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Abstract. Singular projections of generic 2-dim surfaces in R® with singular boundary to
2-space are studied. The case of projections of surfaces with nonsingular boundary has been
treated by Bruce and Giblin. The aim of this paper is to generalise these results to the simplest
singular case where the boundary of the surface consists of two transversally intersecting lines.
Local models for germs of generic singular projections of corank < 1 and codimension < 3 are
given. We also present geometrical realisations via the notion of symmetrical unfolding.

Introduction. Projections of surfaces arise in many mathematical problems. A typical
example is analysis of an apparent contour of a generic smooth 2-dimensional surface.
Singularities of projections of surfaces have been studied by many authors. The classi-
fication of projections of smooth compact 2-surfaces in R? onto R? has been given by
Arnold in [1].

The problem of classification of projections of surfaces with smooth boundary, as
was shown in work by Bruce and Giblin in [2] may be reduced to the classification of
map-germs (R2,0) — (R2,0) with respect to the subgroup of diffeomorphisms preserving
a distinguished line in the source and the full group of diffeomorphisms in the target. It
turns out that this group of equivalences is a geometric subgroup of A in the sense of
Damon (see [6]). Using generalised determinacy theorems for geometric subgroups and
the standard construction of the universal deformations Bruce and Giblin have given a
complete list of local models of projections of 2-dim surfaces with smooth boundary.

Our goal is to study projections of surfaces with singular boundary. Here we make
a first step and consider a surface with boundary which consists of two transversally
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10 H. BABIKER

intersecting lines. In section 1 we give notation and recall basic definitions and construc-
tions. In section 2 we state the problem for surfaces with singular boundary, introduce
the algebraic structure of corresponding equivalence group and tangent spaces. Moreover,
the proofs of required determinacy theorems and complete transversal theorem are given.
An inductive classification on the jet level up to codimension 3 is presented in section 3.
Finally section 4 is devoted to presentation of classification results and the list of univer-
sal unfoldings. We also give geometric realizations for versal unfoldings of map-germs in
section 5.

1. Preliminaries on singularities of smooth mappings. Let us begin with nota-
tion and recalling some of the basic definitions in the theory of singularities of smooth
mappings.

DEFINITION 1.1. A germ at 0 € R™ of smooth mapping (R™,0) — RP? is an equivalence

class in the space of smooth mappings C'*°(R", RP) of the following equivalence relation:
(Vf,g € C®(R™,RP)) f ~ g < {there exists an open neighbourhood O of 0 € R™ such
that flo = glo}.

The space of smooth map-germs and its algebraic structure. By &, , we denote the vector
space of smooth map-germs (R",0) — RP. &, ;1 = &, has the structure of a local R-algebra
with unique maximal ideal m,, C &,,, where m,, = {f € &, | f(0) = 0}. The space &, ,
has the structure of a free &,-module coming from the following canonical identification:
Enp=En1®...0E1.

P
A-equivalence of map-germs. From now on we will assume that all germs preserve zero,
which means: f € m,.&,,. Let D(n) denote the group of germs of diffeomorphisms
(R™,0) — (R™,0).

DEFINITION 1.2. Two map-germs f, g € m,.&, , are A-equivalent if there exist germs of
diffeomorphisms ¢ € D(p) and ¢ € D(n) such that:

g=vofoph.
A-equivalence is denoted by f ~_4 g.

The action of the group A on the space &, . Let the product group A = D(n) x D(p)
act on the space m,,.£, ;, as follows

Y(p,9) € D(n) x D(p) Vf € mp.Enp (0, 9).f =10 fop™.
The orbit of the germ f € m,,.&, , in the above action is denoted by A. f. Two map-germs
are A-equivalent iff they lie in the same A-orbit.

Jets of map-germs and their orbits
DEFINITION 1.3. The vector space of k-jets of map-germs is the quotient space:
J,’f,p = mn.c‘,’n,p/mﬁﬂ.c‘,’n,p. (1.1)

REMARK 1.1. A k-jet of the map-germ f € m,.&, , is identified with its Taylor series
expansion at 0 € R™ up to order k.
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DEFINITION 1.4. The canonical projection onto the space of k-jets is denoted by
3 imyEnp — I, (1.2)
The space of k-jets may be identified with
P
Jk =~ ¢ BF 1.3
n,p 26291 n ( )

where BF denotes the vector space of polynomials in n variables of degree < k.
The sequence of powers of the maximal ideal in &, defines a filtration of &, , such
that
EnpOmy.EnpdmiE,, ...

We also introduce the space of homogeneous mappings of degree k:

ko _ k k+1
Hn,p - mn'gnyp/mn '5"717'

Action of the group of k-jets of diffeornorphisms on the space of k-jets. Let A, denote
the subset of those diffeomorphisms in A, for which r-jets are identity. As the r-jet of the
composition of two mappings depends only on the r-jets of its components it follows that
A, is a normal subgroup of A. Moreover A, acts trivially on Jy . This in turn gives us
a well defined quotient action of J".A on the space J;; , where

AJA. =T A (1.4)

The group of germs of diffeomorphisms (R™,0) — (R™,0) does not have a manifold
structure, hence is not a Lie group. However the finite dimensional approximations by
k-jets of diffeomorphisms denoted as J*.A form an open subset in the space Jﬁ,n and so
admit a finite dimensional differentiable structure. The composition defined by

(G*f) * (*9) = 5" (f o 9)
together with the differentiable structure induced from J,’f’n provides a Lie group struc-
ture.

DEFINITION 1.5. The orbit of the k-jet j* f of the map-germ f : (R",0) — (R",0) is the
orbit of the element j* f under the action of J*A.

The notion of k-determinancy and sufficiency

DEFINITION 1.6. Let f: (R™,0) — R? be a map-germ. We call f k-A-determined iff for
all g € &, we have

i*f=i"g=fr~ag
DEFINITION 1.7. The smallest such k € N such that f € &, , is k-A-determined is called
the determinacy degree.

DEFINITION 1.8. A k-jet g € J,’fyp is called a sufficient jet iff g is k-determined.

Tangent space to the orbit of a map-germ. Let f: (R™,0) — (RP,0) be a germ of smooth
mapping.
DEFINITION 1.9. A germ of smooth vector field along f is a map-germ ¢ : (R™,0) — TRP

such that m,0& = f where 7, : TRP — RP denotes the canonical projection of the tangent
bundle.
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In what follows we will use the notation

o V(R"™), the &,-module of germs at 0 € R™ of smooth vector fields on R,
e V(f), the &,-module of germs at 0 € R™ of smooth vector fields along f.

The mapping f induces the natural transformations
tf:V(R™) = V(f), tf(X)=df(X) forX e V(R"),
wf:VRP) =V(f), wf(Y)=Yof forY eV(RP).

REMARK 1.2. Under the canonical identification of TR? = RP x R? the space V (f) may
be identified with &, ,.

DEFINITION 1.10. The tangent space to the map-germ f is defined to be
Tf=tf(V(R") +wf(V(R")). (1.5)
DEFINITION 1.11. The tangent space to the A-orbit of the map-germ is defined to be
TA.f=tf(m,.VR")) +wf(m,.V(RP)). (1.6)
DEFINITION 1.12. The tangent space to the Aj-orbit of the map-germ is defined to be
TAy.f=tf(m}.V(R")) +wf(m>.V(RP)). (1.7)
Unfoldings of map germs. Let fo: (R™,0) — (RP,0) be a smooth map-germ.
DEFINITION 1.13. A k-parameter unfolding of the germ fy is a smooth map-germ F' :
(R* x R™,0) — (R* x R?,0) such that
1) m o F = my where m; : RF x R? — R* 7, : R¥ x R" — RF precisely
F(u,z) = (u, f(u, z))
for some smooth f: RF x R"® — RP,
2) fo(x) = F(0,2) Vx eR™

DEFINITION 1.14. Two k-parameter unfoldings F' and G of the germ f, € m,.&, , are
said to be isomorphic if there exist germs of diffeomorphisms ¢ € L,, , and 9 € L, ;, such
that

G=toFop™

where L,, ;, stands for a k-parameter unfolding of identity idgn,
é: (RF xR™,0) — (RF x R"™,0),
¢(ua Z‘) = (U, é(ua 'T)) where é'{O}X]R" = idgn.
DEFINITION 1.15. The unfolding is called trivial if it is isomorphic to some constant
unfolding (u,x) — (u, fo(x)).
Let F be a k-parameter unfolding of fy € m,,.&, , and h : (R?,0) — (R¥,0), h(v) = u
a germ of smooth mapping.

DEFINITION 1.16. g-parameter unfolding of the germ fy obtained from F' in the following
way:
G:(RTxR"0) - (RTxR",0), G,z)=(v,f(h(v),x)),

is called a pullback of F' and is denoted by G = h*F'.
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DEFINITION 1.17. Two unfoldings F' and G of the same germ fy are equivalent if G
is isomorphic to h*F for some diffeomorphism A of the parameter spaces for F' and G
respectively.

DEFINITION 1.18. The unfolding F' of the germ fy € m,,.E, , is called universal if every
other unfolding of fy is isomorphic to A*F for some mapping h.

Stability and infinitesimal stability

DEFINITION 1.19. A germ of smooth maping f : (R",0) — (RP,0) is stable if all of its
unfoldings are trivial.

DEFINITION 1.20. A germ of smooth maping f is infinitesimally stable if
TF = V(). (1.8)

Infinitesimal stability means that for every germ £ at 0 € R™ of smooth vector field
along f there exist germs of vector fields X € V(R"), Y € V(RP) such that

E=df(X)+Yolf. (1.9)
Codimension of the germ

DEFINITION 1.21. If the tangent space to the map-germ f is of finite codimension (over R)
in V(f) then

codimg (f) = dimz (V(f)/T) (1.10)
is called the codimension of the germ f.

If f is A-stable then codimg(f) = 0.

Construction of the universal unfolding. Let fo : (R™,0) — (RP,0) be a map-germ of
finite codimension p. This implies that V(f)/Tf is a p-dimensional real vector space. Let

us assume that equivalence classes [g1],. .., [gp] span the quotient space V' (f)/T f. Then
p

Flu,2) = (u, fol@) + D wigi(@)),  w=(ur,...,u,) € R? (1.11)
i=1

is the universal unfolding of the map-germ fj.

Determinacy theorems for unipotent subgroups. In the paper [4] the authors have stud-
ied actions of unipotent algebraic groups on algebraic varieties and have given a finite
determinacy criterion for subgroups whose 1-jets form a unipotent group. Let F denote
the field R or C and let G be one of the groups: R,C, K, L, A.

DEFINITION 1.22. A subgroup H of group G is called strongly closed in G if G; C H for
some s and J%H is a closed subgroup in J*G. Moreover if J*H is an algebraic subgroup
then H is called strongly Z-closed.

THEOREM 1.1 ([4], 1.9). Let G be one of the groups R,C,K,L, A. Let H be a strongly
Z-closed subgroup in G and f : (F",0) — (F™,0) be a germ of smooth mapping. Then
for any finite v, fis r-H-determined if and only if there exists a strongly closed subgroup
U CH in G such that J'U is unipotent and

m/ "€, C LU.f.

n
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The method of complete transversal. Theorem 1.1 provides a solution for determinacy
problems for a very large class of equivalence relations generated by actions of unipotent
groups. We may carry out classification inductively on the jet level, i.e. for a given k-jet
we classify all (k 4 1)-jets. This procedure results in a classification tree whose branches
end with sufficient jets. The question remains how to obtain a full list of representatives of
classes of (k+ 1)-jets with respect to a given equivalence relation for a given k-jet. In the
case of unipotent subgroups the answer is given by the complete transversal method [3].
Let G be a Lie group and X a smooth manifold. Let ¢ : G x X — X be a smooth
action of G on X denoted by ¢(g,z) = g.x. By fixing the first argument we obtain the
mapping ¢® : G — X such that ¢*(g) = g.a. The differential of this mapping at the
identity of the group e € G we denote by (d¢%). : T.G — T, X. With this notation we
see that the previously introduced tangent space to the orbit of a k-jet of a map-germ
o € &, p is the image of T.G by the differential (d¢™)., where G = J*A and X = J} .

THEOREM 1.2. Let G be the Lie group acting smoothly on a finite dimensional vector
space V, and H a vector subspace in V satisfying g.(a + B) = g.a+ (3 for any « € V and
B € H. Then for any a € V we have G.anN({a}+ H) 2 {a}+ (To(G.a) N H). Moreover,
if T is a subspace in H such that To,(G.)+T D H then for any 3 € H the element a+ 3
is G-equivalent to o+ (3 for some 3’ € T.

Proof. See [5], 4.10.

The subspace T in the previous theorem is called a complete transversal.
For a given smooth action of a Lie group G on X we define an induced action of
elements of Lie algebra on X.

DEFINITION 1.23. Let G and V be as in Theorem 1.2 and a € V, | € T.G. Then we
define
la= (d(ba)e(l)v (TEG)-OC = {la|l (S TEG}.

By the definition of a tangent space to the orbit of a mapping we have:
(T.G).a =T,(G.a). (1.12)

THEOREM 1.3. If we replace in Theorem 1.2 the condition g.(a + ) = g.a + 3 by the
infinitesimal condition l.(a + B) = l.a for all a € V5 € H,l € T.G then the conclusion
of Theorem 1.2 holds.

Proof. See [5], 4.12.

2. The case of R?/Zy x Zy. In the previous section we have discussed the problem
of classification of projections of surfaces without boundary as well as with a smooth
boundary. The aim of this section is to consider the case of a surface with singular
boundary. As the structure of possible singularities of the boundary may be extremely
complicated we restrict further analysis to the simplest possible case where the boundary
consists of two transversally intersecting lines. The local model of such a surface is the
quotient space R?/Zy x Zs.

Statement of the problem. Let X be a germ at zero of a surface with singular boundary.
Therefore X is locally diffeomorphic to the quotient space R?/Zy x Zs. As a consequence
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we can identify X with the germ of {(z,y) € R? : x > 0,y > 0}. Our goal is to classify
map-germs f : (X,0) — (R2,0) up to diffeomorphisms preserving the singular boundary
of the surface as well as its interior and arbitrary diffeomorphisms preserving zero in the
target.

Description of the group Br acting in the source. Let Br C D(2) be a subgroup of germs
of diffeomorphisms of the source. Let (z,%) be the local coordinate system at 0 € R2.
Then f € Br may be written as f(z,y) = (fi(z,y), fo(x,y)) for some fi, fo € E. The
boundary preserving conditions give the following relations: f(z,0) = (fi(z,y),0) and
f(0,y) = (0, f2(x,y)). It follows that there exist germs of functions f1, f2 € & such that:
fi(z,y) = zfi(z,y) and fa(zy) = yfa(z,y). The interior preserving condition reads:
fi(@,y) >0 for x> 0= fi(z,y) >0and fo(z,y) >0 for y >0 = fo(x,y) > 0. Because
f is a local diffeomorphism at 0 € R? we have

det(df (0,0)) = £1(0,0)f5(0,0) # 0.
The subgroup Br cousists of diffeomorphisms of the form (z,y) — (:Ufl (z,v), ny(SC, Y)),
fi(z,y) > 0 for @ > 0, fa(x,y) > 0 for y > 0, f1(0,0)f2(0,0) # 0.
Algebraic structure of B. Let By, = D(2). Then the product group B = B x Bgr acts
on the space of map-germs f : (X,0) — (R?0) resulting in the required equivalence
relation. In terms of group actions our task is to classify the orbits of the action of B of
low codimension.

Tangent space to the Bi-orbit of a map-germ

PROPOSITION 2.1. Let By be the subgroup in B consisting of those map-germs whose 1-
jets are identity. Then the tangent space to the By-orbit of a map-germ has the following

structure: 5 9
LBl.f:mQ {xa—i,ya—g} +(f*m2)2{€1,€2}. (21)
Using generators of the maximal ideal my and a pullback f*ms the last can be written
as
(‘3f aof 8f 8f
LBy.f = 52{ 90V ar W,V + 7 EA ST, frfa, 5 Her, ea}. (2.2)

Theorems on k-determinacy

THEOREM 2.1. Let B be the considered subgroup of A. Let By CU C B be subgroups in
B such that 1-jets of map-germs from By are identities and J'U is a unipotent group. If
for some map-germ f : (X,0) — (R?,0)

m£+1.€272 C LUf
then f is r-B-determined.

PROPOSITION 2.2. If f: (X,0) — (R2%,0) satisfies

0 0
mb.Er 0 C & {wa—iaya—g} Frmy&rn+mbt &y, (2.3)
m£+1.52’2 C LBlf + m£+l+1.52,2, (24)

then fis r-Bi-determined.
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The last proposition is an algebraic criterion for checking if a given r-jet is in fact
sufficient. The proof requires some algebraic lemma about finitely generated modules.

LEMMA 2.1 ([4], 2.6). Let C be a finitely generated E,-module, B C C a finitely generated
En-submodule, A C f*m,,.C a finitely generated E,-module (via f) and M a proper, finitely
generated ideal in &, . If

M.C C A+ B+ M.(f'm, + M).C

then
M.CcCcA+B.
Proof of Proposition 2.2. We know that
0
LBl f mo { af 8;} + (f*m2)2{€1, 62}. (25)

Substituting formula (2.5) into the inclusion (2.4) gives

0 0
my.E o C my {$8—£7y8—£} + (f*mz)*{e1, 2}

0
+ m TH <52{ 8f’y6_Jy[} + f*m2~52,2>
_ of of rp1 [ O Of )2
_mg{xax,ya }+m2 xax,yay + (f*mz)“{e1,e2}
+my T my.Eon

—my {220
- 2 ax7y8

C LBy.f +myt (f*my.Erp + mhT .8 0)
= LBy.f +m5 ™ (f my.E + mbth).Esp.

} + (f*ma)*{er,ea} + mit f my.En o

Next we apply lemma 2.1 with A = (f*my)?{e;,ea}, B = mg{xaw,yaf} M = mj+
C = &3, O, = & and we obtain that mj™'.Ey 5 C LBy.f. Hence f is finitely T-Bl-
determined.

Theorems on complete transversals

THEOREM 2.2. Let g be a k-jet in J22’2 and T a vector subspace in H;ng, the space of

homogeneous mappings R2 — R? of degree k + 1 and
L(J**'By).g+ T > Hy3'.
Then any (k + 1)-jet f whose k-jet is equal to g is By -equivalent to g+t for some t € T.
The subspace T is called a complete transversal.

Proof. Notice that this theorem is a special case of Theorem 1.2 where the Lie group
is the group of (k + 1)-jets of diffeomorphisms whose 1-jets are identity. This group is
denoted by J*(By). The vector space is the space of all (k + 1)-jets denoted by J§, and
a vector subspace is H**1(2,2). By Theorem 1.3 it’s enough to show the infinitesimal
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condition
Lia+B)=la VYae s, BeH"(2,2),leT.(J""B). (2.6)
In our notation this condition has the form
L(f+F)=1f VfeJ), FeH"(2,2),leL(J"B). (2.7)
Recall that
2. = (e {o LS e, e

Since only the right component (which has to preserve two intersecting lines in the source)
of the B group is different from .4 we show the condition (2.7) only for the part of B acting
in the source. Let us consider any element [ € R, the Lie algebra of right equivalence
group. Its action on (f + F') may be written for some hq, ho € my in the following way

L(f+F)=j"! (hwa(erF) + hzya(f +F))

ox oy
e 0 OF 0 OF
= Jk+1 (h1.’178f + h1$a + hgya'f + hoy— a )
of /
k1 9] af
=7 (h T + ho 5 )
=I.f.

The last equality holds because hqyz 2L TR hoy2E oy € m’2‘+2. [

3. Classification calculations. In this section we carry out classification inductively
on jet level. We restrict our discussion to map-germs of corank < 1 and codim < 3. From
now on the symbol ~ means J*B-equivalence. Sufficient jets will be marked by *). Each
of symbols e1, €3, ... will denote independently +1. We begin with classification of 1-jets.

3.1. I-jets. Suppose j(f) = (a1 + asy, bix + byy). We distinguish the following possi-
bilities:
aq as 1
a) Ifdet( )#Othenj (f) ~ (x,y)
by b
as a1 as 1 v
b) det(b1 b2) Oand(al715001"1)17'50)‘5@&(b1 b2) (OO)
where v = 22 if a; # 0 or v = g—f if by # 0. Therefore j'(f) ~ (z + 2y,0) or
JHf) ~ (z + g—fy,O). Next, depending on the sign of v we have the following 3
cases: () ~ (z,0) or 11(f) ~ (z +3,0).
c) If det( b Zz ) =0 A(ag #0 Vby # 0) then by symmetry we have j1(f) ~
1 b2
(z£y,0) or j'(f) ~ (y,0).
d) The last case is j1(f) = (0,0). As j1(f) is of corank 2 it cannot arise as a projection
of 2-surface onto 2-space.

Finally every 1-jet is J!B-equivalent to one of the following five forms:
JH(f) = (z,y) (see 3.1.1),
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' (f) = (x,0) (see 3.1.2),

34 (f) = (y,0) (see 3.1.3),

Y (f) = (z £ y,0) (see 3.1.4).

3.1.1. Case j*(f) = (z,y)®). This form is B-stable.

3.1.2. Case j1(f) = (x,0). The complete transversal is T = {(y2,0), (0, zy), (0,y?)} so
every 2-jet with j1(f) = (z,0) is J2B-equivalent to j2(f) = (x + a1y?, asxy + asy?) for
some ai,ag,a3 € R3. We have various cases to consider. We mainly use simple linear
coordinate changes in further simplifications:

A) For az #0, 2(f) = (v + a19?, aszy + azy®) ~ (x — %xy,agxy + azy?).
A1) For ay # 0, j2(f) ~ (xz, 2y £ y?) (see 3.2.1).
A2) For ag =0, j2(f) ~ (z,y?) (see 3.2.2).

B) For a3 =0, j2(f) = (z + a1y?, agzy).
B1) For a; # 0 and az # 0. j2(f) ~
B2) For a; # 0 and ag = 0, j2(f) ~
B3) For a; =0 and ap # 0, j2(f) ~
B4) For a; =0 and as = 0, j2(f) =

3.1.3. Case j1(f) = (y,0).

L(J?By).f = J? (52<(y2> ("” >>> + J2(f* & (y*) {e1, e2}),
=) () +@ntec

The complete transversal condition: L(J?Bi).f + T D H?(2, 2) implies that the only
missing homogeneous terms of order 2 are: (z2,0), (0,zy), (0,z2).

The transversal is T = {(22,0), (0,2y), (0,22)} and every 2-jet with 1-jet (y,0) is
J?2B-equivalent to

x £y, zy) (see 3.2.3).

x 9%, 0), codimg (52(f)) = 4.
x,zy), codimg (52(f)) = 4.
x,0), codimg (j2(f)) = 5.

~ o~ o~ o~

P2(f) = (y + a12?, aszy + asz?).
One can easily see that this case and j'(f) = (z,0) have isomorphic tangent spaces
and complete transversals as well. The isomorphism is given by the symmetric change of
variables (x — y,y — x). This fact will be used at all levels of classification so at the
end of the classification we have to add to the resulting list of normal forms those which
arise by the symmetric change of variables from germs whose 1-jet equals (z,0).

PROPOSITION 3.1. If f € &9 then the Bi-tangent spaces to f(z,y) and f(y,z) are
isomorphic.

Proof. Let g € &2 be such that g(z,y) = f(y,z) and T : R? — R2,T(z,y) = (y,x)
be the reflection mapping. Then g may be written in the form g(z,y) = (f o T)(z,y).
We prove the following: LB;.f < LB;.g. Let X|Y € &, X(z,y) = z, Y(x,y) = y be
the coordinate functions. As T induces a homomorphism of rings T* : & — &;, then
T*X =Y, T"Y = X. The differential dT' is nonsingular at the origin, so T is a local
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diffeomorphism on some neighbourhood of (0,0) and T* is an automorphism of the ring
&s. By the identification £ 9 = & ® &2 we get a canonical lift of 7" to an automorphism
of the module &; 2. Consequently, we may regard T*(LB;.f) as the automorphic image
of the tangent space LB;.f. m

3.1.4. Case j1(f) = (z +£19,0).

L(J2By).f = J? (52 < <f) : <x0y) : <“(”)y> : <6g2> >> T E (@ + ey) {ex, e2}),
L(J?By).f = < (f) : (”%y) : (“éy) : <Eg2> >]R + (2 + 2exy + 1) {er, e}

The complete transversal is T = {(0,z?), (0,zy)} so every 2-jet with 1-jet (z,0) is J2B-
equivalent to
7*(f) = (z + ery, arzy + aza®).
We have the following subcases:
A) If a; # 0 then j2(f) ~ (z + ey, zy + 22?).

A1) If ay # 0 then j2(f) ~ (2 + ey, xy + v2?) (see 3.2.4), where v = s a
modulus.

A2) If ay = 0 then j2(f) ~ (z + e1y, vy) (see 3.2.5).
B) If a; = 0 then (z + €1y, a12y + a22?) = (v + £1y, asz?).
B1) If ap # 0 then j2(f) ~ (z + 1y, 2?) (see 3.2.6).
B2) If ay = 0 then j2(f) ~ (z + €1, 0) (see 3.2.7).
3.2. 2-Jets
3.2.1. Case j2(f) = (z,xy + e2y?). We calculate the tangent space in 3-jets.

L(J°By).f = <<§y>v (ag’)’ (x;y)’ (132)’ (5@%)’ <w2y +(;€2xy2)’ <$y20+ 53) >]R

+ (2%, 2%, 2%y + eawy®)p {e1, €2}

By the complete transversal condition L(J3B;).f +T D H3(2,2) we seek a minimal
vector subspace T such that the tangent space L(J3Bj).f together with T contains all
the homogeneous mappings of degree 3. Because the elements

() (o) (7))

belong to L(J2Bi).f, for the remaining cases we take

0 0
22y + 2e02y? ) \ 22y + eqwy? )’

1
We see that det ( 2 ) # 0 so {( 9 ), ( 0 )} also belong to the tangent space. The

1 e z2y)7 \ay?
0

mapping (yg) comes from the right tangent space:

0 (0N [0
zy? + 2e9y3 zy?) 2293
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The only homogeneous term of degree 3 we cannot obtain is (%3) so a complete transversal

is T = {(y3,0)} and every 3-jet with 2-jet (x, zy + e2y?) is J>B-equivalent to
7(f) = (= + a1y’ wy + e20?).
Now by simple reduction we get the following cases:
A) For a; # 0 we get j2f ~ (x + e1y3, 2y + e2y?) (see 3.3.1).
B) For a; = 0 we get j3f ~ (z, 2y + g29?) (see 3.3.2).
3.2.2. Case j2(f) = (z,y?).

srns = ({2 (2 () (3)) o7ttt
s () (2 () (), 2t

From the complete transversal condition L(J3By).f +T D H3(2,2) it follows that T' =
{(y3,0), (0, 2%y)} so every 3-jet with 2-jet (x,4?) is J>B-equivalent to

P3(f) = (@ + a1y, ¥ + as2®y).

A1) Fora; # 0and as # 0 by scaling transformation we get j3(f) ~ (z+e193, y?+ea22y)
This case is of codimension 4 however it is sufficient. One may prove 3-determinacy
using criterion 2.2 with | = 2 and r = 3.

A2) For a; # 0 and ay =0, j3(f) ~ (x + e1y3,y?), codimg (j3(f)) = 4.

A3) For a; =0 and ay # 0, j3( (2, 9% + e22%y), codimg(53(f)) = 4.

A4) For a; =0 and ay =0, j3( (z,y?), codimg (j3(f)) = 5.

3.2.3. Case j2(f) = (z + e192, 2y).

x? z3 x? xy? x 2e12y? 2e1y3
L(J?By).f = <<x2 >(0>( 0y>( g >< yQ)( oy >( ¥ >>
y Ty ey Yy R
+ <{E2 + 2€1$y27 1'3, 1'2y>]R {61’ 62}

From the complete transversal condition L(J3B;).f +T D H?(2,2) it follows that T =
{(y3,0),(0,53)} so every 3-jet with 2-jet (z + €192, zy) is J3B-equivalent to

f)~
f)~

P2(f) = (x4 ey + ey’ 2y + ay?).

A1) For a; # 0 and as # 0 we apply the sequence of transformations: (z — |as|3%x,

y — By) for B = lar|™ ,(u — afu,v — |ai*/lazlv), (u — u — eaezv,0 — ),
(z — x/(|laz| — e2e3y)), (v — |azlv), (x — a3z,y — |az|y). We finally arrive at the
form

) ~ (@ + e1y? 2y + e1622y” + azy®)
with codimg(f) = 4 for all values of the modulus as # 0.
ai

A2) For a; # 0 and az = 0 we apply set transformations: (z — z,y — y(1 — 32-y)),

(x — BPz,y — By), B =2/la1] (u — ula1]*/4,v — v]a1*/8). We get the form
3 (f) ~ (z + e1y®, wy — e1e2ay”)
with codimg(f) = 4.
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A3) For a; =0 and ap # 0, 52(f) = (z + e1y?, 2y + a2y®), codimg(f) = 4, for all values
of the modulus ag # 0.
A4) For a; =0 and ay = 0, j3(f) = (2 + e19%, vy), codimg(f) = 4,

3.2.4. Case j2(f) = (z + e1y, xy + v22)*). Codimension analysis in 2-jet space shows
that for v # 0, codimg(j2(f)) = 2. The complete transversal in 3-jets is empty for
v # 0, %51, 1. One may expect that j2f is 2-B-sufficient. We use determinacy conditions
2.2 with [ = 2,7 = 2. The determinacy conditions which have to be satisfied are:

0 0
mg.ggg C &y {l‘a—i,ya—;j} + f*m2.5272 + mg.5272, (31)
mg.gg’g - LBlf + mg.ggyg. (32)

The first condition is fulfilled provided that ~ # 0, %61, €1. This is because
(z+e1y)® = ff € f*my,
(z+ey) =fi € frmy= (x+ey)(z—eay) =2° —y? € ffmy.&y,
zy +72° = fo € frmy.

Hence whenever

1 2¢ 1
det {1 0 —-1]#0 (3.3)
v 1 0

then H%(2,2) C f*m2.E25 + m3.E2 2. The condition 3.3 is not met for v = 0,67 = —1
and v = 2,e; = 1. Because by assumption v # 0, we have to check the remaining case
when v = 2,e; = 1 but then we have j2(f) = (z + y, vy + 22?),
(z+y)=hefrm=(z+ty)(z—y) =2° -y € [fm.&,
(z+y)=fi € frmy = (z+y)z =2 +zy € f'my.&,
ry +22% = fo € f*my.
We get a system of 3 linearly independent polynomials. From this system we can obtain
all homogeneous terms of degree 2, namely: 22, zy, y>. The second condition however is
not fulfilled (for r = 2) because for instance (0,y3) ¢ LB.f +m3.E2 2. However for r = 3
the second condition is
m%.ggyg C LBlf + mg.ggg

and it is fullfilled. This means that every 3-jet whose 2-jet is equal to (z + e1y,zy +
yx?) is 3-B-sufficient for v # 0, %51,51. Because the 3-transversal T3 in 3-jet space to

72(f) = (x +e1y, vy +~2?) is empty, we may deduce that j2(f) is also 2-B-sufficient. The
codimension is 2 and the versal unfolding is

() () 6D e

At the beginning of this discussion we have assumed that v # 0, now we consider the
remaining exceptional values v = %51.

A) For the case v = ey the complete transversal in 3-jets is 73 = {(0,2%y)}. Then
PB3(f) ~ (z+ e1y, zy + $e12? + a12%y) (see 3.3.3).
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B) For v = &; the the complete transversal in 3-jets is 73 = {(0,%%)}. Then j3(f) ~
(z + ey, xy + e12® + ary?).

B1) For a; =0, j3(f) = (z + e1y, 2y + £12?) (see 3.3.5).
B2) For a; #0, j3(f) ~ (z + 1y, 2y + £12% + £29°) (see 3.3.6).
3.2.5. Case j2(f) = (v + 1y, zy). The complete transversal in 3-jets is T = {(0, y*)} so
3 () ~ (@ + ey, 2y + ay?).

A) For a# 0, j2(f) ~ (z + e1y, 2y + £29°)*) (see 3.3.7).
B) For a =0, j3(f) ~ (z + 1y, 7y) (see 3.3.8).

3.2.6. Case j(f) = (z + ey,x?). The 3-transversal is T = {(0,33)} so
7°(f) ~ (@ + ey, 2 + ay’). (3.5)

A) For a# 0, j3(f) ~ (z + e1y, 2% + e25*)*) (see 3.3.9).
B) For a =0, j3(f) ~ (x + 1y, 2?) (see 3.3.10).

3.2.7. Case j2(f) = (z + €y,0). The 3-transversal is T3 = {(0, z%y), (0, zy?), (0,y%)} so
7P (f) ~ (z + 1y, a2’y + asay® + asy®). (3.6)

In this case however no strata of codimension < 3 arise.

A) For a; #0Vay #0Vaz #0, codimg(f) > 5.

B) For a; =0Aas =0Aas =0, codimg(f) > 6.

3.3. 3-jets and higher

3.3.1. Case j3(f) = (x + 19>, 2y + e29%) ).

x2 xy 3e12y3 3e1yt
L(J*By)).f=J* €
s =0 (82 (o) () (it o) (i 3t))
+ J4(f*52 (:c2+261xy3+y6, 22y + eoxy? 4+ e1ay® + e169y°, 2%y + oy + y4>{el, ea}).

In this case the 4-transversal is empty which may suggest that the 3-jet is sufficient. We
prove 3-B-determinacy using criterion 2.2 with [ = 2,r = 3.
The codimension is 3 and the versal unfolding is

Fr(z,y) = (;y*f;f;) Y (g) T (2) T (g) (3.7)

3.3.2. Case j3(f) = (z, 2y + £292).

_ x? Ty 0 0
L(J4Bl)f = J4 << <w2y>’ (xy2)7 (ny + 2€2$y2)7 <$y2 + 262y3) >g2>

+ (2?, 2%y + eaay®, 2%y + e2ay® +yt) p {er, €2}

The 4-transversal Ty is empty. However j4(f) ~ (z,2y + e2y?) is not a sufficient jet
because m3.E2 2 € T.B.f, in fact

y5 o X 0 *
(N erss—a{(2) (0 )} ret
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The next transversal in 5-jets is T = {(y°,0)}, so

3°(f) ~ (& + ay®, 2y + e2y?). (3.8)
A) Fora#0, j°(f) ~ (x4 e19°, 2y + e2y?)*). Next, using 2.2 with [ = 2 and 7 = 5 we
prove 5-B-determinacy. The codimension is 3 and the versal unfolding is

T+ ey’ y 0 y°
F = A A A . 3.9
o= (o ) () () +u(p) 0o
B) For a =0, j°(f) ~ (x, 7y + e2y?) but codimg(f) > 4.
3.3.3. Case j3(f) = (z + 1y, vy + 3e12° + a12%y).
A) For a; =0, j3(f) = (z + e1y, 2y + 2e12?) (see 3.3.4).
B) For a; #0, j3(f) ~ (z+e1y, vy + %Elxz + e22%y)*). This case is sufficient. We prove
this using determinacy criterion 2.2 for [ = 2,r = 3. The versal unfolding is

T +ery 0 0
Az, y) (:cy + %611‘2 + EQIQy) T (y) A (‘Ty ( )

3.3.4. Case 2(f) = (v + 1y, zy + %51:172). The complete transversal in 4-jets is Ty =
(0, 23y) so every 4-jet with 3-jet equal (z + €1y, vy + %611}2) is J*B-equivalent to

J (f) = (73 +e1y,xy + %61322 + alxgy).

A) For a; =0, j*(f) = (= +51y,xy+ Elx 2) and codimg(f) > 4.
B) For a; # 0, j*(f) ~ (z + e1y, zy + 3e12° + eox 39)(*). We prove the 4-B-determinacy
l=

using 2.2 with 2,7 =4. The codlmenswn is 3 and the versal unfolding is

T+ ey 0 0 0
A A A . 3.11
(wy+ te12? +sz:c3y) - 1(y> * 2<wy> - 3<w2y (3:11)

3.3.5. Case j3(f) = (v+e1y, vy+e12?). The complete transversal in 4-jets is Ty = (0, y*)
SO
FHS) ~ (@ + ery, zy + 18 + ary®).

A) For a; =0, j*(f) = (v + 1y, 2y + £12?), codimg(f) > 4.

B) For a1 # 0, j4(f) ~ (z + e1y, 2y + £12% + e2y*). The next transversal is T5 = (0, )
however using Mather’s Lemma we may reduce the term (0,%°). The transversal in
6-jets is T = (0,9%) so jO(f) ~ (z + e1y, vy + €122 + e2y* + a19®). In such a case
we get codimg(f) > 4.

3.3.6. Case 2(f) = (v + a1y, 2y + e12% + £2y3)(*). The complete transversal in 4-jets
is Ty = (0,y*) so every 4-jet whose 3-jet is equal to (z + e1y, 2y + e122 + e29°) is
J4B-equivalent to
FHf) ~ (@ + a1y, ay + e12® + e2y® + ary?).

Then we use Mather’s Lemma to show that all 4-jets for all values of the parameter a;
are actually contained in a single orbit of the action of J*B. We simplify the transversal
further to Ty = (). We may expect that j3(f) = (x + e1y, 7y + e12% + e2y?) is sufficient.
We apply the determinacy criterion for [ = 2,7 = 3, but it turns out that the second
condition fails to hold for » = 3 because in the inclusion

mé.gzg C LBlf + mg.€272
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we have missing term (0, y*). In this situation we check the 5-transversal which is also
empty and we try to prove 4-determinacy for the 4-jet j*(f) = (v 41y, vy +e12% +e2y3)
using 2.2 for [ = 2,7 = 4. This time both conditions hold, which means that our 4-jet is
sufficient. We recall however that 4-transversal T = () so we may deduce that the 3-jet
73(f) = (x +e1y, vy + e12% + e2y3) is also sufficient. The codimension is 2 and the versal

unfolding is
T +ery 0 0 >
Fy(z,y) = +A +A . 3.12
A1) (my +e1x? + Ezy?’) ' (y> ’ <y2 (3.12)

3.3.7. Case j*(f) = (z + 1y, xy + £2y)*). The complete transversal in 4-jet space is
empty. Next, we prove 3-B-determinacy using 2.2 with [ = 2, r = 3. For the first condition
it is enough to observe that

mj C E(x + ey, vy + £2y°) mod m. (3.13)

For the second condition we work modulo mg.é’g,g so it is enough to show that all homo-
geneous terms of degree 4 and 5 are contained in LB; tangent space modulo m$.&s 5.

H*(2,2) UH®(2,2) C LBy.f + m$.& 5. (3.14)
The codimension is 2 and the versal unfolding is
T+ e1y 0 0
F, = A A . 3.15
A(y) (wy + 62y3> o (y) s (y2> (319)
3.3.8. Case j3(f) = (z + 1y, zy). The 4-transversal is Ty = {(0,y*)} so
JHf) ~ (@ + ey 2y + ay?). (3.16)

A) For a # 0, j3(f) ~ (z + e1y, zy + e2y*)*). We prove 4-B-determinacy using 2.2, for
l =2, r = 4. The codimension is 3 and the versal unfolding is

T +ery 0 0 ) ( 0 )
Fy(z,y) = A A A . 3.17
Mz y) (xy + 62y4> o (y) T (y2 T Y3 ( )
B) For a =0, j*(f) = (z + &1y, ry) and codimg(f) > 4.

3.3.9. Case j3(f) = (z 4+ e1y, 2 + £2y°)*®). The 4-transversal is empty. We prove 3-B-
determinacy using 2.2 with [ = 2,7 = 3. The codimension is 2 and the versal unfolding
is

T +e1y 0 0
F = . 1
NEND) (mz 4 62y3> + A1 (w) + A2 (xy) (3.18)
3.3.10. Case j3(f) = (z + e1y,2?). The 4-transveral is T = {(0,y*)} so
JHF) ~ (@ + ey, 2® + ay?). (3.19)

A) For a # 0, j*(f) ~ (x4 e1y, 22 + eoy*)®). This germ is sufficient. We prove 4-
B-determinacy using 2.2 with | = 2ir = 4. The codimension is 3 and the versal

unfolding is
T +e1y 0 0 0
F = A A A . 3.20
) <$2+€2y4) i 1(1/) " 2(1/2) " 3(1/3) (320)

B) For a =0, j4(f) = (z + 1y, 2?), however codimg(f) > 4.
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4. Classification results. In this section we present results of classification of the map-

germs. We restrict to germs of corank < 1 and codimension < 3. Symmetry of the problem
allows us to list only forms originating from the 1-jet (x,0). A full list contains additionally

all forms obtained by interchanging x < y.

Table 1. Classification results

1d. Normal form B-codimension of orbit
I (z,9) 0

11 (z + e1y®, xy + e29) 3

111 (x4 e1y°, xy—l—ezy ) 3

v (z + e1y, xy + e29®) 2

N (z + 1y, 2y + e2y”) 3

VI (m+51y,m + e29°) 2

VII (x4 &1y, +€2y4) 3

VIII (z+e1y,zy + ww %) 2 for v #0, %El,al
X (z+ery, 2y + 3 elx + e22%y) 2

X (x+ey,zy+ 3 leia? +eondy) 3

XI (m—&—ew,my—i—sw + e29%) 2

The only stable form in the above list is the submersion (xz,y). Other forms are not

B-stable.

THEOREM 4.1 (List of universal unfoldings). Universal unfoldings for the germs from

table 1 are given in the list below.

T+ e1y? y 0 x
II F - A A
e = (5700 e (0) +25(5) ()
T +ey° y 0 y?
I F = A A A
\@:9) wy+ezy2>+ 1<0>+ 2(y>+ 3<0>
T+ e1y 0 0
v F = A A
A@) :vy+szy3> * 1<y> - 2(2/2)
T+ ey 0 0 0
1% F = A A A
3@9) :vy+szy4> " 1<y> " 2(2/2) " 3(3/3
[ xt+ey 0 0
Vi Ex(wy) = 22 +€zy3> A <$> e <wy)
VII  Fy(z,y) = (D) (L) +0s(°
MT,Y) = 22 4 eqyt 1 y 2 y? 3 %
0

VIII Fy(z,y) =

IX Fx(z,y) =

T+ ey 0
XTI F = A
A, y) Ty + 122 +52y3) + 1<y

T+e€ 0
1y2> —I—)\l( ) +/\2( 2) for~ #0, 51,61
Ty +yw Yy Yy
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5. Geometric realizations. Versal deformations of germs in low codimension (< 2)
are realized by 2-parameter families of projections of surfaces with singular boundary.
Let

i RP R i(z,y) = (X(2,9),Y(z,y), Z(2,9))

be a smooth immersion so the image of i might be a piece of smooth surface in R3. Next,
we consider a family of linear projections R? — R2. The 2-dim family of directions of
projection from the point (0,0, 1) onto the subspace z = 0 may be parametrized as

WA,M(-Tayvz) = (Z‘ + AZ,y + /.LZ)

Composing the immersion with the family of linear projections we get a family of
maps from R? to R2,

10 WA,;L(‘Tay) = (X(:C’y) + /\Z(x,y),Y(x,y) +:U‘Z(I7y))'

This 2-parameter family of maps may be considered as a special kind of a versal defor-
mation of a map germ R? — R? with the same unfolding functions namely Z(x, ).

Now given a universal deformation of a singular map germ in low codimension which
is actually symmetric

F,\(sc,y) =F+ )\lfl +)\2f2 = (X(xay) +)\1Z($,y),Y($,y) + )‘QZ(x’y))

we may recover immersion i of a particular surface in R? whose projection from the point
(0,0,1) onto the z = 0 plane realizes singularity of F' and all singularities near to F' in
the versal deformation F).

Not all germs admit symmetric deformations. We may have to transform the germ to
its B-equivalent germ which admits symmetrical unfolding. Such is the case of Form II.

5.1. List of universal unfoldings in codimension < 2

VI Fi(z,y)=

IX  Fi(z,y)=

XI Fi(z,y)=

1
VIIT Fy(z,y) = (:1:+51y ) + A\ (2) +/\2(0) for v # 0, F€1,€1
T +e1y 0 0
A A
(xy+51:c2+52y3) * 1(9) " 2(y2)
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5.2. Symmetric deformations

£C+€1y
1V A A
D= (e 1 gm) () 2 C0)
VI <z+€1y>+>\1<>+)\2<y)
2 + g0y 0
VIII =<$+€1y2>+A1<)+A2<y for v # 0, 51,51
Yy + yx
0
B e = (5 ) 0 () ()
:Uer slx + eox
T+ ey
XTI F = A A
\@:9) <9Uy+€1$€2+€2y>jL 1(y>+ 2<0>

5.3. Pictures of geometric realizations. Below we present pictures of the geometric real-
izations. For each form we give a picture of the singular set of the mapping F' and the
kernel line of dF(0). The kernel lines are dashed. In the next picture there is the image of
the singular boundary which is drawn black bold and the image of the singular set drawn
black. We picture them for the map F' and for selected maps from the versal deformation
corresponding to the points on the unit sphere in the Aj, Ay parameter space. Parts of
the singular set curve and the image of the singular set which correspond to the part
{z < 0,y < 0} in the source are drawn light gray. All plots are made for e1,e5 = 1.

5.3.1. Form IV

T+ ey 0 Y
F = A A
A, y) (523/3 —22— 24 (1— 261)33y) A (y) A (O)

Fig. 1. Critical set and the kernel line: Form IV
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Sy
AR
Jo \\

\
%o~ Y

Fig. 2. Image of the boundary and critical loci: Form IV

5.3.2. Form VI

T +e1y 0 Yy
By = <x2 + 5293) T (y) A (0)

Fig. 3. Critical set and the kernel line: Form VI
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/ "

/ oy

Fig. 4. Image of the boundary and critical loci: Form VI

5.3.3. Form VIII

0
Fy(z,y) = (wz—:_zlx%) + A1 (y) + Ao (g), example plots for v = 2

Fig. 5. Critical set and the kernel line: Form VIII
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N N

/ //
Fig. 6. Image of the boundary and critical loci: Form VIII

5.3.4. Form IX

T+ 1y 0 Y
F = A A
\@0) (wy +ge1a? + 62x2y> o (y> * 2<0>

Fig. 7. Critical set and the kernel line: Form IX
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Fig. 8. Image of the boundary and critical loci: Form IX

5.3.5. Form XI

T+ €1y 0 Yy
F =
\(@3) (fy +e122 + €2y3) o (y) T (0)

Fig. 9. Critical set and the kernel line: Form XI
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y
/ Y,
J Y 7

Fig. 10. Image of the boundary and critical loci: Form XI

6. Final remarks. It is easy to see that the subgroup of diffeomorphisms preserving

two transversally intersecting lines in R? embeds canonically into the subgroup preserving

only one line. This fact implies that B is a subgroup of the group considered by Bruce

and Giblin in [2]. This explains why each orbit in their work splits into suborbits in view

of our classification. Notice that this may be observed when comparing trees of inductive

classifications.

The first step of classification of projections of surfaces with singular boundary is

completed. It’s worth asking about structure of singularities of projections of surfaces

with more singular boundary. For instance A-classification of germs of singular curves

g : (R,0) — (R?0) is known. We may then ask for a classification of projections of

surfaces whose boundary is locally diffeomorphic to the germ of a singular curve g.
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