is 2T-summable.

Summarizing, we arrive at the following proposition.

PROPOSITION 3.1. Restricting the spectral triple (A(SUy(2)),H, D) to A(SZ.) ® VicC
A(SUq(2)) ® Vi (considered as subspaces of H) gives rise to a left Uy(su(2))-equivariant,
2% -summable spectral triple (A(Sgc),ﬂ,f)), where H denotes the closure of A(S2) ® Vi
in H. It is an isospectral deformation of the classical spectral triple on the Riemannian
2-sphere with the standard metric.

REMARK. The fact that (A(SZ.), H, D) defines a left U, (su(2))-equivariant spectral triple
on the Podles spheres has been proved in [7] for ¢ = co and in [6] for all ¢ € [0, 0] by
direct computations.

3.3. Equivariant grading operator on (.A(Sioo),’/:[,f)). As (A(Sic),’l:[,f)) is an iso-
spectral deformation and 2+-summable, its classical dimension is 2. For this reason and
in analogy with the classical picture, we are interested in obtaining an even spectral
triple. The next proposition shows that an equivariant grading operator exists only for
the spectral triple (A(S2..), H, D). The “only if” part of the proposition is an interesting
result since it seems to contradict [6], where equivariant even spectral triples for all Podles
spheres were constructed. In fact, one of the main purposes of this paper is to point out
that the construction of spectral triples by restriction may be possible but extra care
has to be taken when trying to satisfy additional structures, for instance, when passing
from odd to even ones. The reason behind the seeming contradiction between [6] and
Proposition [3:2] will be explained after the proof of the proposition. Roughly speaking, it
arises because the spectral triples from [6] and Proposition are unitarily equivalent
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but, for ¢ < oo, the unitary operators implementing the equivalence are not compatible
with the (unique) equivariant grading operator.

PROPOSITION 3.2. The spectral triple (A(Sgc),'l:[,f)) from Proposition admits an
equivariant grading operator of an even spectral triple if and only if ¢ = cc.

Proof. The assumptions on v imply that it commutes with all elements from the crossed
product algebra A(S2,) x Uy(su(2)). In [19, Proposition 4.4], it has been shown that the
tensor product representation my ® o 1 on My® V% decomposes into the direct sum of the
irreducible representations 7_1 and T1 on M_ 1 and M 1 respectively. From v* = v and
~v% = 1, it follows that ~ has elgenvalues +1. Slnce the irreducible representations 7_ 1
and m1 are nonequivalent and integrable, we conclude that v acts on M _ 1 and M 1 by
+id, Wlth opposite sign on each space. In the notation of Section [2.2.2] We can assume
without loss of generality that W =M._ 1@ M 1 and
’yvfnﬁ% = —vfn’ 1 van,é = U’im%’ (19)
Next, the relation yD = —Dr forces v to map Wll into WlT and VNVlT into V~Vll. In
addition, the equivariance of v implies that we can choose a basis {|lm]) : m = —1[,... 1}
for W; and a basis {|lm7) : m = —I,...,1} for V~[/lT such that the action of U, (su(2)) on
these vectors is given by and

yltml) = im1), 7 [imt) = [iml). (20)
Assume now that + is an operator on 1174 satisfying Equations and . Using
span{z;1 1,111 1} = span{\Q, 50 |2, 5, 1)} and applying and , we can write

12,3, 1) =sv

where s,t € C such that |s|? + [t|> = 1. Moreover, (2, 2,l| 3 2, ) = 0 implies |s|? =
t|* = 1. In the notation of (), let Vi= span{|3,—3). |3, 3)}. From (T6)), it follows that
\%, %, 1) = exp(iw) 1)870 ® |%, %), where w € [0,27). Applying the formulas from Section
[2:22] we compute

0 = (9,0, m0(0)v0,0) = (35 3+ L 17 (w0)| 5, 3, 1) = 5 (B1(5) + ﬁ_%(%))- (21)

For ¢ < oo, we obtain a contradiction since (3 (1 )+ ﬁ_,( ) 3871 (g% — 1) # 0.
Therefore a grading operator satisfying Equations and can only exist in the
case of the equatorial Podles sphere A(SZ ).

[SIEINITE

+tv

N[
[

)

N[

1 _1 1
’2 2 272

Let ¢ = 0o. Our aim is to find orthonormal vectors |im|), |Im1) € span{vfn 7l,vfn 1}
=37 m}
such that ~ is given by (20)). To begin, consider

-1
i) =v_1 ,®l3.3)
: _1 1 1 1 -1 +1 (22)
i17) := [204+2]72 (—q2[21+1]2 v H 0@\ -3 +q wléo@\g,g)

Since |Il|) and \llT} are highest weight vectors of weight ¢!, it follows that both belong
to span{v| }. Moreover, by (16), |l]) € I/Vll and |UIT) € WZT. We claim that, for

1 ’Ul 1
T3 i)
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some wi, ¢; € [0,27),
Z5(ll) +un)) = expliwn) vy, (L) = U1)) = exp(ion)v; _, . (23)

Before justifying the claim, we observe that, for w = xvll + yvll 4 with z,y € C and
> » T2

Nl

|2 + |y|* = 1, we have w = exp(iw;) v} _, if and only if (w,7(zo)w) = Bi1(l). This
T3
is apparent from the equality (w,m(zg)w) = |x|2ﬁ%(l) + |y|267%(l) since 31 (1) > 0 and
B_1(l) < 0. Applying the formulas from Subsection m (note that Gy(I) = 0 for all
I € Np) gives
3 (L] == Q) 7 (o) (J22L) £ Ji21))
= 42142737 (2 (2 ) mo(ao)o
— g 22 ) = By ()
from which the claim follows.

With e denoting one of the generators of U, (su(2)), set

iml]) = ||7(e) ™ )| 7 (e) ™ L), [lmT) = (|7 (e) T U || R (e) ).
(24)
Then implies that
. glliml) = |im1)) = exp(ign) vy, 1, (25)

and the operator v given by Equation satisfies . Clearly, this operator meets all
the requirements on an equivariant grading operator. m

5 (ltml) +[im1)) = exp(iw) v,

1
2

Let us now explain why (A(S2,), H, D) does not admit an equivariant grading operator
for ¢ < oo although equivariant even spectral triples with the same spectral properties
were constructed in [6] for all ¢. The Dirac operators from [6] are unitarily equivalent to
D, and it follows from |6, Equation (5.1)] that the unitary equivalence is determined by
unitary operators

Ul : Span{|lll>7 ‘”T>} B Span{vl{f%avll’%}a l= %7

(V][]

P

Now Equation tells us that the existence of an equivariant grading operator requires
that the unitary transformations between span{|il]),[ll1)} and span{v! _,,v! ,} are given
2 12

by matrices of the type

exp(iw))  exp(iw;)
% <eXP(i¢z) —eXp(i¢l)> » o wip g€ [0,2m),

but the contradiction obtained below Equation proves that, for ¢ < oo, the matrix
corresponding to the unitary operator U 1 does not have the above form.
3.4. The real structure on (A(SU,(2)),H, D). In this section, we give a brief sum-

mary of the results of [8] on the real structure. Set

Cjm 1= ¢~ ™2 [ —m] V2 25)712, Sj = gV [ m] T 25)7 12 (26)
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With |Imn) defined in (B]) and {|3,—3),|3, )} being a orthonormal basis of Vi, let

imvl) =Cimli—5.m+5,0) @5, -3) + Simli —3.m—5.1) ®5.+3),  (27)
Fmut) = =Sisam i+ 3m+ 3,0 @ |5, =3) + Cipam i+ 5,m = 3,0 @ 5, +3).
(28)

According to the Clebsch-Gordan decomposition of the tensor product representation
o] ®0’% on Vi ® V%, we have

W} =span{|jmvl) : m=—j,....j5, v=—j+5,....5—%} j=%1,... (29

I/VjT =span{[jmul) : m=—j,....j, p=—j—3%,....j+%} =0,%..., (30)
and the sets on the right hand side are orthonormal bases. The set of all vectors [jmv])
and |jmpu?) forms an orthonormal basis for the Hilbert space of spinors H. Define an
antiunitary operator J on H by

J[jmnt) = 2G| —m—n, 1), T [jmnl) = P | —m, —n, 1), (31)
The proof of the following facts can be found in [8]:

Let (A(SU4(2)),H,D) be the spectral triple from Subsection The antiunitary
operator J defined above satisfies J2 = —1, JD = DJ and

Jr(h)J ' =a(kS(h) k™Y,  h €U (su(2)). (32)

The commutators [7(x), Jr(y)J '] and [[D, ()], Jx(y)J '] are infinitesimals of arbi-
trary high order for all z,y € A(SU4(2)), so J satisfies in this sense the condition of a
real structure on the spectral triple (A(SU4(2)),H, D). Moreover, J is equivariant since
we can consider it, for instance, as the antiunitary part of (the closure of) the equivariant
antilinear operator J (k).

The assembly (A(SU,(2)),H, D, J) is viewed as an equivariant real spectral triple on
A(SU,(2).

3.5. Implementation of the real structure by the Tomita operator on A(SU,(2)).
For a GNS-representation of a von Neumann algebra, the modular conjugation from the
Tomita-Takesaki theory [20] can be used to introduce a reality operator [3]. The objective
of this section is to relate the real structure J on the Hilbert space of spinors to the
modular conjugation associated with the GNS-representation 7, of A(SU,(2)).

To begin, define an antilinear operator Ty, on V' = A(SU,4(2)) by

Ty(z) = x*, x € A(SU4(2)).

Obviously, T;; = 1. Recall that the inner product on A(SU,(2)) is given by (z,y) = 1 (y*z)
and that the Haar state ¢ has the property (see, e.g., [13])

U(xy) = P((k?py <k )z), 2,y € A(SU,(2)).
Using this relation together with Equations , and , we compute
(y, Typa) = (xy) = P((k* b y" <k?)"z) = (2, 7y (k%) pyp (k™) Ty (y)), 2,y € A(SUy(2)).
Hence T} acts on A(SU,(2)) by my(k?)py(k2)Ty and Ty is closable. In the Tomita-

Takesaki theory, the closure of Ty, is referred to as Tomita operator. By a slight abuse of
notation, we denote in the sequel a closable operator and its closure by the same symbol.
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Let Ty, = Jy|Ty| be the polar decomposition of the Tomita operator. The antiunitary
operator .Jy; is known as modular conjugation. Since T Ty [ 4(su,(2)) = 7wy (k?) py (k72),
we have

Jpx=Tymy(k™") py(k)x =7y (k) pyp (k™) Ty x,  x € A(SU4(2)).
Equation (1)) implies that Ty my(h) = 7y (S(h)*) Ty for h € Uy(su(2)). Therefore
Jypmy(h) Tt = my(kS(h)* k™), (33)
exactly as in Equation . Note that J2 = 1.

Our next aim is to define an antilinear “Tomita” operator 1" on the tensor product
W = A(SU,4(2)) ®V1 satisfying Tr(h)=m(S(h)*)T for h € U,(su(2)). To begin, we look
for an antilinear operator Ty on Vi such that T o%(h) =01 (S(h)*)T%. A convenient
choice is given by

T%|%a%> :iq1/2 %7*%% T%|%7*%> :7iq71/2|%7%>' (34)
Then Jy :=01(k)Ty =T10, (k1) is an antiunitary operator and J3 = —1.
2
Since the antipode is a coalgebra anti-homomorphism, i.e., AS(h) = S(h(2))®S(h(1)),
we combine Ty, ® T% with the flip operator on tensor products and set
To:=70(Ty ® T%) s A(SUL(2) ® Vi—-V1® A(SU,(2)),
where 7 is defined by 7(z®y) = y®x. By construction, the antilinear operator Ty satisfies
Tow(h) = (J% ® my)(S(h)™) To, h € Uy(su(2)).

To obtain a mapping from W into itself, we compose T with an operator intertwining
the tensor product representations o1 Q0 and 0; ® o1 Such an operator is provided by
the universal R-matrix of U, (su(2)) (see, e.g., [13]). For a tensor product representation

with o1 as left tensor factor, it can be expressed by
R=(oy®7y)(¢fe@k+qef @k +(¢—q g’ fe). (35)

Let R := 70 R. Tt follows from the properties of the R-matrix (or can be checked directly)
that
W(h)ORZRO(U%Q@Ww)(h), h € Uy(su(2)).
Therefore the antilinear operator
T := R o TO
fulfills Tw(h) = w(S(h)*)T for h € U,(su(2)) as required.
To describe the action of T on W, we need at first explicit formulas for the action of

Ty on A(SU,(2)). On writing the matrix element ¢, in (f) in terms of the generators

mn

of A(SU,4(2)) (see, e.g., [8] or [13]), one easily sees that
Ty [lmn) = (—1)2FmFngm+n |1 —m, —n). (36)
From 7, and , we obtain after a direct calculation
T|imv]) = (2(21—m—v) ql+m+v+% 1, —m, —v, ),

(37)
T |lmuT> = 12(2l+m+u) q7l+m+,uf% |la -—m, —H, T>7
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where we used also the fact that 2(m + v) — 1 is an even integer. Equation implies
that T maps VVZT and Wll into themselves. As a consequence, T'D = DT.

Remarkably, we even have [r(z), Tm(y)T~!] = 0 for all z,y € A(SU,4(2)). To see this,
one uses (A®id)R = (3, id ®hi®g:)(3_; hj®id ®g;), where R =3, h;®g;, which can be
deduced from general properties of R-matrices [13]. Then a straightforward computation
shows that Tr(y)T ' (w®v) =Y, w(h; >y*) ® o1(gi)v for allw @ v € A(SUy(2)) ® V.
Since T'w(y)T~! acts by right multiplication on the first tensor factor, and 7 (z) by left
multiplication, it is clear that 7(x) and T (y)T~! commute.

Observe that
T* [imup|) = 2@Hm+) glmm=vts | —m, —p, ),

(38)
T* [ty = PECM TR L —m, = ).

In particular, 7™ is densely defined, and T is closable. By the convention made above, its
closure will again be denoted by T'. In analogy with the Tomita operator T, define an
antilinear operator J by the unique polar decomposition T' = J|T|. Comparing Equations
and with Equation shows that this J actually coincides with that from
Section Moreover, |T| is given on W by

IT|w =7(k)p(k~Y) ¢ Pw, weWw, (39)
where p(h) := py(h) ®id for h € Uy(su(2)). Thus we arrive at the following Proposition.
ProprosITION 3.3. The antilinear operator J from Equation can be expressed by

Jw=Tr(k ) pk)¢®w = n(k)p(k~1) " Tw, we W.

Propositionyields another proof of the invariance relation . Since ¢” and p(k)
commute with 7w (h) and since Tw(h) = w(S(h)*)T for all h € U,(su(2)), J and w(h)
satisfy the same commutation relation as Jy, and my(h) in Equation .

We showed above that [r(z),Tw(y)T~'] = 0 for all z,y € A(SU,(2)). The operator
Jo := Tr(k™Y) p(k) still satisfies [r(x), Jom(y)Jy '] = 0 for all z,y € A(SU,(2)) since
(k=) p(k)m(y)p(k~)mw(k) = m(k~'>y<k~!) by the equivariance of m = 7, ®id. However,
it was argued in [§] that J does not have this property. This is due to the operator

D

¢ = |R*|~" ensuring the (anti)unitarity of .J. To verify |R*| = ¢~ P, observe that

(Tp@Ty) w = —(my (k) py (k™) Ty @ 01 () Ty )w = —w(k*)p(k™*)(Ty @ Ty)w  w e W.

Moreover, R(T, ®T1) = (Ty ®T%)R* and R* (T, ®T1) = (Ty ®T%)R since S®S (R) = R.
Hence

T*Tw = (Ty @ Ty)* (Ty @ Ty) RR*w = 7(K*)p(k )[R Pw, w e W.

Comparing this equation with gives |R*| = ¢~ P since 7 (k) and p(k) are invertible
on W.

3.6. Equivariant real even spectral triple for A(ng). For an 2*-summable even
spectral triple with grading operator -, the requirements on a real structure J include
the commutation relation Jy = —vJ. By Proposition only (A(Sgoo),ﬂ,[)) admits
a grading operator of an even spectral triple. For this reason, we restrict the following
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discussion to the equatorial Podles sphere A(S2 ) although most of the results remain
valid in the general case.
We proceed as in Section and define an antilinear operator Tw on My = A(Szoo)
by
Ty(z) = =, x € A(SL).

By Equation (), since mo(h)z = h >z, we have Tymo(h) = WQ(S(h)*)T¢ for all h €
Uy(su(2)). From [19, Lemma 6.3], it follows that the Haar state ¢ on A(SZ,,) satisfies

&(wy) = 1[}((]{;_2 > y)x)a T,y € A(Sioo)
Analogously to Section T:; [v, = m0(k?) Ty and Ty, is closable (with closure denoted

again by T,). Moreover, |Ty|[a, = mo(k), and the antiunitary operator .J,, from the polar
decomposition Ty, = Jy |Ty| is given on My by

ngc:ﬁ/,ﬁo(k:_l)a::ﬁo(kz)fwa:, x € M.

Since the entries of the R-matrix in are elements from U, (su(2)), the restriction
of R (again denoted by R) to W = My ® V% leaves W invariant. Thus, with T from the
previous subsection,

T:=R(Ty®Ty). (40)

defines an antilinear operator on W. By construction, T7(h) = #(S(h)*)T for all h in
Uy (su(2)). Its adjoint T acts on W by

T*w = —7(k*) (Ty @ Ty) R*w,  weW.

Recall that |R*| = ¢=P, R(Ty @ Ty) = (T @ Ty)R* and R*(Ty ® Ty) = (Ty ® T1)R.
Hence
T*Tw=7k)RR*w=7(k*q Pw, weW.
Clearly, T* is densely defined and, therefore, T is closable. Denoting its closure again by
T, we can write |T|[; = 7(k)q~ b since D[y = D.
Now we define an antiunitary operator J by the polar decomposition T=1J |T| From
the preceding, it follows that

Jw=Ta(k™")"w=R(Ty T 7k )¢Pw, weW. (41)

Our next aim is to give explicit formulas for the action of .J. Let |lm]) and |Im])
denote the vectors defined by Equations and . The set of all these vectors forms
an orthonormal basis for H. Inserting into , one easily verifies that

|lml> _Clm m+ 0®|2; %>+Slm 10®|27 >7 (42)
1+1
|lmT> = _Sl+1,mv7:j%70®|§’ %>+Cl+1mv 1 0®|27 > (43)

with Cj,, and S, given by .
To determine Ty, we use the identification My = A(S2..). Then v§ , =1 and, thus,

v o = Mh—gn (k) mo(x1) ') o = (g0 (k) ai.
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Similarly, vlfllfl’o = (I} _ya(k))~ta’ ;. This gives ﬁl,vll’o =(—q)"v', since z1 = —qa* .
Computing both sides of T¢ﬁ(e)kvf70 = (fq)*kfr(f)ki/,vll’o = (fq)l*kfr(f)kvlil’o, we
finally get

Tibvin,o = (_Q)mvl leNo, m=—I,....1

—m,0»

Using these formulas, the action of T = R (T ® Ty) on |Im]) and [Im1) can be
computed directly. Analogously to Equation , we find

Tliml) =" ¢+ |l —m, 1), Tlim1) = "¢ % {1 —m, 7).
Consequently, by ,
Jliml)y =™ [l,—m,|),  JllmT) = —i*"|l,—m,1).
Therefore, by (up to unitary equivalence),

T 2m 1
J ! =i""v
m,t3 -m,F3’

13
272"

The last equation shows that .J coincides with the real structure defined in |7]. The re-
sults in |7] (or [6]) tell us that [7(a), J7(b).J '] and [[D, #(a)], J7(b).J '] are infinitesimals
of arbitrary high order for all a,b € A(SZ,).

Finally let us discuss how T and J are related to 7" and J from Section Since
Tq/, =Tyl A(S2.)5 it follows from the definitions that T'[; = T. In particular, as shown
above, [r(z), Tn(y)T~'] = 0 for all z,y € A(S2..). On the other hand, we do not have
Jli = J. This is due to the fact that the adjoint T;(x) = k* > 2* 9 k* does not map
A(S2.,) into itself. In general, y <k* ¢ A(SZ,,) for y € A(SZ..).

Summarizing our conclusions, we can now state the main theorem of this paper.

THEOREM 3.4. Let (A(SU4(2)), H, D) denote the spectral triple described in Section [3.1]
The embedding A(S2,) ® Vi C A(SU4(2)) ® Vi gives rise to an equivariant real even
spectral triple (A(Sgc),'):l, D, J,~) if and only if ¢ = co. The equivariant representation 7
on A(SZ,,) ® Vi is given by restricting the x-representation of A(SUq(2)) X Ug(su(2)) on
A(SUq(2)) ® VL to a x-representation of A(S2,) @ Uy(su(2)) on A(S2,.) ® Vi. The Dirac

operator D is the closure of the restriction of D to the invariant subspace A(SZ.) ® Vi.

where [ = candm=—I,..., 1

The decomposition of A(Sgoo) ® V% into eigenspaces corresponding to the eigenvalues £1
of v coincides with the decomposition into subspaces corresponding to irreducible *-re-
presentations of A(S2.) % Ug(su(2)). The real structure J s the antiunitary part of
the equivariant (closed) Tomita operator defined in Equation . The commutators
[7(a), J7(b)J Y] and [[D,7(a)], J7(b)J '] are infinitesimals of arbitrary high order for
all a,b e A(S2.,)-
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