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Abstract. In this paper, we will consider blowup solutions to the so called Keller—Segel system
and its simplified form. The Keller-Segel system was introduced to describe how cellular slime
molds aggregate, owing to the motion of the cells toward a higher concentration of a chemical
substance produced by themselves. We will describe a common conjecture in connection with
blowup solutions to the Keller—Segel system, and some results for solutions to simplified versions
of the Keller—Segel system, giving the evidence that the conjecture is true.

1. Introduction. In this paper, we will consider blowup of solutions to the so called
Keller—Segel system and simplified versions of the Keller—Segel system. Keller and Segel
[KS] introduced a system for describing how cellular slime molds aggregate, owing to the
motion of the cells toward a higher concentration of a chemical substance produced by
themselves. Nanjundiah [Nan] introduced the system

ug =V - (Vu—uVo) in Q x (0,7),

ve=Av—v+uin Q x (0,7),
(1) %z%zOon@Qx(O,T),

u(+,0) = ug,v(-,0) = vg in Q.
as a simplified version of the system introduced by Keller and Segel [KS], where 2 is
a bounded domain in RY, N = 1,2,3,---, with smooth boundary 99, v(z) is the unit
normal outer vector on 92, and ug and vy are smooth and nonnegative in .

The system (1) has a unique classical solution (u,v) in € x (0,7 with some T > 0,

see [Y]. By the maximum principle, we have that the solution (u,v) is nonnegative in
Q x (0, 7). Let Tyq. be the maximal existence time of the classical solution.
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Integrating the first equation of (1) over Q x (0,¢) and noticing that u > 0, we have

) /Q w(z, t)dz — /Q w(@)de i (0, Tyas)-

We say that a solution (u,v) blows up at (¢,T') if u(-,t) is bounded in Q for any
t € (0,T), and if there exists a sequence {(z,,t,)} C Q x (0,T) satisfying

lim (z,,t,) = (¢,T) and  lim u(z,,t,) = co.

Then ¢q and T are a blowup point and the blowup time, respectively. If T},,4, < 00, we can
show that the solution (u,v) blows up at ¢ = T,4,. That is to say, Tiuae is the blowup
time if T}0e < 00.

In the case where  is a bounded domain in R, solutions to (1) do not blow up, see
[OY, HP, HW]. That is to say, the following theorem holds.

THEOREM 1. If Q = (a,b) with —0o < a < b < oo, each solution (u,v) to (1) satisfies
Trnaz = o0 and
sup u(z,t) = sup v(z,t) < oo.
(z,t)€(a,b)x(0,00) (z,t)€(a,b)x(0,00)

Therefore, we shall consider the case where @ ¢ RY and N > 2.

2. Two dimensional case. In this section, we shall consider blowup solutions to (1)
and a simplified version of (1) in the domain Q C R2.
The following theorem was shown by Herrero and Veldzquez [HV]

THEOREM 2. Let Q = {z € R? | |z| < L} and L € (0,00). Then, there exists a radially
symmetric solution to (1) satisfying

u(-,t) = 8mdg + f  in M(Q) ast — Thax,
where Tyar < 00 and f is a radial and nonnegative function in L*(Q) N C(Q\ {0}).

We can regard (u,v) as a solution in a half disk w = { = (z1,22) € R? | |z| < L,
x9 > 0}, since (u,v) satisfies the boundary condition du/dv = dv/dv = 0 on dw. Then,
Theorem 2 gives that there exists a solution (u,v) to (1) with Q = w satisfying

u(,t) = 4ndp+ f  in M(@) ast — Thmaa-
Therefore, we can expect that the singularities in the domain are equal to 87 times the
delta function and that those on the boundary are equal to 47 times the delta function.
In fact, the above holds for blowup solutions to the following system
u =V - (Vu—uVv) in QX (0, Thaz),
0=Av—v+4+u inQx(0,Thae),

(3) ou Ov
5—5—0 on 8Q><(0,Tmaz),
u(-,0) =wup in £
Here, (2 is a bounded domain in R? with smooth boundary, and g is smooth and non-
negative.
The system (3) was introduced as a simplified system of (1) by Nagai [Nag].
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By an argument similar to the one mentioned in Introduction, (2) holds also for
solutions to (3), and w is nonnegative in Q x (0, Tynaz)-

Since the system (3) is similar to the Keller—Segel system, we can expect that the
properties of solutions to (3) are similar to those to (1).

The following theorem was shown in [SS] and [Suz].

THEOREM 3. If Tinex < 00, the solution (u,v) to (3) satisfies
u(-,t)éZm*(q)cSq—i—f in M(Q) ast — Thae.
qeB

where
47 if g € 092,

m.(q) = {871' if g € Q,
B is the set of blowup points, dq is the delta function supported at the point q, and f is a
nonnegative function in L*() N C(Q\ B).
Therefore, if T),q. < 00, we have fQ ug(z)dx > 4.
Considering Theorems 2 and 3, we can expect the following to hold:

A COMMON CONJECTURE IN CONNECTION WITH THE KELLER—SEGEL SYSTEM. If a so-
lution (u,v) to (1) blows up in finite time Tyyaq, blowup points are finite and u satisfies
u(~7t)42m*(q)5q+f in M(Q) ast — Tz

qeB

Here, B is the set of blowup points, m, is the function in Q in Theorem 3, and f is
a nonnegative function in L*(Q) N C(Q\ B).

3. Three or more dimensional case. In this section, we shall consider blowup so-
lutions to the Keller-Segel system and its simplified systems in © Cc RY, in the case
N > 3.
First, we shall consider the following example.

EXAMPLE 1. Let L € (0,00), D = {2’ = (z1,22) € R? | [2/| < L}, Q = {z = (2, 23)
€ R? |2’ € D, 23 € (0,1)} and let (u,v) be a blowup solution in Theorem 2. Then,
(u(x,t),v(x,t)) = (w(a',t),v(a',t)) is a solution to (1) in © C R?. By Theorem 2, we
obtain that the blowup set is {0} x (0,1) C © and that two dimensional delta function
appears at each blowup point.

These singularities appear essentially in two dimensional domains.

In order to exclude such singularities from consideration, we shall consider only radi-
ally symmetric solutions, in the case Q@ ¢ RY and N > 3.

Nagai [Nag] showed the following

THEOREM 4. Let N >3, L € (0,00), Q = {x € RN | |z| < L}, and let ug be radial and
nonnegative. If ug satisfies

/ up(z)dxr >0 and / uo(x)|z|Ndr < 1,
Q Q

then the solution to (3) blows up in finite time.
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Theorem 4 implies that there exist blowup solutions even if [, ug(z)dz < 4m. Thus,
we can expect that there exist singularities which are not equal to 87, or 4md,, in the
case where N > 3.
Herrero, Medina and Veldzquez [HMV1] introduced the following system as a simpli-
fied version of (1):
up =V - (Vu—uVo) in RN x (0, Thaz),
0=Av—p+u inRY x (0, Thnaz),

(4) Oou Ov
A — 5. = RN Tmaa: 5
W = o 0 on JdR"™ x (0, )
u(-,0) =ug in RV,

where p > 0, and showed the following theorem.

THEOREM 5. For T' > 0 and m > 0, there exists a radially symmetric solution (u,v) to
(4) with u > 0 and N = 3 blowing up at x =0 and t =T and satisfying

lim lim u(z, t)dz = m.
r=0t=T Jig|<r

Next, we shall consider particular blowing up solutions.

DEFINITION 1. We say that (u,v) is a (backward) self-similar solution to (4) with u = 0,
if there exist functions @ and 7 in R satisfying

ot vt = (5 ) (=)

for a T > 0. (u,v) is called a profile function.

The following theorem was shown by Herrero, Medina and Veldzquez [HMV2] and the
author [S1] in the case N = 3 and N > 4, respectively.

THEOREM 6. In the case 3 < N <9, there exist radial profile functions (u,v) satisfying
e L*RN), 7> 0,

(5) (@) = — /O . ﬁ A«W) d dr,

and
(6) |z|?T(x) — Cse  as x| — o0

with some Cge > 0.

In the case where N > 10, there exists a radial profile function (u,v) satisfying u €
L>®RN), uw >0, (5) and (6) with Cse = 4(N — 2).

For T > 0 and a profile function (@,7) in Theorem 4, the corresponding self-similar
solution (u(z,t),v(z,t)) = (T —t)"*u(x/VT —t),v(x//T —t)) blows up at z = 0 and
t =T and satisfies

2
tler%u(x,t) = thlr% # . (j[x E( Tx, t)) = ET; loc. unif. in RY \ {0}.
We observe that self-similar solutions have singularities different from the delta function.

The author showed in [S2] the following theorem:
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THEOREM 7. Let N > 11. For any sufficiently small T > 0 and € > 0, there exists a

radially symmmetric solution (u,v) to (4) with u = 0 in RN blowing up at x = 0 and

t =T and satisfying

2(N -2) < £
I I

u(z,T) — in RN\ {0},

where u(z, T) = lim; 7 u(x, t).

By Theorems 6 and 7, we obtain that, in the case where N > 11, at least two kinds
of singularities appear in blowup solutions to (4) with u = 0.

Considering Theorems 4, 5, 6 and 7, we can expect that for N > 3 many kinds of
singularities appear in blowup solutions to the Keller—Segel system.
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