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Abstract. The notion of generalized PN manifold is a framework which allows one to get
properties of first integrals of the associated bihamiltonian system: conditions of existence of a
bi-abelian subalgebra obtained from the momentum map and characterization of such an algebra
linked with the problem of separation of variables.

1. Introduction. A geometric characterization of integrable Hamiltonian systems was
given by Magri and Morosi in the famous paper [15] written in 1984.

A Hamiltonian system on an even dimensional (2m) manifold M corresponds to a
Poisson tensor of maximal rank associated with a smooth function H (called Hamiltonian)
whose gradient does not identically vanish. Such a system is integrable if one can find
another Poisson structure @) compatible with P (i.e. such that P + @ is still a Poisson
tensor) for which the associated recursion operator N = QP~! has m pairwise distinct
real eigenvalues A1,..., A, of order 2, first integrals in involution (P (dA;,dA;) = 0) and
functionally independent on a dense open set. Moreover, one can find functions py, . .., fim,
by quadrature such that the inverse w of P (which is a symplectic form) may be written
as w = Z;il dX; N\ dp; and where the matrix of N* has a diagonal form.

It is well known (cf. [15], [5] for example) that the m maps I = 7 trace N* (k =
1,...,m) are in involution with respect to both structures P and @ and give rise to a
Lenard recursion chain: N* (dIy) = dj41.

This bihamiltonian scheme may be generalized to:

e odd dimensional (2m + 1) manifolds which are an adapted framework for a lot of inte-
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grable Hamiltonian systems which can be written as Gel’fand-Zakharevich systems
(cf. [8]): in this case, the 2m-rank Poisson tensors P and @ give rise to a Poisson
pencil Py = @ — AP, ¢ € RU {oo}; the generic symplectic leaf of the pencil has
dimension 2m and the intersection of all the symplectic leaves are generically La-
grangian submanifolds. Moreover, there exist Casimir functions ¢y for the Poisson
pencil, i.e. such that dcy € ker Py, which give rise to first integrals ([14]).

e infinite dimensional manifolds: the famous nonlinear PDE Korteweg de Vries can be
written as a bihamiltonian system ([13], [6]). Using the associated recursion opera-
tor, one can produce an infinite sequence of first integrals ([20]). Other PDEs, such
as Camassa-Holm and Hunter-Saxon equations, may be seen as bihamiltonian sys-
tems on the dual of the Virasoro algebra ([10]) (the first Poisson tensor corresponds
to the Lie Poisson structure).

In this paper, we consider the framework of generalized PN manifolds, i.e. finite di-
mensional manifolds endowed with both a Poisson structure P and a Nijenhuis tensor
N ([N, N] = 0) called recursion operator, defined on the involutive distribution im P
and compatible with P (i.e. the tensor P’ = NP is still a Poisson tensor). This notion
illustrated with various examples, is introduced in section 2. When P is of maximal rank,
the manifold may be endowed with a wN structure ([5]).

If one considers a generalized PN manifold (M, P, N), it is obvious that M is not
necessarily even dimensional; moreover, in general, the Poisson tensor P has singularities
of rank. N has also singularities and its eigenvalues can be real or complex; furthermore
the number of such distinct eigenvalues depends on the point of the manifold. We can
completely describe the singularities of (P, N) in terms of rank of P and Jordan normal
form of N described by a numerical invariant called symbol. With this invariant we
can define a stratification in the set of pairs (P, N) (section 3). Transversality to this
stratification gives rise to the notion of genericity (§ 4.2). Moreover, in the analytic
context, each set where the symbol of (P, N) at the point of the manifold is constant may
be stratified. The set on which the symbol is "maximal” is an open set. On such a set,
Turiel has built an adapted local coordinates system where P has a symplectic expression
and N a diagonal form.

In another way, to a Poisson structure P, we can associate a bracket {.,.}, on the
set £ of the C*° functions on M: {f,g}p = (df, Pdg) (where P : T*M — TM). So, £
may be endowed with a Lie algebra structure. On a generalized PN manifold we get a
pair of such Lie algebra structures (£,{.,.}p) and (£,{.,.} yp). If we come back to the
context of the first integrals f1,..., fn, these functions generate two structures of abelian
sub-algebra called bi-abelian sub-algebra; a hamiltonian which belongs to this algebra is
completely integrable.

On a 2m-dimensional manifold, if we consider the generic context or the analytic
one with the existence of an open set where NV has exactly m distinct real or complex
conjugate eigenvalues (of multiplicity 2) (which is always true in the generic case), we
have information about the existence of the bi-abelian sub-algebra (theorem 5.1) and we
get a characterization (theorem 6.1) of such an algebra generalizing the results given by
Falqui and Pedroni in [5]:
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1. The functions {Ik =1 5 trace N k} k1, ATC independent on an open set whose
complement is a stratlﬁed set of codimension 2. Moreover, these functions generate
a bi-abelian sub-algebra.

2. Let f1,..., fin be independent functions on a dense open set. The following propo-
sitions are equivalent:

(a) fi,..., fm generate a bi-abelian sub-algebra;
(b) on a dense open set, df1,...,df, generate a bi-lagrangian foliation;

(c) on each open set where the symbol is constant f1,..., f, are "separable” in
the Turiel adapted coordinates (z;,y;) of (P, N); the separability is associated
with the existence of functions ®;, j =1,...,m such that

q)j(xiayi7f1a"'7fm)zo7 j:17.“7m7 det |:afl:|7é0

and we can apply the classic Hamilton-Jacobi method of separation of vari-
ables.

2. Generalized PN manifolds. Let M be a manifold of finite dimension n.

2.1. Tensors and brackets

2.1.1. Poisson tensor and bracket. A twice contravariant and skew-symmetric tensor
field P is a Poisson tensor iff its Schouten bracket [P, P] vanishes where [P, P| € A>T M
is defined by:

<O¢, [P7 P] (577» = a,%,'y <LPa77P5>

where % stands for the sum of the cyclic permutations of o, § and ~.
a,Byy

The components of the Poisson tensor satisfy the cyclic condition:

. OPIk oPk oPY
le le Pkl _
;( ox! ox! ox! 0

The associated distribution im P is involutive because we have for closed forms o
and f:
[PO&,Pﬁ] = P(LPBO[ - LPaﬁ+d<ﬁaPa>)

but, generically, not of constant rank. Nonetheless, at each point, there exists an integral
submanifold of maximal dimension which is tangent to the distribution.

On another way, this Poisson tensor field gives rise to a Lie algebra structure on the
set of the smooth functions on M for the bracket {.,.}, defined by:

where P is seen as a morphism T*M — TM.
If the Poisson tensor is of maximal rank on an even dimensional manifold (n = 2m),

this manifold may be endowed with a symplectic structure given by P~! (the symplectic
form is seen as a morphism TM — T*M).



166 F. PELLETIER AND P. CABAU

2.1.2. Nijenhuis tensor. The torsion T (N) of a (1,1)-tensor field N is defined by:
T(N)(X,Y)=[NX,NY] - N[NX,Y] - N [X,NY] + N?[X,Y].

Such a tensor is called a Nijenhuis tensor iff T'(N) = 0 and, in this case, the associated
distribution im N is integrable.

2.1.3. Compatible tensors. For a Poisson tensor P and a Nijenhuis tensor N we define
the bracket [P, N]:

[P, N] (Oé,X) = (LPQN) X — PLX (N*OZ) + PLNXa‘
If NP is skew-symmetric and if [P, N] = 0, the tensor NP is a Poisson tensor (cf. [15]).

2.2. Generalized PN manifold. We now define the main structure we are going to use
here.

DEFINITION 2.1. A generalized PN manifold is a manifold M endowed with a Poisson
tensor P, a Nijenhuis tensor N defined on im P, such that NP is skew-symmetric and
[P, N| vanishes.

REMARK 2.2. When the Poisson tensor P is of maximal rank, P~! corresponds to a
symplectic 2-form (as seen above) and so M may be endowed with an wN structure
([15], [5]), which is a particular case of a PN manifold ([11], [16]).

REMARK 2.3. If (M, P, N) is a generalized PN manifold, the tensor NP is a Poisson
tensor too and [N P, N] vanishes. So we get, by induction, a hierarchy of such structures
defined by P; = N7 P.

2.3. Ezamples of generalized PN manifolds.

2.3.1. Cotangent bundle. As is well known, a Poisson structure P of maximal rank is well
defined on the cotangent bundle of a manifold S where a symplectic form da naturally
exists (« is the canonical Liouville form). If we consider a Nijenhuis tensor L on S, one
can define, as shown in [9], a second Poisson structure @ on T*S, compatible with P,
whose bracket {., .}Q has, in the fibred coordinates, the following expression:

‘ oLk pLk
o ) ) __ 7t . . = J _ L
{6,951 =0, {aipjto = —Lj, {pipitq = < dq;  Oq; o

N, complete lifting of L as defined in [30], is the recursion operator for this bihamiltonian
structure.
(T*S, P, N) is a generalized PN manifold and may be endowed with an wN structure.

2.3.2. A case of integrability of the Hénon-Heiles system. Let us consider the Hénon-
Heiles dynamical system (which is a generalization of the oscillator) on M = R* defined
by the Hamiltonian
H=tag+ B+ 121 12 a4+ e
=3 q1 D) dz 2p1 21’2 41492 + [qa-
The case = 2\ is one of the 3 cases of integrability (for A = 0, we obtain the oscillator:
H = 5Aq} + 583 + 301 + 5p3).
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The second first integral is given by:
1
F =2 [(4A= B = 4a2)pl + Dqapipa + g7 (447 = AB + 440 + N} +4X°g3)]

So, for A # 0, the system can be written in a bihamiltonian form ([3]) with the following
compatible Poisson tensors:

0 0 0 —%

00 -1 0 . . o w Pc

00 0 -1 -5 vt s

. — X AL AN
P 10 0 o0 and @ : 0 g_;\ 0 g—i
01 0 0 n w0 .

20 A 4AXZ 2
where C' = 4A — B, x1 = q1, T2 = g2, T3 = p1, T4 = 2.
The matrix of the recursion operator N := QP! is

1
0 — 0 0
oAt
1 1c 1
ﬁxl 71F1+ XSCQ 0 10
0 —ﬁxg 0 ﬁxl
1 . 1 10,1
oA AL Ty T

(]R‘ﬂP7 N ) is a generalized PN manifold where P is of maximal rank and so may be
endowed with an wN structure.

2.3.3. Structures linked with ’homogeneous’ Poisson structures. The example we de-
scribe here is constructed with a pair of Poisson structures Py and P., r € N*, on
R?™ where Py and P, are two homogeneous structures linked with the vector field X
(LxPy = aPy and Lx P, = 3. P, a and 3, are constants) (cf. [26]).

0, —Id,,
Let x1,...,2Zam be the coordinates on R?™, we consider Py = ( Id 0 > and

0 —A . . . .
P, = ( Am Om’r ) where A, , is the diagonal matrix m x m constructed with
m,T m

The recursion operator is diagonal and its double eigenvalues are z7, ..., ],

T
xf, ... .

) :TL
2.3.4. Lie groups. Structures of generalized PN manifolds on Lie groups can be obtained
by using the results given in [15]. On a Lie group G, we consider two compatible tensors
P and Q where the first one is invertible and left-invariant (such as P~1) and where Q
is right-invariant. In this case, the recursion operator is N = QP 1.

So the research of a pair (P, N) where P is an invertible Poisson tensor and N is
Nijenhuis is linked with the research of P, and €. (where e stands for the identity of G)
only fulfilling algebraic conditions (skew-symmetry and Jacobi identity).

2.3.5. Dual of a Lie algebra. Let G be a Lie group where e stands for the identity, G
its Lie algebra and G* the dual of this algebra. We shall use the natural identifications
G>~TrG* and G* ~T,G*.
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G* is endowed with the usual Lie-Kirillov-Poisson structure K defined by:
K, X = ad%a.

Modulo these identifications and thanks to the cocycle P, : G* — G, we can construct a
presymplectic constant tensor on G*

Qo = Pep.
Let H be the connected Lie subgroup whose Lie algebra is
H = P.(G").

We can get a Poisson structure II of maximal rank and a compatible presymplectic
structure w on H* = G*/ ker P, using a restriction technique (cf. [15]). So (H*, II,wII™?)
is a generalized PN manifold.

2.3.6. Use of a Casimir function; example of the rigid body. If ¢ is a Casimir function
for a Poisson structure P, i.e. dc € ker P, and if {.,.} is the associated Poisson bracket,
then the bracket {.,.}, = c¢{.,.} defines a new Poisson structure and it is possible to
define a recursion operator on im P which is a homothety. We then have a generalized
PN manifold and the Poisson tensor is not of maximal rank.

As an example, we consider the case of the rigid body. Euler’s equations for a body
with a fixed point where the 3 principal moments of inertia are the strictly positive and
distinct reals I, Iy and I3:

. 1
xr1 = (I_l - E) 12,

where z1,2r2 and x3 are the components of the angular momentum of the body at its
fixed point in the orthogonal frame made by the eigenvectors of the inertia operator (see
e.g. [19]).

This system is hamiltonian and the Poisson tensor, corresponding to the linear Lie-
Poisson structure on s0* (3, R) dual of the Lie algebra so (3, R) (isomorphic to R? endowed
with the cross-product), is

0 —I3 xTo
P = XT3 0 —I1
—x2 T 0

It is easy to see that ¢ : (71, z2,73) — 23 + 23 + 23 is a Casimir function for P.
(Q = cP is a Poisson structure compatible with P and the matrix of the recursion
23 + a3 + 23 0 )

operator is, in a basis of im P, equal to
b | ! ( 0 at+ad+ad
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One can find another Poisson structure 1" compatible with P where

I3 T9
0 2 =
I; I
L3 T
- =2 0 =
r I3 L
—XT2 T
—= = 0
Iy L

In this case, it is not possible to find a recursion operator because ker P # kerT'.

2.3.7. The Toda lattice. The Toda lattice on M = Rf x R3, obtained from a Hamil-
tonian system on R® via a Flaschka-Manakov transformation ([7], [4]) with coordinates
(a1,a2,b1,bs,b3), may be written as

ar = ay(bz — b1),

az = az(bs — ba),

bl = 2(1%,

by = 2(a3 — a?),

bg —QG%.
This is the following Hamiltonian system

& = PdH

where the Poisson tensor P, which is of rank 4 (ker P = (dby + dby + dbs)) on the 5-

dimensional manifold, is given by its matrix:

0 0 —aq aq 0

1 0 0 0 —Q2 a2
1 a1 0 0 0 0
—Qaq a9 0 0 0

0 —ax O 0 0

and where the Hamiltonian H is:
H =4(a} + a2) +2(0% + b2 + b2).

This function is proportional to the trace of the endomorphism L? where L is given by

b1 aq 0
its matrix a1 by as |.This Hamiltonian system can be written as a Lax pair
0 as bg
L =L, B)
0 —aq 0
where B = aq 0 —as | .The flow of this Hamiltonian vector field is isospectral,
0 as 0

i.e. that the eigenvalues of L are independent of ¢.
Remark that
C(al,ag,bl,bg,bg) =trL =0b; +by+ b3

is a Casimir function for the Poisson tensor P.
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~

There exists on M another Poisson tensor @ (see e.g. [18]) whose matrix is:

0 —a1a2 a1b1 —a1b2 0

1 a1as 0 0 a2b2 —a2b3
1 70,11)1 0 0 aq 0
a1b2 7(121)2 —aq 0 as
0 a2b3 0 —a 0

Because ker@ 2 ker ]3, a recursion operator N does not exist in this case.

Falqui and Pedroni give in [5] conditions to induce an wN structure on a symplectic
leaf of P. These conditions are linked with the existence of a vector field Z which is
transversal to the symplectic foliation of this Poisson tensor and fulfilling the conditions:

Z(c)=1, LzP=0, LyQ=YAZ

for a suitable vector field Y.

— 0 _az 0
In our example, Z = 5~ and ¥ = 2 5.

3. Stratification in the space of adapted pairs (bivectors field, endomorphisms
field) and symbol

3.1. Space of pairs (bivector, endomorphism). Let E be a vector space of dimension n.

3.1.1. Space A of adapted pairs (bivector,endomorphism). A bivector of E is a skew-
symmetric bilinear form on the dual E* of E.
If w is a bivector of E, we denote by w# : E* — E the linear map defined by:

Yo, € EF, <ﬁ,w# (a)> =w(a, ).

We shall denote w instead of w7 .

The support of the bivector w, supp w, corresponds to the space im w#.

A pair (w, J) where w is a bivector and J an endomorphism of supp w is called adapted
if J o w# is still skew-symmetric.

The space Ay, of the pairs (w, J) where w is of rank 2k is a bundle over Goy (E) where
Gar (E) is the Grassmannian of the 2k-linear spaces of E.

The fiber over the 2k-space F' corresponds to the set of the adapted pairs (w, J) such
that suppw = F and J = w™'w, where w; € A2F*.
REMARK 3.1. If W is the space of the pairs (w1, ws) of bivectors of E such that supp w; D
supp we, one can associate to any (w,J) € A = UL"Z/S] Agi an element (w, Jw) € W and
this map is one to one.

3.1.2. Stratification by rank. We define the natural action of the Lie group GI(E) on
the set of the bivectors of E by: (A, w) — A e w where, for any linear forms « and 3 :
Aew(a,B) =w(*A a,t A B); this allows us to define an action of Gl (FE) on A. In fact,
each manifold As;, is invariant under this action.

We then construct, on Asgg, a Gl (E)-invariant stratification {3.} by the rank of
wi; = Jw.

If (w,J) is an adapted pair where dimsupp Jw = r, we denote the corank of Jw by
c=n-—r.
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Adapting the results obtained in [17] and [24], we get a finite stratification ¥ =
{3} g<e<y of the space A where

Y. ={(w,J) € A, corank Jw = c}

is a regular submanifold Asy of codimension ¢ (c —1)/2 and where %, is an algebraic
submanifold of A such that ¥, = Uc,zc Y.

3.1.3. FEaxpression in an adapted basis. Here we transpose the results obtained by Turiel
([28]) about the classification of the pairs of 2-forms.

PROPOSITION 3.2. Let (w,J) be an adapted pair where the minimum polynomial py
may be written as (X — )" where \ is a real number. There exists a decomposition of
suppw n a direct sum @;:1 F; of linear subspaces, invariant by J of dimension 2r;,
r=r1ry > - > 1 and a basis {e?j},qj =1,...,2r;, j = 1,...,0 of suppw; where
{e?j} g5 =1,...,2r; is a basis of I such that:

[T
w=d (S adk).

j=1 k=1
Jeop—o = Aegp—o + eap, for k=2,.. -5 T, J€2rj = >\€2rj,
J62k+1:62k,1+)\€2k+1, fO?”k:].,...,Tj—]., J€1:>\€1.

DEFINITION 3.3. The associated basis (w,J) constructed in the above proposition is
called the adapted basis to (w, J).

REMARK 3.4. w; = Jw is skew-symmetric and we find the expression given in [22]
r;j—1
Z(i o2h=1 5 2k+2) 1.
Jj=1 k=1
PROPOSITION 3.5. Let (w,J) be an adapted pair for which the minimum polynomial py
is (X — )" (X — )" where p = a+ i is a non real complex number. So there exists
a decomposition of suppw in a direct sum EBz.:l F; of linear subspaces, invariant by J

of dimension 4rj, r; =ry > --- > 1 and a basis {e?j},qj =1,...4r;,5=1,...,1 of
supp wy where {e?} ,q; =1,...,4r; is a basis of Fj such that:
27
Z(Z 2k~ 1/\6%)
j=1 k=1
0ear41 — Peaks for k=0,
Jegpy1 =
g1 + B (eapys — eapr1) fork=1,... .7 —1,
Jeskta = aeqpro + PBeapta for k=0,...,r; — 1,
Jegkt3 = aeqpis + PBeaprr for k=0,...,r; — 1,
aeqpqa — B (eapt2 — eanyes) for k=0,
Jespya =
0464k+4—664k+2 fOT’k: 1,...,7"j — 1.

REMARK 3.6. Once again we find the expression of the bivector w; = Jw given in [22]

1 ri—1 Ti—2

wy = aaw + 6{ E ( E R ARV E eF A e?k%)}
j=1 k=0 k=0
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3.1.4. Symbol of an adapted pair. We use some elements of the terminology used in [22],
transposed for the framework of adapted pairs (bivector-endomorphism), and we rewrite
the results.

We consider an adapted pair (w, J) where the minimal polynomial of J has the form:

P q ,
MJ:H(X—)\[)” H (X2—2CY[/X+04%+6%/)TI/
I=1 =1
with p pairwise distinct real eigenvalues: A, ..., A, and 2q conjugate complex eigenvalues:

(&3] j:iﬁl,...,aq:tiﬂq.
If we introduce, for I € {1,...,p} (vesp. I' € {1,...,q}), the set F; = ker (J — \;Id)"’
(resp. F}, = ker (J% = 2apJ 4+ o, + ﬂ%)rﬂ), we have the following decomposition

P q
suppw = Fr @FI/,
=1

= I'=1
where F; = EB;;IF} with dim FY = 2r) where r; = r; > r7 > --- > rj’ and F}, =
87 - : 13 1j / 1 2 87
@;/-, Fy with dim Fy] = 4rf), where v, =1 >0 > -+ > 1),
The multiplicity of the eigenvalue A; (resp. ap + iBp) is (r},7%,...,r}) (resp.
’
.02 /sy
(TI’aTI’7 T ))

DEFINITION 3.7. The symbol o of the adapted pair (w, J) is the element
. i\1<5< i\ 1<5"<sT)
o= ([Ali=1,..pilar £iBrlr=1,.,4) = ((mjz)@f@;]? (m}], )1§1/ng )
where mj} = r} and m/IJ;/ = 21"/]];/.
3.1.5. Symbol stratification in Asg,. Transposing the results of [22] we get:

<< 1< <! . )
PROPOSITION 3.8. Let 0 = ((mjl)}gf,z;f; (mf, )12}2;1/) be a family of decreasing se-

quences. If the subset X7 = {(w,J) € Agy : symbol (w,J) = o} is nonempty, it is a
Gl (E)-invariant submanifold of Asg of codimension

N° — (2k +2q +p)

where
p s8I q S/ p 81 q Sr/
o L , L
D 3) STETE Sl ST NI o) SRR Sl o3
I=1j=1 I'=p+1j'=1 I=1j=1 I'=p+1j'=1
The sets ©.Z = X.NX7 constitute a Gl (E)-invariant stratification of Agy, which gives rise
to sub-stratifications {X.} and {X7} called refined stratification.

REMARK 3.9. The only open strata of the refined stratification of A are of the form
Y& where we have for the symbol o: sy =1for I =1,...,pand s}, =1for I' =1,...,q.

3.2. Stratifications in the bundle A(M). Let M be a manifold of dimension n.

Let Aox (M) — M be the bundle of fibre Aoy on which GL (E) acts. Then Ay en-
dowed with the stratification {£.}, where each stratum ¥, is GL (E) -invariant, generates
a stratification {3, (M)} on Agy (M).
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The space Asgy, (M) of smooth sections of this bundle, endowed with the smooth

topology of Whitney, is a topological vector space and a Baire space. We shall denote by
A (M) the union of the spaces of sections of Ay, (M) for 0 < 2k < n.
In the same way, we get stratifications {37 (M)} (via the symbol) and {37 (M)} on

Aoy (M) ~ JO(A%(M)).

4. Generic generalized PN manifolds

4.1. Genericity. Let A be the subset of the elements (P, N) of A (M) fulfilling the con-

ditions:
[P,P]=0, T(N)=0 and [P,N]=0.

Let us recall that if P is a Poisson tensor on M, the manifold M is a union of immersed
symplectic manifolds (cf. [29]) having the following properties on each symplectic leaf F':

e rank P = 2k = dim F and supp P =TF,
e N is an endomorphism Npg of TF.

—_~—

So (P, N) gives rise on F to a pair (Pr, Nr) which is an element of A (F).

—_——

Thom’s transversality theorem (cf. [27]) indicates that the set 7 A (F) of elements

of A(F) whose 1-jet is transverse to the stratification {27 (F)}, if nonempty, is a dense
open set of A (F).

So we can associate by pull-back to any (P, N) of ,Zl, giving rise to TA(F), a stratifi-
cation {7 (P,N)} on M.
DEFINITION 4.1. (M, P, N) is called a generic generalized PN manifold if (P, N') generates

—~—

P

an element of 7.4 (F') on each symplectic leaf F'.
In the next section, we shall construct examples of such generic pairs (P, N).

REMARK 4.2. As P is of constant rank 2k on F, the genericity is only linked with the
endomorphism Npg.

4.2. Geometry of a generic generalized PN manifold. We now describe the geometry of
a generic generalized PN manifold.

THEOREM 4.3. Let (M, P,N) be a generic generalized PN manifold. Consider

o= ((m%,...,mlf),...7(m11),...7m;1’), [1])-

Let F be a 2k dimensional symplectic leaf. If the stratum %9 (P, N) is nonempty, then
¢ =0 orc=2 and it is a F-submanifold of codimension c (¢ —1)/2+ N — (2k + 2q + p).
Above this submanifold, N has p pairwise distinct real eigenvalues and conjugate complex
eigenvalues. One can find a decomposition in a Whitney sum Fg ® Fp g such that:

e on Fy, the operator only has complez eigenvalues,
e Fp g is a sum of bundles of the type ker (N — X\;Id)"’ and contains a Whitney sum of
linear subspaces @;:1 ker (N — )\y,(j)ld) associaled to the eigenvalues A, ;) where

() e{l,....p}

REMARK 4.4. The nonempty submanifolds 3¢ of a leaf F' of dimension 2k are:
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e open (resp. of codimension 1) for o = (1),...,(1);(2),...,(2) where p € E,,
p terms q terms
= . if m i
with B =10,2,...,m} i m is even and ¢ = 0 (resp. ¢ = 2)

E,={1,3,...,m} ifmisodd
e of codimension 1 (resp. 2) for o = (2),(1)...,(1);(2),...,(2) where p € E/,

p—1 terms q terms

E ={2,4,... if m i
with ¢ ™ {24, m} 1 m?s VUM and e =0 (resp. ¢ =2)
El ={3,...,m} if m is odd

e of codimension greater than 2 in the other cases.

REMARK 4.5. In fact, a lot of strata are empty. This is due to the following reason: if

one first considers the stratification by the rank of P’ = NP, and if one defines a notion

of genericity for such Poisson tensors, one knows that, as in the case of forms ([17], [24]),
Y. (P)={z €M :rang P, =n —c}

is a submanifold of codimension ¢ (¢ — 1)/2. Since the submanifold is a union of symplectic
leaves of dimension n — ¢, one has codim X (P’) < ¢. So one generically gets nonempty
strata for ¢ > c¢(c—1)/2, i.e. for ¢ < 3. Now as ¢ = 2k — rang P’, one necessarily has
c=0o0rc=2.

4.3. Ezamples of generic pairs. We now give two examples of generic pairs.

EXAMPLE 4.6. On R*™ we consider the adapted pair (P, N) defined by

m—2
P= Z D1 A Oz + 22 101 A Oam,
k=0
NO = \i01,

NaQ = >\2827

NOzpm—3 = Mp—102m—3,

NOypm—2 = Mp—102m—2,

NOop—1 = 2*™ 105y, _1,
Nagm = $2m_182m,

where 0 < A\; < -+ < Ap1.
On the manifold M = {(ml, e ,xzm) : |x2m’1| < )\1} the symplectic leaves of the
Poisson tensor are

e the open set Yo : 2™~ 1 £ 0,

e the submanifolds L, of codimension 2 given by the equations 2™~ ! = 0 and 2™ = a.
On ¥ the refined stratification is £§ where ¢ = 0,2 and 0 = (1),...,(1);(0) and one

has codim ¥ = 1. On L, the symbol is still equal to o = (1),...,(1);(0). So one gets a

generic element.

EXAMPLE 4.7. One uses the example in R* given in [2]. The open strata E((]l)’(l);(o)and

Z(()O);(Z) correspond respectively to S¥ and S and where the stratum of codimension 1,
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282);(0) corresponds to S¥. Here the Poisson tensor P is constant

P =01 ANDy+ 03 A Oy,
and the recursion operator N is given, for a # 0, by its matrix in the canonical basis

a+:c1 0 1 0

0 a+x1 x4 T3
I3 0 a 0
—X4 1 0 a

On the part which is defined by the inequality z? + 423 > 0, the eigenfunctions \; =
a+ %xl — %\/x% +4x3 and Ao = a + %:vl + %\/x% + 4x3 of the operator N are real. On
the subset corresponding to 4z3 + 23 > 0, one has my = (X — A1) (X — A\2) and the
symbol is equal to (1), (1) ; (0). The submanifold X5 is of codimension 1 and its equation
is az1 — 23 + a® = 0. The subset of equation 4xs + x% = 0 corresponds to a minimum
polynomial my = (X — \)? where A = a + 321 and where o = (2); (0). The equations of

the stratum 252);(0) of codimension 2 are z; = —2a, 3 = —a?.

5. Existence of bi-abelian sub-algebra for a generic generalized PN manifold

5.1. Properties of the momentum map relative to generic pairs. Let (M, P, N) be a gen-
eralized PN manifold of dimension 2m where P is a Poisson tensor of maximal rank.

If we consider the functions I, = %trace N* (k=1,...,m), the mapping
x— (I (z),...,In (2))

is called the momentum map (cf. [1]).

If N only has pairwise distinct real eigenvalues, it is well known (cf. [15], [5] for
example) that the functions Iy, ..., I,, are pairwise in involution for both Poisson brackets
{.,.}p and {.,.} yp and define a Lenard recursion chain, i.e.

N* (dI},) = dIjy1.

In particular {I1,..., I} spans a bi-abelian sub-algebra.
We are going to prove that these properties are still true in a ”generic” framework or
in an analytic context.

THEOREM 5.1. Let (M, P) be a Poisson manifold of dimension 2m where P is a Poisson
tensor of mazimal rank. In the space Jy (Aam (M)) of the 1-jets of elements of Agp (M)
there exists a stratification such that if (P,N) is transverse to it, one has the following
properties (*):

o the functions Iy, k = 1,...,m are independent on an open dense subset O of M
whose complement is a stratifiable set of codimension at least 2.

o In each Lie algebra (C(M),{.,.}p) and (C(M),{.,.}xyp), the functions Iy, k =
1,...,m, generate a bi-abelian Lie sub-algebra and constitute a Lenard recursion
chain.
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If (P, N) is analytic and if there exists a point of M where the symbol is:

(1),...,(1);(2),...,(2)

p terms q terms

with p + 2q = m (for some 0 < p < m), then there exists a dense open set U where the
properties (*) hold.

REMARK 5.2. In the analytic case, if N has only m (pairwise distinct) double eigenvalues
on an open dense subset O of M, and according to [12], the complement of O is an analytic
set of codimension at least 2. In this case the eigenfunctions Aq,...,\,, are defined on
the whole manifold M and are continuous, sub-analytic, nondifferentiable on M\O but
Lipschitz. In particular, such a generalized PN manifold will never be generic.

5.2. Examples

5.2.1. Example of a generic pair. We consider Example 4.7 again. Since the eigenvalues
of the recursion operator are equal to

1 1 1 1
A =a+ 341 —51/4:103—1—33% and \y = a + 5.%'14-5\/45634-5(}%

we can write

I, = trace N = 4a + 2z,
1
I = §traceN2 =2z5 +a? + (a+x1)2.

The equation of 22300 jg 444 —|—sc% = 0 and the eigenvalues A1 and Ay are not differentiable
on this submanifold.

On the contrary, the "first integrals” I; and I, are differentiable everywhere and
independent because dI; = 2dx; and dI; =4 (a + x1) dxy + 4dxs

5.2.2. An example of nongenericity: the Hénon-Heiles system. We consider the example
of the Hénon-Heiles system and we are interested in the second case of integrability where
A= % and B = 4A. Using the coordinates: x1 = q1, 2 = ¢o2, 3 = p1, T4 = P2, We consider
the constant Poisson tensor

P=0,AN03+ 03 N0y

and the recursion operator N given by its matrix

0 = 0 0
T 21‘2 0 0
0 —XI3 0 I
I3 0 T 25(}2

So the eigenvalues of N are real and we have Ay = zo++/2% + 23 and Ay = z2—+/27 + 3.
They are sub-analytic, continuous and even Lipschitz. as quoted in Remark 5.2. On the
complement of S = {x : x; = x5 = 0} the symbol of N is equal to (1), (1); (0); on S we
have o = (2); (0). Since codim S = 2 # 1, N is not generic.

There does not exist any open subset where o = (0);(2), corresponding to a pair of
conjugate complex eigenvalues.

Since the map z = (x1,x2) — /2% + 23 = ||z|| is not differentiable at 0, neither \;
nor A\ are differentiable on S.
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According to the relations
I, = trace N = 4a,,
1
I, = 5 trace N? = 222 + 423,

it is obvious that I is differentiable on S and dI;|s = 0. Similarly, I5 is differentiable on
S and dlz|g = 0.

5.3. Construction of a suitable stratification. Let M be a manifold of dimension 2m. We
consider the case of the pairs (P, N) € Ay, (M), i.e. for P of maximal rank 2m. We are
to construct a stratification in the space of the 1-jets of elements of As,, (M).

Let m; be the canonical projection of the space Ji (Agp, (M)) of 1-jets of elements

Ao (M) on Asp, (M) . For ¢ = 0,2, X2 (M) is the pull back 7y (£7 (M)) where
r=(1),....,(1):(2),...,(2) forpeEn,

p q

We then define the set $2' (M) of 1-jets of elements (P, N) of As,, (M) belonging to
gﬁc’ (M) such that
A\ A Ndhpy Nday AdBy A -+ Ndag ANdBy =0

where {A;},_,  (vesp. {ax & ifk},_; _,) are the real eigenvalues (resp. complex eigen-
values) of N above X7 (P, N).
Let 2% (M) be the complement of 2" (M) in 5P (M). Moreover, let 5P (M) be the
pull back 77 1(27 (M)) where
=(2),(1),...,(1);(2),...,(2) forpeE,,

p—1 q

We first consider the set SP-2 (M) of 1-jets of elements of Sp (M) which are not
transverse to X7 (M) . We introduce the set Spl (M) of the elements of 5P (M) \@ (M)
such that

dp NdAg A--- Ndhp Adog ANdBy A - ANdag ANdBy =0

=2,...,

complex eigenvalues) of N above Egl (P, N) whose local equation is ¥ = 0. We then
consider the complement SP0 (M) of SP:1 (M) in SP (M) \SP2 (M).
Finally, we use X¢ (M) = w; ' (X2 (M)) for any ¢ # 7 if ¢ = 0,2 and ¢ # 7' if ¢ = 0.

ProproOSITION 5.3. The following properties hold:
1. The sets S0 (M) forc= 0,2 andp € E,, (resp. Sp2 (M) and 8Pl (M) forp € EJ,)

are stratifiable and the codimension of the stratum of highest dimension is equal to
at least 2 in XX (M) (resp. SP (M)).

2. Forp € E,,, S0° (M) are open subsets of J; (Azm (M)).

3. The sets 2127’0 (M) forp € E,, and 5P (M) for p € E! are submanifolds of codi-
mension 1 in Jy (Agm (M)).
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—

4. If one chooses a stratification for each set ypot (M) for ¢ = 0,2 and p € E,,,

the union of these strata and the manifolds Zg’o (M) forp € E,, 2129,0 (M) and
S/YP\*O(M) forpe E], ﬁg(M) =71 N (22 (M)) foro # T ifc=0,2 and o # T if
¢ =0 is a stratification of J1 (Azm (M)).

5. If one considers a pair (P,N) of Agy (M) transverse to the previous stja\tiﬁcation,

then the set O of the pull backs of the strata X5° (M) for p € E,,, ¥5° (M) for

p € B, and SPO (M) for p € E!, is an open set of M whose boundary 00 is a
stratified set of codimension at least 2.

Sketch of the proof of Proposition 5.3. The different properties result from the construc-
tion of a stratification on a vector bundle obtained from a stratification on the fiber
invariant under the action of a Lie group. More precisely, let .Zg?n be the vector space of
1-jets at 0 of the pairs (P, N) belonging to Ay, (R*™) and let G be the group of 2-jets at
0 of diffeomorphism of R?™ fixing 0. The set J; (Asa, (M)) is a bundle on M whose fiber
over z is isomorphic to As,, and has G as structural group. The proof of the proposition
is completed by the construction of G-invariant subsets of Agm [

Sketch of the proof of Theorem 5.1. Let (P, N) be transverse to the stratification con-
structed in Proposition 5.3 or an analytic pair fulfilling the assumptions of the theorem.
Let us fix this pair and consider Xf, X5 and SP the respective pull backs of the strata

ZpoforpeEm,Z andSPO( ) for p e E/..

In the transversal case, according to Proposition 5.3, property 5, the union V of
the sets {30} 5 cp, and {S”}peE;” is an open dense set of M whose boundary 0V
is a stratifiable set of codimension at least 2. In the analytic case, these sets will be
sub-analytic, and so stratifiable, and each X¥ is an open set.

It is easy to prove that the functions Iy,. .., I,,, are independent on Xf where N has p
double pairwise distinct real eigenvalues and ¢ different pairs of double conjugate complex
eigenvalues.

The proof of the independence of Iy, ..., I, on SP and X} is left to the reader.

If ¥y is the (dense) open set, union of the open sets ¥, p = 0,...,m, we have
established that the functions Iy, ..., I, are independent on the union U of the sets X,
{S/p}peE;n and {¥c},cp, -

By construction, U is the regular part of the pull-back of the set O defined in Propo-
sition 5.3, property 5 and which is equal to V in the transversal case. So the boundary
of U is the union of stratifiable sets of codimension at least 2.

Now, as Lyx N = N we can deduce (cf. [5]) that N*dI}, = dI1 and so N*df; = fidf;,
l=1,...,m. The proof of Theorem 5.1 is completed. m

6. A characterization of the bi-abelian subalgebras. Let us consider a generalized
PN manifold (M, P, N) of dimension n = 2m where P is a Poisson tensor of maximal
rank and x a point of M where the symbol of (P, N) is equal to:

1),...,(1):(2),...,(2)

p terms g terms




GENERALIZED PN MANIFOLDS AND SEPARATION OF VARIABLES 179

with p + 2¢ = m. According to [28] and [23], one can find local coordinates on a neigh-
borhood U of x such that

P q
9] 0 1 0 0 0 0
P= — N—+- A A
1:21 Oz, Oyl - 4 l,; Ougy 1

Ougyr Ovay—1 Ovgp

and where N is characterized by:
0 0 0 0
N|— ] =-\— d N|{— | =-)\— l=1,...
(6@7) laxl an (6@7) la$l7 ’ b
0 0 0 1o} 0 0
N = =+ Op s N = — P + oy
(3U21'1> Y Ouar A Ovar—1 <3U2l'1> b Ougy—1 Y 0var 1

0 0 0 0 0 0
N = ’ ’ N = — 91/ ’ I: 1 -
<5u21/ ) (&7 5u21/ + ﬁl 81)2[/ ) (81}21/ ) ﬁl 3u2y + oy 31}21/ 5 l 5 »q

where Aq,..., Ay, a1 £ 961, .., 04 8, are the real and conjugate complex eigenvalues
of N on U (it is possible to choose these coordinates such that dy; = d\, I =1,...,p
and du21/ = dal/ dvgl/ = dﬁl/, l/ = ]., N ,q).

Such a coordinate system is called an adapted coordinate system.

Consider the hamiltonians Hq, ..., H,,, functionally independent on the open set U.
(Hy,...,H,,) will be said to be separable in this set of coordinates if there exist m
relations, called separation relations, of the form (®1,..., %y, Ppi1,...,Pp) :

@1 (xlvylaHlv"'va) = 0,
@, (zp, Yp, H1, ..., Hp) = 0,
(I)p+1 (U1,U2,H1,...7Hm) = 07 (1)
Dy i0 (v1,v2, He, ..., Hpy)
(I)mfl (u2q717u2q7H17~-~7Hm) = 07
(I)m (U2q715U2q;H13---7Hm) = 07

with det[0®;/0H,] # 0 and the relations:

aq)er2l’71 o acbp+2l’ a‘:I);nJrQZ’fl o 8<I)p+21’
Ougy 1 Quay 1’ Ougy Ovyy

'=1,...,q. (2)
In this case, we get a generalization of a theorem given in [5] under the following
assumptions:
There exists a point « in M where the symbol is

(1),...,(1)2),...,(2)

p terms q terms

for some p € {0,1,...,m}.

In this context, the set ¥y where the symbol is "maximal”, i.e. (1),...,(1);(2),...,(2)
for all 0 < p < m, is an open dense set and, moreover, P must have maximal rank on
this set.

THEOREM 6.1. Under the previous assumptions, if {Hi,...,Hy,} are functionally inde-
pendent hamiltonian on an open set V' (which may be dense), the following properties are
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equivalent:

(1) on o NV the m-uple (Hy,...,Hy,) is separable in an adapted local coordinates
system;

(2) the foliation defined by (Hy,...,Hy) on V is lagrangian with respect to P and
invariant with respect to N;

(3) the functions (Hi, ..., Hp) are in bi-involution on V.

In fact, these properties are local; so it is sufficient to prove the following result in an
adapted local system on a neighborhood U of @ € V' where the symbol of (P, N) is:

(1),...,(1);(2),...,(2)

p terms q terms

with p + 2¢ = m.
The proof of this theorem is an adaptation of the one given in [5] and is a consequence
of the following observations.

OBSERVATION 1. The property (1) holds iff there exists a square matrix F = (F;;) of
order m on U with the same real and conjugate complex eigenvalues as N fulfilling the

property:
m
N*(dH;) =Y FydH;, i=1,...,m.
j=1

OBSERVATION 2. Let (Hy, ..., H,,) hamiltonians which define a Lagrangian foliation with
respect to P on U. Furthermore if this foliation is invariant with respect to IV, there exists
a square matrix F' = (Fj;)) of order m on U with the same real and conjugate complex
eigenvalues as N with the property:

N*(dH;) =Y FydH;, i=1,...m.
Jj=1

OBSERVATION 3. The properties (1) and (3) are equivalent. m

References

[1] R. Abraham and J. E. Marsden, Foundations of Mechanics, 2nd ed., Perseus Book, 1978.

[2] P. Cabau and F. Pelletier, Localisation des courbes anormales et couples de tenseurs de
Poisson en petites dimensions, Bulletin des Sciences Mathématiques 124 (2000), 459-515.

[3] R.Caboz, V. Ravoson and L. Gavrilov, Bi-hamiltoniaan structure of an integrable Hénon-
Heiles system, J. Physics A: Math. Gen. 24 (1991), L523-L525.

[4] P. Damianou, Multiple Hamiltonian structures for Toda systems, J. Math. Phys. 35 (1994),
5511.

[5] G. Falqui and M. Pedroni, Separation of variables for bi-Hamiltonian systems, Math.
Phys. Anal. Geom. 6 (2003), 139-179.

[6] G. Falqui, F. Magri, M. Pedroni and P. Zubelli, A bi-Hamiltonian theory for stationary
KdV flows and their separability, Regul. Chaotic Dynam. 5 (2000), 33-52.

[7] H. Flaschka, Integrable systems and torus actions, in: Lectures on Integrable Systems,
O. Babelon et al. (eds.), World Scientific, 1994, 43-101.



(8]

(9]
[10]
[11]
[12]
[13]

[14]

(15]

[16]
(17]
18]

[19]

[20]
21]
[22]
23]
[24]
[25]
126]
[27]
28]
[29]

(30]

GENERALIZED PN MANIFOLDS AND SEPARATION OF VARIABLES 181

I. M. Gelfand and I. Zakharevich, On the local geometry of a bi-Hamiltonian structure,
in: The Gel’fand Mathematical Seminars 1990-1992, L. Corwin et al. (eds.), Birkhauser,
Boston, 1993, 51-112.

A. Ibort, F. Magri and G. Marmo, Bihamiltonian structures and Stackel separability, J.
Geom. Phys. 33 (2000), 210-228.

B. Khesin and G. Misiolek, Euler equations on homogeneous spaces and Virasoro orbits,
Adv. Math. 176 (2003), 116-144.

Y. Kosmann-Schwarzbach and F. Magri, Poisson-Nijenhuis structures, Ann. Inst. Poincaré
(Phys. Theor.) 53 (1990), 35-81.

K. Kurdyka and L. Paunescu, Hyperbolic polynomials and multiparameter real analytic
perturbation theory, Duke Math. J. 141 (2008), 123-149.

F. Magri, A simple model of the integrable Hamiltonian equation, J. Math. Phys. 19 (1978),
1156-1162.

F. Magri, G. Falqui and M. Pedroni, The method of Poisson pairs in the theory of non
linear PDEs, in: Direct and Inverse Methods in Nonlinear Evolution Equations, Lecture
Notes in Phys. 632, Springer, 2003, 85-136.

F. Magri and C. Morosi, A geometrical characterization of integrable hamintonian systems
through the theory of Poisson-Nijenhuis manifolds, Quaderno S 19, Universita degli studi
di Milano, 1984.

F. Magri, C. Morosi and O. Ragnisco, Reduction techniques for infinite-dimensional
Hamilton systems: some ideas and applications, Comm. Math. Phys. 99 (1985), 115-140.
J. Martinet, Sur les singularités des formes différentielles, Annales de 1'Institut Fourier
(Grenoble) 20 (1970), no. 1, 95-178.

C. Morosi and L. Pizzocchero, R-matrixz theory, formal casimirs and the periodic Toda
lattice, J. Math. Phys. 37 (1996), 4484-4513.

J. M. Nunes da Costa and C.-M. Marle, Reduction of bihamiltonian manifolds and recur-
sion operators, in: Differential Geometry and Applications (Brno, 1995), J. Janyska et al.
(eds.), Masaryk University, Brno, 1996, 523-538.

P. J. Olver, Applications of Lie Groups to Differential Equations, Graduate Texts in Math-
ematics 107, Springer, 2000.

F. Pelletier, Singularités d’ordre supérieur de 1-formes, 2-formes et équations de Pfaff,
Publications de 'LH.E.S. 61 (1985), 129-169.

F. Pelletier, Localisation des anormales en codimension 2 et variétés bipoissonniennes,
Bulletin des Sciences Mathématiques 125 (2001), 197-234.

F. Petalidou, Etude locale de structures bihamiltoniennes, These, Université Pierre et
Marie Curie, Paris VI, 1998.

S. Pneumatikos, Structures symplectiques singuliéres génériques, Ann. Institut Fourier 34
(1984), 201-218.

V. Ravoson, R. Caboz and L. Gavrilov, Structure Jacobi-hamiltonienne, Laboratoire de
Physique Appliquée, Université de Pau et des Pays de I’Adour, Pau, 1992.

A. Sergyeyev, A simple way of making a Hamiltonian system into a bi-Hamiltonian one,
Acta Appl. Math. 83 (2004), 183-197.

R. Thom, Un lemme sur les applications différentiables, Bul. Soc. Math. Mexico 1 (1956),
56-71.

F. J. Turiel, Classification locale simultanée d’un couple de deux formes symplectiques
compatibles, Manuscripta Math. 82 (1994), 349-362.

A. Weinstein, The local structure of Poisson manifolds, Journal of Differential Geometry
18 (1983), 523-557.

K. Yano and S. Ishihara, Tangent and Cotangent Bundles: Differential Geometry, Marcel
Dekker, New York, 1973.






