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Abstract. Let .4 be a Banach algebra without nonzero finite dimensional ideals. Then every
compact semiderivation on A is a quasinilpotent operator mapping A into its radical.

1. Introduction. In [7] Ho proved that the existence of a compact derivation on B(H),
the algebra of all bounded linear operators on a Hilbert space H, implies that H is finite
dimensional. This result has been extended to more general algebras of operators on
Hilbert spaces in various ways [1, 8, 9, 11, 15]. In particular, compact derivations on
von Neumann algebras, C*-algebras, and nest algebras were described in [15], [1], and
[11], respectively. On the other hand, Ho’s result remains true in the algebra 5(X) where
X is a Banach space. This is a simple consequence of the characterization of compact
elementary operators on B(X) by Fong and Sourour [6] (cf. Example 1 in this paper) and
the well-known fact that every derivation on B(X) is inner [4].

A natural question that now appears is what can we say about compact derivations
in arbitrary Banach algebras. In fact, there are three related questions: what is the form
and which are the properties of a compact derivation, what can be established about the
space of all compact derivations, and what is the structure of a Banach algebra admitting
nonzero compact derivations? We shall give some partial answers to these questions. Our
main purpose, however, is to point out a method that is simple and elementary, but
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different from the methods used in the aforementioned papers. We intend to develop
some ideas from this note in a subsequent, longer and more technical paper.

Our note also follows the line of investigation concerning the question when a deriva-
tion of a Banach algebra A has its range in the (Jacobson) radical rad(A) of A. It is
well-known that in the case when A is commutative this holds true for every deriva-
tion [14], and there are various noncommutative extensions of this famous result (see for
example Mathieu’s survey [10] on this topic).

Yet another motivation for us are results on algebras having nonzero derivations of
finite rank. For example, [2, Corollary 2| tells us that if such an algebra is prime then it
must be finite dimensional, and [3, Corollary 5.5] gives an appropriate generalization of
this assertion to semiprime algebras. Our results can be in particular viewed as analytic
extensions of these purely algebraic results.

Let us point out some immediate observations concerning compact derivations, and
thereby indicate what answers one can expect concerning the three questions posed above.
First, if a Banach algebra A contains a finite dimensional ideal Z and D is a bounded
derivation on A having its range in Z (say, an inner derivation x — ax — xa where
a € T), then D has finite rank and so in particular it is compact. In our main result
we shall therefore confine ourselves to algebras without nonzero finite dimensional ideals.
Next, if a bounded derivation D has a nonzero eigenvalue A, then every corresponding
eigenvector « is nilpotent. This is well-known and easy to see (just note that n|A|-|la™| =
ID(a™)|| < ||D] - |la™]| for every n > 1). Therefore, a compact derivation on a Banach
algebra without nonzero nilpotent elements is necessarily a quasinilpotent operator. Now
one might wonder whether the same is true under some milder assumptions than the
non-existence of proper nilpotents. Finally we remark that compact derivations on 4
form a closed ideal of the Lie algebra of all bounded derivations on .A.

Our method works for maps more general than derivations. A linear map D : A — A
is called a semiderivation [2] if there exists an algebra endomorphism 7" on A such that
TD = DT and

D(zy) = D(x)T(y) + D(y) = D(z)y + T(x)D(y)

for all z,y € A. Basic examples of semiderivations are derivations (for 7' = 1) and maps
of the form D = 1—T where T is any algebra endomorphism. Note that a semiderivation
D satisfies

LD(a) = DLa - LT(a)D and RD(a) = DRa - RT(a)D

for every a € A; here, L, and R, denote the left and the right multiplications by =z, i.e.,
Ly:y—zyand R, : y — yx.

2. The results

THEOREM 2.1. Let A be a Banach algebra without nonzero finite dimensional ideals. If
D is a compact semiderivation on A, then D(A) C rad(A) and D is a quasinilpotent
operator.

Proof. Suppose that D(a) ¢ rad(A) for some a € A. Then there is b € A such that
the element ¢ = D(a)b is not quasinilpotent. Accordingly, the operators L. and R, are
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not quasinilpotent. Since L. = DLy, — Lp@q)DLy and R. = RyDR, — Ry D, these
two operators are compact. Therefore, each of them has a nonzero eigenvalue whose
corresponding eigenspace is finite dimensional. Let A be a nonzero eigenvalue of L. and
let u € A be its eigenvector. Thus, v # 0 and (L. — A\)L, = 0. This means that the
range of L, is contained in the eigenspace and so L, has finite rank, i.e. the right ideal
uA is finite dimensional. In order to show that R, has also finite rank we use dual
operators. Note that (R — \)R! = 0 with R compact, whence R} is of finite rank by
the same argument and so is R,. That is, the left ideal Au is finite dimensional. But
then the ideal AuA is finite dimensional. Indeed, just note that if the sets {a1u, ..., a,u}
and {ubq,...,ub,} generate the vector spaces Au and wA, respectively, then the set
{a;ubj|i =1,...,n,j =1,...,m} generates the space AuA. Thus, the ideal generated
by u, Cu+ Au+uAd+.AuA, is a nonzero finite dimensional ideal. This of course contradicts
our initial assumption. Therefore, D(A) C rad(.A).

Now suppose that D is not quasinilpotent. Without loss of generality we may then
assume that 1 is its eigenvalue. Its corresponding eigenspace V is finite dimensional and,
since D and 7' commute, it is invariant under 7. So one can find a nonzero v € V and
i € C such that T'(v) = pv. Pick a spectral idempotent P of D such that 1 — P is
of finite rank and r(DP) < —2— (here, 7(.) denotes the spectral radius). Note that

L[ pl
DL, — puL,D = L,, and hence

DP(PL,P) — y(PL,P)DP = PL,P.
That is, (Lpp — uRpp)(PL,P) = PL,P. However, since
r(Lpp — uRpp) <r(Lpp) + || r(Rpp) = (1 + |u|)r(DP) < 1

it follows that PL, P = 0. But then L, = (1—P)L,+ PL,(1— P) has finite rank. Similarly
we see that R, has finite rank. As shown above, this is impossible since it implies that
the ideal generated by v is finite dimensional. =

COROLLARY 2.2. Let A be a Banach algebra without nonzero finite dimensional ideals.
Then the closed associative algebra generated by all compact derivations on A consists of
quasinilpotent operators.

Proof. Theorem 2.1 tells us that the Lie algebra of all compact derivations on .4 consists
of quasinilpotent operators. Therefore our conclusion follows from [12, Corollary 11.6]. =

Suppose that A is a semiprime Banach algebra. If 7 is a nonzero finite dimensional
ideal of A, then Z itself is a finite dimensional complex semiprime algebra, and as such,
by Wedderburn theorem, it is isomorphic to M,,, x ... x M, for some positive integers
n1,...,ns (here, M, denotes the algebra of all n X n complex matrices). In particular, 7
has an identity element from which one easily infers that there is a central idempotent e
in A such that Z = e A. The condition required in Theorem 2.1 can be therefore stated in
a nicer form. Moreover, since prime algebras cannot contain central idempotents different
from 0 and 1, Theorem 2.1 yields the following result.

COROLLARY 2.3. Let A be an infinite dimensional prime Banach algebra. If D is a com-
pact semiderivation on A, then D(A) C rad(A) and D is a quasinilpotent operator.
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We remark that there really exist nonzero compact derivations on infinite dimensional
prime Banach algebras. For example, take a commutative prime Banach algebra B with
compact regular representation on itself [5] (i.e., every Ly, b € B, is compact). Then
A = M>5(B) is prime and inner derivations on .4 are compact.

Primitive algebras are both prime and semisimple. For these algebras Corollary 2.3
therefore gets a particularly simple form.

COROLLARY 2.4. Let A be a primitive Banach algebra. If there exists a nonzero compact
semiderivation on A, then A is finite dimensional.

Note that Corollary 2.4 in particular generalizes the result of Ho mentioned at the
beginning. If we consider only derivations, then this corollary can be extended as follows.

COROLLARY 2.5. Let D be a compact derivation on a Banach algebra A. If P is a prim-
itive ideal in A of infinite codimension, then D(A) C P. Accordingly, D(A) C rad(A) in
the case when A has no primitive ideals of finite codimension.

Proof. Since P is invariant under D [13, Theorem 2.2], D induces a derivation Dp on
A/P defined by Dp(x + P) = D(z) + P. Note that Dp is compact and so Corollary 2.4
implies that Dp = 0; that is, D(A) CP. =

C*-algebras admitting nonzero compact derivations were characterized in [1, Corollary
2.4]. We are now in a position to generalize this result to semisimple Banach algebras.

COROLLARY 2.6. Let A be a semisimple Banach algebra. Then there exists a monzero
compact derivation on A if and only if there exists a central idempotent e in A such that
the ideal eA is finite dimensional and noncommutative.

Proof. Suppose there exists a nonzero compact derivation on A. As pointed out above,
Theorem 2.1 implies that there is a nonzero central idempotent e such that eA = M,,, x
... X M,_. Moreover, from the proof of Theorem 2.1 we see that e can be chosen so that
the ideal eA is generated by an element u in D(A).A (namely, u = A\~'d(a)bu). If every
n; was 1 then D would clearly vanish on eA, and so u = eu € eD(A)A = D(eA)A = {0},
a contradiction. Therefore n; > 2 for some n;, meaning that eA is noncommutative. The
converse is trivial — just take an inner derivation implemented by a non-central element
ined. =

Of course one can choose e in Corollary 2.6 so that eA = M, for some n > 2. Let
us also mention that Corollary 2.6 does not hold (at least not in the same form) for
semiderivations. Namely, the algebra C x C has a nontrivial automorphism, and therefore
there are nonzero semiderivations on this (commutative) algebra.
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