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1. Introduction. In a series of three recent papers [Arl]-[Ar3], W. Arveson studied
tuples of commuting operators T' = (17, ...,Ty) satisfying I — ThTy —--- —T4T; > 0.
Among other things, he established a kind of dilation theorem for such tuples, and in-
troduced a certain so-called “curvature invariant”, as well as Euler characteristic, Dirac
operator, etc. In this talk, we will discuss possible extensions of his theory to the more
general case of commuting tuples satisfying p(T,T*) > 0, where p(z,7) is a polynomial
such that 1/p is positive definite and p(T,T*) := p(Lr, Rp~)I, where Ly is the tuple
of the left multiplications by T}, and similarly R~ are the right multiplications by 77
Basically, it turns out that everything works fine as long as p satisfies certain additional
assumptions, namely, that 1/p is a complete NP-kernel; while, on the other hand, with-
out this assumption it may happen that even the most basic ingredient of Arveson’s
theory, the curvature invariant, either does not exist or exists but is no longer an integer.
Thus Arveson’s theory is seen to be something which is peculiar only to the complete
Nevanlinna-Pick kernels.

2. Arveson’s theory for the ball. Let us briefly recall what Arveson’s theory is about.
Let T = (T1,...,7q) be a commuting d-tuple of operators on an arbitrary separable
Hilbert space H satisfying

Y TTr <1
J

2000 Mathematics Subject Classification: Primary 47A45; Secondary 47A13, 46E22, 47A15.

Key words and phrases: coanalytic model, reproducing kernel, commuting operator tuple,
curvature invariant, majorization function.

Research supported by GA AV CR grant no. A1019304.

The paper is in final form and no version of it will be published elsewhere.

[171]



172 M. ENGLIS

Such tuples are called row contractions (since the condition is equivalent to the row
operator [T1,...,Ty] being a contraction); following [Arl]-[Ar3], we will call such tuples
simply contractive. In terms of the operator transform

O(X) =Ty XT} + -+ TyXT],
this may be rephrased as I > ¢(I). Tuples T satisfying in addition
" (I) — 0 (SOT) as m — 0o

are called pure. (For d = 1, the tuple T = (7}) consists just of a single operator, its con-
tractivity is equivalent to the ordinary contractivity ||T1]| < 1 of T1, and T is pure iff
T7™ — 0 strongly.) Denoting further

A= (1=, TiT)2,

we will say that the tuple T is of finite rank if rank A < oco.

Throughout the rest of this section, let us thus consider a commuting tuple 7" which
is contractive, pure, and of finite rank.

An elementary argument (Schwarz inequality) then shows that || >, %, T[] < 1, for
any z € BZ. Hence the operator

1= (T,2) :=1-> %)
J
is invertible, and so is its adjoint 1 — (z,T). We now define, in turn,
F(z):= A1~ (2,1))7 (1~ (T,2) A,
A=) = (1 [2?) tr F(2),
k(C) = lim k(z),

z—( nontangentially

wim [ k() do(o)
oBd

The last quantity & is called the curvature invariant.

The two main results of [Ar2] are the following. First of all, x({) and k are well
defined (i.e. the limits and the integral exist). Second, & is in fact an integer between 0
and rank(A) (this was verified in [Ar2] only under certain additional hypotheses).

The fact that k is an integer is somewhat surprising, and raises the question whether
this does not have some deeper reason—for instance, whether x cannot be interpreted
as an index of some operator, or the dimension of some space, or some similar quantity
which can only be an integer.

It was therefore conjectured in [Ar2], and proved again under some additional hy-
potheses, that k coincides with the so-called Fuler characteristic of T, defined as follows.
The space H can be viewed as a module over the ring of polynomials C[zy,..., z4] by
defining

Zj . f = T}f
By a theorem of Hilbert, there exists a finite free resolution of H, i.e. an exact sequence

of Clz1, ..., z4-modules

0—- M, >My_1—--—>My—> M — H—0
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where each M; = &% Clz1,. .., z4). The alternating sum

X(T) = (-1)3;
J
is independent of the resolution. This is the Euler characteristic. There is also an equiv-
alent definition: for large n, the dimension

o(n) :=dim{y-h: degy <n, h € RanA}

can be shown to be a polynomial in n, called the Hilbert polynomial. Its leading term is
T
xfi : ) pd.
The “additional hypothesis”, alluded to above twice, is that the tuple T be graded,
meaning that there exists a continuous representation € +— U, of the circle group T :=

{e € C: |¢| = 1} in the unitary operators on H such that
UTU. =T VeeT.

Similarly, in his later paper [Ar3], Arveson proves that (again under some additional
hypothesis) x can be interpreted as the index of a certain (Fredholm) operator. Namely,
he considers a certain Koszul complex (essentially the same one as in the definition of
the familiar Taylor spectrum) and defines a Dirac operator D, acting on it. (The exact
definition of D involves Clifford numbers and other technicalities, and therefore will not
be discussed here.) He then proves that if T is graded, then the kernels of both D, and
D are finite dimensional, and k = (—1)4(dimker D, — dimker D% ). (So if D, has also
closed range, then D is Fredholm and & = (—1)%ind D, .)

In summary, Arveson’s results thus are:

(A1) the boundary values x(¢) and their integral & exist, and 0 < k < rank A;
(A2) k is always an integer (for T graded);
(A3) k=x (for T graded);

(A4) k= (—1)%(dimker D} — dimker D%) (for T graded).

Subsequently, there has been a lot of effort to prove the above results in full generality,
i.e. without the gradedness hypothesis in (A2)—(A4). For (A2), this was done by Greene,
Richter and Sundberg [GRS]. For (A3), it turned out that the general assertion was
false (the counterexample was in fact furnished by Arveson himself, see Proposition 7.4
in [Ar2]). The item (A4) was resolved completely for the simplest case of d = 1, i.e. when
the tuple T consists of a single operator which is contractive (||T'|| < 1), satisfies T*" — 0
(SOT) and is such that I — TT* has finite rank. Then it was shown by S. Parrott [Pa],
with a later simplification by R.N. Levy [Le], that in this case the definition of & can be
rephrased as

k= lim tr(7T"T*" — THT*

n—oo
(the existence of the trace being a consequence of the hypotheses on T'), and Arveson’s
result for the Dirac operator from the last paragraph translates into
x =dimRan(I — TT*) —dimRan(I — T*T) = —ind T,

without any gradedness/closed range hypothesis. (And, again, the fact that T" is Fredholm
—so that ind T is well defined—is part of the assertion.)
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In the general case (d > 1), the problem (A4) remains unsolved.

All the theory just described hinges on another result of Arveson, which appeared
in [Arl], the first of the three papers mentioned above, and which actually describes a
model for a general contractive tuple:

Consider the space H!(B?), the Hilbert space of holomorphic functions on the unit
ball Q = B? whose reproducing kernel is K (z,7) = 1/(1 — (z,y)). That is, H' consists
of all holomorphic functions f(z) = faz® on B? such that

o multiindex
a!

1P =) il fal® < oo,
— laf!

equipped with the norm ||f|| and the corresponding scalar product. (For d = 1, this
reduces just to the familiar Hardy space H?, and (f, g) can be expressed as the integral
of the boundary values of fg over the unit circle; in higher dimensions, however, no such
integral representation is possible—the best one can do is to interpret H' as a certain
Besov-type space.)

Further, denote by Z = (Z1,...,Z,), where

Zj : f(2) = 2 f(2),
the commuting tuple of multiplications by the coordinate functions 21, ..., zq on H'.
Then the following is true:

THEOREM ([Arl]). For any pure contractive tuple T there exists an auziliary separable
Hilbert space € and an isometry V : H - H® & such that

VT* = (Z* @ I)V.

(That is, T is unitarily equivalent to the restriction of Z* ® I to an invariant subspace.)
In fact, one can take & = RanA (so if T is of finite rank, £ can be taken finite
dimensional.)

In this talk, we investigate the possibility of extending the first two of Arveson’s
results—i.e. on the existence and the integrality of kK — to operator tuples satisfying,
instead of the row contractivity

I-NTy - —TyT; >0
a condition of a more general type, namely
p(T,T7) = 0,

where p(x, %) is a polynomial in 2 and 7, and p(T, T*) is obtained by substituting 77"
for 2°7”. Our main result is that all works fine under a suitable additional hypothesis
on p (which, however, seems to be satisfied not too often), while, on the other hand, there
are some very natural choices of p for which even (A1) or (A2) fail to hold.

3. Operator models. We begin by recalling the general analogue, proved in [AEM],
of the above model theorem for contractive tuples. Recall that a function K (x,y) of two
variables z,y € €, where  is a domain in C?, is called positive definite if for any integer
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n > 0 and any points z1,...,z, €  and numbers ci,...,¢c, € C,
n

Z K(xi,fj)ciﬁj Z 0.

ij=1
It is a theorem of Aronszajn [An] that for any positive definite function there exists a
unique (up to isomorphism) Hilbert space Hx of functions on 2 which has K (z,7) for
its reproducing kernel, i.e. K, :== K(-,T) € Hx Vx € Q and

f(z)=(fK:) Vfe€Hk.

From now on, we assume that p(x,y) is a polynomial such that

1
a) K(x,y) := —
(&) K(@.3) p(z,7)
(b) the Hilbert space Hy contains the polynomials, and they are dense in it;
(¢) the operator tuple Z = (Z1, ..., Zy) of multiplications by the coordinate functions
maps Hx (boundedly) into itself.

is positive definite;

Owing to (b), there exists an orthonormal basis {1;}32 of Hy consisting of polyno-

mials (to see this, start with the monomials and apply the usual Gram-Schmidt process).
Fix such a basis from now on, and let

m—1
§=0
Since this is a polynomial, we can, for any commuting tuple 7' = (T4, ..., T;) of operators

on another Hilbert space H, form f,,(T,T*) in the same way as p(T,T*), i.e. by writing
all T’s to the left of all T™’s; in other words,

fm (T, T%) == fm (L7, R~ )1,
where Lp, Ry~ is the commuting 2d-tuple of operators on B(H) given by Lz, : X —
T;X and RT; : X — XT}, j=1,...,d. Then we have the following “model theorem”
from [AEM].
THEOREM ([AEM]). For any commuting tuple T = (T4, ...,T4) on H satisfying
(1) p(T,T7) =0,
(2) fm(T,T7) -0 (SOT),
there exists an auziliary Hilbert space € and an isometry V : H — H ® &€ such that
VI*=(Z* V.
In fact, one can take & = Ran A, where
A = p(T, T2,

By analogy with Arveson’s terminology, we will call the tuples T satisfying (1) p-
contractive, those satisfying (2) (p-)pure, and those for which rank A < oo of (p-)finite
rank.

Arveson’s original space H!(B?) and his row contractions are obtained upon choosing

p(:ﬁ,@) =1- <$,y>
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The operator V' above is explicitly given by

(3) Vh=> ;@ A;(T)'h, heH
§=0

(the convergence of the sum is a consequence of (2); see [AEM]). Note that if we interpret

(as we may) the elements of H ® € as E-valued functions on €2, then (3) becomes simply
Vh(z) = AK(z,T)h € £.

The adjoint of V satisfies

(4) Vi(f@h) = f(T)Ah,

for any polynomial f € H and h € £.

4. Arveson’s theory for p-contractive tuples. Let us now try to follow step by
step the arguments of Arveson, and see what obstacles occur. Thus let p(x,7) be a
polynomial satisfying the assumptions (a)—(c) from Section 3, H = H  the corresponding
reproducing kernel Hilbert space (K = 1/p), and T = (T4, ...,Ty) a commuting d-tuple
of operators on a Hilbert space H which is p-contractive and p-pure (i.e. (1) and (2)
hold), and let us see what we can do.

The first obstacle is encountered right at the beginning, when defining the functions

F(z2) = A1~ (z,T) 7 (1 (T, 2))'A, K(2) = (1= [2?) tr F(2).
Plainly, their counterparts in the general case should be

F(z) = Ap(2,T)7'p(T,2) 718, k(2) =p(z,2) tr F(2).

However, in general there seems to be no reason at all why the inverse p(T,z) '—

that is, K (T, z)—should exist. Fortunately, there is a simple solution to this, provided by
our operator model constructed in the previous section. Recall that it asserts that there
is an isometry V : H — H ® & such that

VI =(Z*eI)V.
Using this (cf. (4)), the function F(z) above is seen to satisfy
(F(2)h,h) = | K(T,2)Ah||* = |[V* (K. ® h)|>.
Thus

) () = plen )t (z) = H S B ),

REMARK. Observe that x(z) is a kind of Berezin transform: indeed, omitting the tensor

products, we get
(VV*K,,K.)

(K., Ko 7
which is the usual definition of the Berezin transform of the operator VV*. m
We can thus skip the definitions of K(7,%) and F(z) = AK(z2,T*)K(T,z)A and
instead define k(z) directly by the formula (5). Though this formula involves the isometry
V from the model theorem, it can be shown to be independent of the possible freedom in
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the choice of such V', and the function (z) is thus defined unambiguously and depends
only on T.

The second, and much more serious, obstacle is the existence of the boundary values
of k(z). Let us recall how Arveson’s proof of this proceeds (in the language of the present
paper). Since V is an isometry, VV* is the orthogonal projection onto its range RanV
in H® E. Hence P = I — VV* is the projection onto the (Z ® I)-invariant subspace
M := (RanV)+.

At this moment, Arveson proceeds by using the following remarkable fact: any such
P can be factored as P = ®®*, where ® is a mapping from H ® E into H ® &£, for some
auxiliary space F, satisfying
(6) P(ZRI)=(Zx1).

Alternatively, any such ® may be viewed as a holomorphic operator-valued function
O :Q — B(E,E) satistying
|®(z)| <1  Vze.

Feeding this information back into the formula for x(z), we obtain
k(z) = tr[l — @(2)P(2)"]

and the existence of boundary values follows in view of the boundedness of ® and Fatou’s
theorem. Integrating, we also see that k (exists and) is nonnegative and not greater
than rank(A).

Returning to the general case of p-contractive tuples, we are thus lead to the question
whether, for any Hilbert space £ and any (Z ® I)-invariant subspace M of H ® &, the
projection onto M can always be factored as

Py = 00

with some ® : H ®@ F — H ® £ satisfying (6).

There is a simple necessary condition for the existence of such factorization. Assume,
for simplicity, that K(-,0) = 1 (this is the case in most cases of interest anyway), and
take E=Cand M ={f: f(0) =0} CH~H®C. Then I — Py = (-,1)1, so that

(PmEy, Ky) = ((I = (-, 1)) Ky, K;) = K(z,7) — 1.
Hence Pyy = ®P* implies
K(z,9) — 1= (7K, " K,) = ¢(2)2(y)" K (z,7),
orl—1/K(z,7) = ®(x)®(y)*. Consequently,
1
K(z,7)
Kernels K (x,7) with this property are called complete NP-kernels.

Surprisingly, this condition turns out to be sufficient as well:

THEOREM (McCullough and Trent [MT]). If H has complete NP-kernel and M C H®E
is a subspace invariant under (Z @ I), then the projection P onto M factors as P = ®P*
with ® as in (6).

Consequently, Arveson’s curvature invariant K exists in this case.

is a positive definite function.
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We indicate the proof for the case £ = C (so M C ‘H). From the condition that K be
a complete NP-kernel it follows that there exist holomorphic functions ¢; (j =1,2,...)
on €2 such that

1-1/K(z,79) = Z(b]

Since M is Z-invariant, ZP = PZP and PZ* = PZ*P; hence also P$(Z)* = P¢(Z)*P
(See e.g. Lemma 4.1 in [GRS].) Thus

(P Z@ )Po;(2)") £.£) = IPFI? = 3 |1Poy(2)" £
=IPFI* =D IPes(2) PrI?

> |PfII* - Z 165 (2)* PfI?
={((z Z@ (2)")PS,Pf)

_ <E(z, 7)PF, Pf> — (PP >0,

since +(Z,2*) = (-,1)1. Thus X = P — > #i(Z)P¢;(Z)* is a nonnegative operator.
Set E := Ran X'/2 and define ® : H® E — H by

K, = K, ® X'/?°K, on span {K,;x € Q}.
Then ®* intertwines Z* and Z* ® I (since it preserves their eigenvectors) and
(P, D" Ky) = K(2,)(X Ky, Ky)
= K(2,9) ((PKy, Ku) = Y (P6;(2) Ky, 65(2)" Ky )
J

= K(@9)(PK, K2) (1= 3 04(2)6,0)

= K(z,y)(PKy, Kz) - 1/K(2,7) = (PKy, K2),

showing that ®®* extends to a bounded operator equal to P. =

Using the methods of [GRS], one can also prove under mild additional assumptions
that K is an integer.

Thus, for complete NP-kernels, all goes well with Arveson’s theory. Unfortunately,
it turns out that not too many interesting spaces have complete NP-kernels. For instance,
for the weighted Bergman spaces H”(§2) on bounded symmetric domains, this happens
only if @ = B? and 0 < v < 1. Similarly, for the (unweighted) Bergman space on a
domain in C, 1 — % fails to be positive definite unless the domain is simply connected,
because on multiply connected domains K is known to always have a zero!

So, what can be done for non-NP kernels?
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Unfortunately, results are lacking. In [En], it was shown that for kernels K (z, ) having
the form

(7) K(alz,y) = (b — zj:bj(x)m) — (c - ;cj(:c)cj(y)

for suitable real constants b, ¢ and holomorphic polynomials b;,¢; (j = 1,2,...) such that

both K - (b — 32, bj(2)bj(y)) and K - (¢ — 3_; ¢j(w)c;(y)) are positive definite, one can

at least show that any projection P onto a (Z ® I)-invariant subspace in H ® £ can be

expressed as
P =9®[] -TT"|®",

where I', ® are operator-valued holomorphic functions satisfying (6), and ||[I'(z)|| < 1
and ||®(z)| < CK(z,x)"?. (Note that complete NP-kernels are a special case of (7)
corresponding to ¢; = 0 for all j, ¢ = 0 and b = 1. It was shown in [En] that both
the Szegd kernel and the standard weighted Bergman kernels on B?, and even on any
bounded symmetric domain, have the form (7).) Unfortunately, as ® is unbounded, hence
need not have boundary values, this is insufficient to deduce the existence of the boundary
values of k(x).

We now show that this insufficiency is not a defect of the method, but lies at the
heart of the matter: namely, we exhibit a situation in which x(z) either fails to have the
boundary values, or does have them but then & is not an integer. In other words, either
(A1) or (A2) from Arveson’s results fail. Consequently, no general analogue of Arveson’s
theory has a chance to exist. Surprisingly, this is the case even for the very simple example
of the ordinary Bergman space on the unit disc.

Finally, we remark that one more way to possibly circumvent the existence of the
boundary values of k would be to look directly at the limit

(8) K* = lim k(r¢) do(Q).
r/1JoBd

(This is for the case of the unit ball Q = BY; for general domains, one might con-
sider integrals over an appropriate family of surfaces tending to 992.) Indeed, as & is
always bounded on Q (by rank(A)—this follows easily from (5)), it is immediate from
the Lebesgue Bounded Convergence Theorem that if (A1) holds, then k* exists and
equals k. Clearly, it could happen that k* exists even if k fails to have boundary values
on some piece of the boundary of positive measure.

Unfortunately, we will show that even this approach suffers from the same deficiency
as above: namely, it may again happen that k* either fails to exist, or exists but is not
an integer. Let us now proceed to the details.

5. A counterexample. Let D be the unit disc in C and p(x,7) = (1 — 27)2. Then
K = 1/pis apositive definite function and the corresponding Hilbert space H  is just the
standard Bergman space L2?(D) of square-integrable holomorphic functions on D. Let Z
be the operator of multiplication by z on L2(D), and let M be a Z-invariant subspace
of L2(D) and Py, the projection onto M. By our model theorem from Section 3, Z* is
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a model for operators T satisfying
I—2TT* +T2T* > 0.

(This resembles the 2-contractivity condition of Agler [Ag].)

Let us compute the function x(z) for the operator 1-tuple 7' on H, where H = M=t
and T™ is the restriction of Z* to H. One checks easily that T is p-contractive, pure, and
has rank 1. Clearly, we can take for the isometry V' the inclusion operator H < L2 (D).
Thus VV* = I — Ppq, and by (5), k(2) is simply the Berezin transform of I — Py:

(VV*K,,K.) (PuK.,K,)
= el g EMES DS (k. k),
~(2) K(z,z) K(z,z) (Pat )
where k, := K,/||K.| is the unit vector in the direction of K,. Consequently, x(z) has

(nontangential) boundary values if and only if the function

k‘M(Z) = <PMkZ,k‘Z>
has them; and, further (since always 0 < kaq(2) < 1), if these boundary values ka(¢)
exist then

.= 1—/T/w(0 do ()

is an integer if and only if these boundary values are either 1 a.e. or 0 a.e.

The function kaq(z) was studied in detail by Aleman, Richter and Sundberg under
the name of majorization function in [ARS]. Recall that the extremal function of M is
the (unique) solution to the extremal problem

max{Re G¥)(0); G e M, ||G|| <1}

where £ > 0 be the smallest integer for which there exists f € M with f(k)(O) =+
0. An extremal function is inner (i.e. satisfies G LZ*G Vk > 1); conversely, any inner
function G is the extremal function for the Z-invariant subspace [G] generated by it
(i.e. the closed linear span of Z*G, k = 0,1,2,...). Also, a Z-invariant subspace M is
said to be of index one if dim(M & ZM) = 1. It is known that if M is of index one and
G is its extremal function, then M = [G].

The following remarkable result appears as Corollary 5.9 in [ARS].

THEOREM. Let M = [G] be an index-one Z-invariant subspace of L%(D) with extremal
function G. Then there exist two measurable subsets N and P of T such that N N P has
measure zero, N U P has full measure in T, and

e on N, the nontangential limits of G exist, and the nontangential limits of kq exist
and are equal to 1;

e at any ¢ € P, the cluster set of G at ( is the entire C, and the nontangential lim-inf
of ka at € is 0.

It is a conjecture that the second part can be completed by “.. and the nontangential
lim-sup is 17, i.e. that the nontangential limits of k¢ do not exist at any point of P.
If this is true, then it follows that (for index-one subspaces) the boundary values of kq(z)
exist a.e. on T if and only if the set P is empty, i.e. if and only if the extremal function
G has boundary values a.e. on T (and in that case, ka¢(¢) = 1 a.e. on T, so that k = 0).
However, it is known that there exist inner functions G which fail to have boundary values
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on a set of positive measure: it may even happen that G has nontangential boundary
values almost nowhere on T! Consequently, it would follow that there exist Z-invariant
subspaces M for which ka(z) fails to have boundary values at a.a. points of T, implying
that Arveson’s (A1) fails drastically.

Unfortunately, the above conjecture remains still only a conjecture as of this writing.
We therefore exhibit, at least, an example in which the nontangential boundary values
either do not exist, or if they do, then the curvature x turns out to be a noninteger
(and, in fact, can assume any value between 0 and 1).

For a function f € L2(D), its “zero-set” is defined to be the sequence of all the
zeroes of f in D, each zero being repeated according to its multiplicity. (So the zero-set
is not really a set, but rather a sequence; however, the terminology has already become
universally accepted.) Conversely, for any sequence A of points of D we denote by I(A)
the subspace of all functions in L2(D) that vanish at each A\ € A, counting multiplicities.
Then the space I(A) either reduces to the constant zero, or is an index-one Z-invariant
subspace of L2(D).

We now modify a construction from [ARS] in order to exhibit the promised counterex-
ample. For typographical reasons, let us write k[f] instead of ks for the majorization
function of the Z-invariant subspace generated by a function f € L2(D).

For a € D, let B, be the Blaschke factor with simple zero at «. It is known that

(cf. Lemma 6.5 in [ARS])
m 2 2 1/2
(1R i)

1 —@z|?

Z—

1—az

Applying this to o = (1— %)1/”, where a is a fixed positive number and n a fixed positive

integer, it follows that
a1—|z\2 1/2 _a 1]z
=(1+2= n iz
0= (1+25) R

W}E}’loo k[B N/ 1—a/m

uniformly on compact subsets of D \ {1}. Further, it was shown in the proof of Lemma
6.2(b) in [ARS] that the expression on the right-hand side is not greater than

V(1 4a/6)ea/6 if z = (1 — 1/n)e’® with || < 7/n. Combining this together, and
using also rotation invariance, we see that to the given fixed a,n we can always find an
integer M, such that Ym > M, .,

1\ ; 14+a/6 71'
m - i(0+00) n
(9) ki[Bn 1—a/me“’0} <(1 n)e 0 ) < a6 V|9‘ < o Vo, € R.

Choose now an arbitrary sequence ay, of positive numbers tending to infinity (e.g. ar = k),

and denote s
1 et + 2
¢5(Z) = exp <2(5/661t—zdt>

Then it was shown in [ARS], proof of Theorem 6.6, that there exist §; > 0, ny € N,
and my > M, such that the infinite product g(2) = [[;Z, ¢5; (z"*)B™, . (2"*)
converges and defines a (nonzero) function in L2(D). Let A be the zero-set of g,

Ap:=ANn{z:Imz >0}

kyMk
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the portion of A lying in the closed upper half-plane, and set M = I(A,). Since a subset
of an L2 (D)-zero set is again an L2(D)-zero set, M is a nontrivial index-one Z-invariant
subspace of L2(D). By construction, A, contains all the zeroes of B - (z™) lying
in the upper halfplane (counting multiplicities), for each k; thus

M C [BT™ 1, v]':o,1,...,[%].

(1—ay/my)*/ ™k exp(2mij /ny) 2

Since M C N clearly implies ka < kpr, we thus get from (9)

kg 1_i 027 /n 5) SUM, v|9‘§1’ Vi=0,..., ke . Vk.
Nk eax /6 Nk 2

In other words,

(10) k:M((1—ni)c> g\/% V¢ € T+, VE,
k k

where we have denoted T := TN {z : Imz > 0}. As a; tend to infinity by choice,
it follows that the nontangential lim-inf of kaq(2) is zero as each point of T™. (In fact,
we even have liminf, ~ kxq(r¢) = 0 uniformly on T+.)

On the other hand, if G is the extremal function for M, then by results of Carleson
and Akutowicz (see e.g. the beginning of Section 7 in [ARS]), G extends holomorphically
across T\ A, i.e. across T~ := T\ T*. By Proposition 5.1 in [ARS], it therefore follows
that the nontangential (even unrestricted) limit of ka(z) equals 1 at each point of T ™.

Consequently, one of the following two possibilities must now take place.

(A) There exists a set E C T of positive measure on which the nontangential limits of
ka fail to exist.

Then, since Kk = 1 — ka4, the nontangential limits of K do not exist on F, so Arveson’s
assertion (Al) fails.

(B) The nontangential boundary values of kaq exist a.e. on TT.
But then, by (10), they must be equal to zero there. Hence kaq|T = x7-, the characteristic
function of T~. It follows that
1 27 . 1

=1-— —(eM)dt = =
K o 0 XT (6 ) 27

i.e. k exists but is not an integer. Thus Arveson’s assertion (A2) fails.
Further, even the modified definition (8) of k* suffers from the same problem: namely,

K =1 lim /T ki (r€) do(©),

and from the existence of the boundary values, equal to 1, of kxq on T~ and the Bounded
Convergence Theorem it follows that

lim [ k() do(€) = >
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while from (10) we have
lim inf kam(r¢)do(¢) = 0.
r, /1 T+
Thus k* either does not exist, or exists but then must be equal to %
Finally, we remark that if we instead of A consider the portion A, of A lying in the
sector
Ca::{reweC: r>0,0<6<al,

then we arrive at a Z-invariant subspace M for which kx4 has again the properties as
above, but with the half-circles Tt and T~ replaced by the arcs T, := T N C, and
T\ T,, respectively. Consequently, we obtain an example of a pure, p-contractive 1-tuple
of rank 1 for which k (and k*) either do not exist, or exist but then are equal to a/27,
i.e. to any given number between 0 and 1.
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