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Abstract. In this paper we show to what extent the closed, singular 2-forms are represented,
up to the smooth equivalence, by their restrictions to the corresponding singularity set. In the
normalization procedure of the singularity set we find the sufficient conditions for the given closed
2-form to be a pullback of the classical Darboux form. We also find the classification list of simple
singularities of the maximal isotropic submanifold-germs in the codimension one Martinet’s
singular symplectic structures. An example of the exotic singular symplectic structure-germ
with no existence of Lagrangian germs is constructed and the singularity theory framework for
the pulled back singular symplectic forms is provided.

1. Introduction. Let w be a closed 2-form on R?", w is called a singular form if
w" = fQ, where Q is the volume form and f is a smooth function f : R?>" — R such
that o = f~1(0) # 0. In [13], [16] and [8] it was shown that there are five generic
types of singularities for germs of closed 2-forms on R*. All these generic types, among
which one is unstable and has moduli parameters, are determined by the geometry of the
pullback i*w to the hypersurface of singularities i : ¥» — R*. The positions of ¥y and
the internal geometry of the form distinguish the singularity types and reconstruct the
singular symplectic form itself. There is a straightforward observation that the considered
types of forms are represented by the classical Darboux form wp on R*, namely w =
¢*wp, where ¢ is a smooth map-germ. Thus one can formulate immediately the natural
questions:
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1. How do the invariants of the geometry of the singularity surface X5 distinguish
and describe the equivalence classes of the closed 2-forms?

2. Can any closed 2-form be represented as a pullback from the canonical Darboux
form?

3. Is the geometry of isotropic varieties for the singular symplectic forms determined
by the isotropic varieties in the Darboux case?

In Section 2 we show to what extent the closed 2-form is represented by its restriction
to the singularity hypersurface, moreover we express the closed 2-forms on R?", with the
singularity set being a smooth hypersurface, by the specific forms on the singularity set.
The similar problems for singular contact structures are considered in [9], [10].

An answer for the second question is obtained in Section 3. At first it is shown that
all diagonal closed 2-forms are represented by the canonical pullback, then the sufficient
conditions are found for the general singular closed 2-form to be a pullback from the
Darboux form. In this section we also show that for the important class of closed 2-forms
their canonical representation exists.

Then in Section 4 we show the possible pathological difference between singular sym-
plectic structures and symplectic structures. For that we construct the singular exotic
symplectic form, which cannot be reduced to the diagonal one and has no maximal
isotropic subspace passing through the chosen source point of the germ. This suggests
the nontriviality of the classification problem for the maximal isotropic germs of surfaces
in the singular symplectic structures (as is also pointed out in [11, 12]). Thus as an in-
troductory approach, the list of simple normal forms of maximal isotropic germs in the
simplest Yoo Martinet’s singular symplectic structure is obtained.

2. Singularity sets for the degenerate symplectic structures. Let M be an
m-dimensional smooth manifold (m > 2) and let w be an arbitrary 2-form on M. The
integer rank w|,, = 2s(x) defined by

(1) @) #£0, ()T =0,
is called the rank of w at x € M. For any « € M there exists a basis B = (e1,€2,...,€m)
of the space T, M such that
s(x)
(2) wle = 2631@71 A €3 s
k=1

where (e,...e%,) is the basis of T, M dual to B (see [4], I, Theorem 5.1). Any such B
will be called a canonical basis for the form w at the point x. If x is fixed then there exist

a neighborhood U of x in M and coordinates x1,...,Z,, on U such that
S NP
Oxy |z’ Oxs |z’ T ey |
Then, in this basis, we have
s(z)
(3) Wl = Zdl‘gk_l A dxoy, .

k=1
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We will call z1,xo, ..., 2z, the canonical coordinates for w at x € M.
If M is an even-dimensional manifold then there are canonical coordinates at x € M,
(p,q) = (P1,---,Pnsq1y- -+ qn), such that
s(x)
(4) Wy = Z dpy, A dgy -

k=1
Now we introduce the following notion

DEFINITION 1. The set
Yo(w) ={x € M : rankw|, < dim M}
is called the singularity set of w.
Let w be a closed 2-form on R?". Let (p,q) = (p1,---,Pn,q1,---,qn) be a coordinate

system on R?". Q = dp; Adgy A ... Adp, Adq, is the volume form. Then w™ = f{2, where
f is a smooth function on R?". The singularity set of w is the zero level set of f.

PROPOSITION 1. Let S be a closed subset of R?™. Then there exists a closed 2-form
w such that S = Ya(w).

Proof. There exists a smooth function f on R?" such that S = f~!(0). We consider
the 1-form

n D1
(5) O‘Zpisz+</ f(tvp%apna(haaQn)dt) dlh
i=2 0
Let w = da. Then it is easy to check that YXa(w) = f~1(0) = S. =

We assume that zero is a regular value of f in the formula w™ = fQ. Hence Yo (w) =
f71(0) is a smooth hypersurface of codimension 1 in R?". We may find a coordinate
system (p, q) on R?" such that locally f(p,q) = p1 (cf. [13]).

It is obvious that if two singular closed 2-forms are equivalent then their pullbacks to
their singularity sets are equivalent. We want to consider the inverse problem. Now we
have the following straightforward lemma.

LEMMA 1. Let wy and wy be two germs of closed 2-forms on R*" at 0, such that
wi /Y and W /Q are regular functions at 0. Assume that H is a common singularity
hypersurface of both these forms. Then

wh = fQ, Wi =(a+9)fQ,
where a # 0, df|o # 0 and f, g are smooth function-germs vanishing at 0.

Firstly we assume that these singular 2-forms are equal on their singularity set. Then
we obtain the following result.

THEOREM 1. Let wy and wy be two germs at 0 of closed 2-forms on R*™ with the
common singularity hypersurface H = {f =0}, w§ = fQ, P = f(a+ )8, df|o # 0,
where § is a smooth function-germ, G(0) =0, a > 0, wo|7,, g2n = w11, g2 = @.

Then there exists a diffeomorphism-germ ® : (R?",0) — (R?"*,0) such that

<I>*w1 = Wo

and @y =1dy.
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Proof. First we simplify the forms wg and w;. We find the local coordinate system
such that w§ = P19, W} = p1(a + g)Q2, where g is a smooth function-germ, g(0) = 0. By
assumptions, we have w; = p1a; + @, where @ = CU»L'|T{p1=D}R2n for 4 = 0,1. Then further
on we use the Moser homotopy method (see [15]). Let wy = twq + (1 — t)wy, for t € [0,1].

We assume that ®jw; = wy, for t € [0,1], &y = Id. Differentiating the above homotopy
equation by ¢, we obtain

d(Vi]wi) = wo — w1 = p1(ag — au),
where V; = %@t. Now we prove the following

LEMMA 2. If pra is a closed 2-form on R?™ then there exists a 1-form B3 such that
pra = d(pip).

Proof of Lemma 2. One can show that there exists a 1-form v such that pja =
d(p1y) = dp1 Ay + p1 dy (see [2]). Therefore dp; A YI1y,, -0y R2n = 0. Hence there exist a

1-form 6 and a smooth function f such that v = p1d + fdp;. If we take 3 =9 — % then

pra= d(pw - d(%)) = d(piB),
which finishes the proof of Lemma 2. m
Let us notice that p1(ag — a1) = w1 — wp is closed. By the above lemma we have
(6) Vi]wy = p%ﬁ-
Now we compute

= (proy +@0)" =" +plz< > k=lok gk,

k=1

But W?‘T{m:o}RZ" = 0. This clearly forces @™ = 0. By the above formula we get

n
n
noag A"t =Q —py Z (k)p’fzalg AGnF
and
" /n
nog A"t = (a+¢)Q — p Z (k>plf_2alf Aok,

These equations imply the formula

= (pl(tal + (1 —t)ag) + (Ij)n

n

=pi(tnag A"+ (1= tinag AG™ )+ (Z)p’f (tay + (1 — t)ag)* A"
(7) =2

=pi(1+ t(a +g—1)0
erl Z < ) tOél +(1- t)ao) — tOélf -(1- t)alg) Aok
From (7) we obtain
(8) Wl =pi(1+ta+g—1)+pih)Q
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where h; is a smooth function. Let us notice that (1 +¢(a+ ¢(0) — 1)) # 0 for a > 0 and
for ¢t € [0,1]. Therefore w; has the same singularity type for every ¢ € [0,1]. The set of
singular points of w; is nowhere dense, therefore by direct algebraic calculation, it is easy
to see that equation (6) is equivalent to the equation

9) Viwi = npiB Awi ™
Combining this equation with equation (8) we obtain
(10) Vi) (1+t(a+g—1)+p1ht)Q=np1ﬁ/\w?*1.

We can find a smooth vector field V; that satisfies (10) and Vi|g = 0, because
(1+t(a+g(0)—1)) # 0 and the right hand side of (10) vanishes on H. Hence there exists
a diffeomorphism ®; such that ®fw; = wy for ¢ € [0,1] and @]y = Idy. This completes
the proof of Theorem 1. m

Now we define
i {pr=0}3 P2,y Prs @1y @n) = (0,D2, oo Dy Qs - - @) € R
and
T RS (p1,pas -y Prs @y @n) = (D255 Pny s -5 0n) € {p1 = 0}
In general, using the above theorem, we reduce w to the following prenormal form.

PROPOSITION 2. If w™ = f§, f(0) = 0 and df|op # 0, then there exists a germ of a
diffeomorphism ® : (R*",0) — (R*",0) such that

d*w = d(p1m*a + pin*p) + n*o,
where 0 = 1*w and «, B are germs of 1-forms on {p1 = 0} satisfying the conditions
L. aA(o)" 1 =0,
2. (286A 0+ (n—1)anda)A (o) 2|y #0.

Proof. Tt is easy to see that there exists 1-form ~ such that w = d(p1vy) + 7*o. It is
clear that we can write 7y in the form v = 7*a 4 p1 + gdp1, where « is a germ of a 1-form
on {p; =0}, g is a function-germ and ¢ is a germ of a 1-form. Then

d(p1(p16 + gdp1)) = p1(2dpy A S+ pydd +dg Adpr).

By Lemma 2 we have w = d(p;7*a) + d(p30) + m*o. Now we write € in the form 6 =
75 + p1n + hdpy, where ( is a germ of a 1-form on {p; = 0}, h is a function-germ and
7 is a germ of a 1-form. Then

w = d(p1*a + pi7*B) + 7 + pi (3dpr An+ p1dn+ dh A dpy).
Let wy = d(p17*a + pin*3) + m*o.
It is easy to see that
w = w0|T{p1=0}Rzn =dp A7ra+ 7m0 = w|T{p1=O}R2n .
Now we calculate

n n B -
(1) wp=W+piQ)" =p2+p7 Y <k>p?(k Ve AW = pi(1+ pir)Q,
k=1
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where ¢ = —(3dp1 An+p1dn+dh Adpy) and r is a smooth function-germ. Therefore by
Theorem 1 we have ®*w = wy. Then we calculate again

wp =ndpy At*a A (7*o)" !

+nprdpy A 20 B AT 0 + (n— D)7*a Adr*a) A (T0)" 72 + pio,

where v is a smooth function-germ. Combining the above formula with (11) we obtain
conditions 1 and 2 of Proposition 2. =

Now we show the lower bound for the rank of the pullback of the generic singular
closed 2-form onto its singularity set.

COROLLARY 1. Ifw™ = fQ, f(x) =0, df|x # 0 and t*w = o, where v : {f =0} —
R then rank 0|, = 2n — 2 or rank o], = 2n — 4.

Proof. We may assume that w™ = p;Q2 and = 0. By Proposition 2 we have
(286 Ao+ (n—1a Ada) A (0)" %o # 0. This implies 0" 2|y # 0, where 0 = *w.
Therefore 2n — 4 < ranko|g < 2n. =

REMARK 1. Let w satisfy the assumptions of Corollary 1 at * = 0. The condition
rank o|g = 2n — 2 is equivalent to the transversality of

kerw = {v € Tf—l(O)R2n tvjw =0}

to Ya(w) = f71(0) at 0. If w satisfies the above condition then there exists a germ of a
diffeomorphism @ : (R?",0) — (R*",0) such that

Q*w =pidg Ndg1 + dei Ndg;,
i=2
see [13]. This singular closed 2-form is called Yoy Martinet’s singular symplectic form.

Thus the equivalence class of w is determined by its pullback to the singularity hypersur-
face if rank t*w|o = 2n — 2. Therefore the most interesting case is rank t*wlp = 2n — 4.

Now we show that the closed 2-form with regular singularity hypersurface is deter-
mined by the pullback to the hypersurface and by a 1-form on that hypersurface.

THEOREM 2. Let w"™ = fQ, f(0) =0 and df|o # 0. If rank t:*w|o = 2n — 4 then there
exists a germ of a diffeomorphism ® : (R?",0) — (R®",0) such that

P*w =d(p17a) + 0,
where 0 = *w and « is a germ of 1-form on {p; = 0} such that
1. ano™ 1 =0,
2. aNda Ao 2|g £ 0.
Proof. By Proposition 2, w = d(p17*«a) + d(p?7*3) + 7*c. Then
W" = 2npydpy AT B AT (0" +n(n — Dpydpy AT AdrFa ATt (0" 2) + pioQ,
where v is a smooth function-germ at 0. From o™~ !|y = 0 we have

W =n(n—1)p1dpy A" Adr*a A (6™ 2) + prgQ,
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where g is a smooth function-germ at 0 such that g(0) = 0. Therefore a AdaAo™ 2| # 0.
Let

wo =d(p17m*a) + 7r0o.
Then
Wi =n(n — Dprdpy Am*a Adr*a AT* (0™ %) + p1hQ,
where h is a smooth function-germ at 0 such that h(0) = 0. One can check that
W= w0|T{p1:0}R2n =dp ANm*a+ 7o = w|T{p1:0}R2n )
Therefore by Theorem 1 there exists a germ of a diffeomorphism © : (R?",0) — (R?",0)
such that ©*w = wg and Oy, —oy = ldgy,—0}. =
Let us assume that n = 2. w is a germ of a smooth closed 2-form on R* at 0. From
Theorem 2 we obtain
PROPOSITION 3. Let w? = fQ, f(0) = 0 and df|op # 0. If rank t*w|g = O then there
exists a germ of a diffeomorphism ® : (R*,0) — (R*,0) such that
®*w =d(p17a) + 70,
where o = *®*w is a germ of a closed 2-form on {p; =0} such that a Ao =0 and in
this four-dimensional case « is a contact form on {p; = 0}.
REMARK 2. The set
Yoo (w) = {x € ¥3(w) : rankw|, = 0},

consists of the points where ker w is tangent to ¥o(w). Generically ¥95(w) has codimen-
sion 2 in ¥y(w). If ker w is transversal to Yoa(w) at 0 in ¥a(w) then there exists a germ
of a diffeomorphism ® : (R*,0) — (R*,0) such that

O*w = d(p1 — p3/2) Ndq1 + d(p1p2 + q1q2 — p5/3) Adga
see [16]. These singular closed 2-forms are called elliptic and hyperbolic Y909 Martinet’s
singular symplectic forms. The symplectic form, the Y5p-type form, and both types of
Y90 forms are locally stable on R*. Golubitsky and Tischler [8] have shown that there
are no more locally stable closed 2-forms on R*. They used the contact form « (see
Proposition 3) on a singularity hypersurface to prove this result.

By Proposition 3, it is easy to see that all germs of closed 2-forms on R* that vanish
on their singularity hypersurface are equivalent.

COROLLARY 2. Let w? = £, f(0) = 0 and df|o # 0. If t*w = O then there exists
a germ of a diffeomorphism ® : (R*,0) — (R*,0) such that

*w = d(p1(dg1 + p2dgs)).

3. Canonical representation of a closed 2-form. Let (p,q) = (p1,---,Pn, q15- - »
..,qn) be a coordinate system on R?". We denote by wp the Darboux 2-form, i.e.
n
(12) wp = dej Adg; .
j=1

The celebrated Darboux theorem states (see [17], [13], [2]):
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THEOREM 3. Let w be a germ at x of a closed and nondegenerate 2-form on a
2n-dimensional manifold M. Then there exists a germ of a diffeomorphism ® : (M, z) —
(R*,0) such that

(13) w=P*wp.

In this section we want to generalize this theorem to the case when x € ¥o(w). We
are looking for necessary and sufficient conditions for w to be of the form (13), where
® : (M,z) — (R®",0) is a smooth map (which is singular at x). Note that if f is an
arbitrary C*°-function on R?>" and w = da where the 1-form « is given by (5) and
Ya(w) = f71(0), then the suitable map ® exists. Namely, we can take

(I)(ph yersPnyql, - - aQn)
(14) P1
= ( f(tap2a sy Pnyqly - 7QTL) dt7p27 <oy Pnsdqly - - 7Qn)~
0
Now we consider the case when there are coordinates (p,q) = (P1,-.-,Pnsq1,---,qn)
such that w can be written in the following way
n
(15) w(p,q) =Y w;(p,q) dp; A dg;.
j=1

We will call closed 2-forms of this type the diagonal forms.
If w can be written in the form (15) then for any j = 1,2,...,n the function-germ w;
depends only on p; and g; i.e. w;(p,q) = w;(p;,q;). Indeed, since

dw = Z<% dgi N\ dp; A dg; + %dpk A dp; /\dqj) =0
'\ Jgj; Op,
k#j
and the elements dgj, A dp; Adg; and dpy, Adp; ANdgj, 5,k =1,2,...,n, j # k, are linearly
independent, we deduce that % = % =0 for j # k.

Let w be a germ at x of a closed 2-form on a 2n-dimensional manifold M. Suppose
that there exists a chart ¥ = (p1,...,Pn,q1,---,qn) : U — R?"* on M, such that the
equality (15) holds. If we take ¥ = ¥ — ¥(z) instead of ¥ then we have that ¥(z) = 0.
Let a 2n-dimensional cube (—a;a)?" be contained in ¥(U) and let V := U~1((—a;a)*").
Define

Pj
P;(p,q) == / wj(t, q;) dt,
0

Qj(p7q) ::qja j:1727"',na (paq)e(_a7a
(PaQ) = (Pla"',Pn;Qla"'aQn)-
Then we have the map-germ ® = (P, Q) o ¥|y, such that w = ®*wp.

)Zn7

Let w be a diagonal 2-form for some chart ¥ (see (15)). Then

Ww'(p,q) =wi(p,q1) - - Wn(Pn, @0)QUP, @),

where Q = dpy Adgi A ... Ndp, Adgy. If 2 € Xo(w) then there exists m € {1,2,...,n}
such that wp, (pm (), gm(z)) = 0. Hence ¥3(w) contains a submanifold S := ¥~ ({(p, q) €
R*™ : pry = P (@), i = qm (2)}) of codimension two.
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ExaAMPLE 1. Let

fprp2.01,02) =pi+p5+ai + a3, (pg) € R,
and let w = da, where « is the 1-form defined in (5). Since ¥(w) = {0} C R* does not
contain any submanifold of codimension two we obtain that a chart ¥ = (p, ¢) such that
w has a diagonal form (15) does not exist. On the other hand there exists a map ® such
that w is the pullback from the Darboux form wp (see (14)).

Another example of a closed 2-form w which does not fulfil (15) is provided in the
next section (see Example 2).

Now we give a sufficient condition for w to be of the form of pullback (13). To do this
we should recall some results concerning the Pfaffian systems (cf. [4]). Let a be a smooth

1-form on a manifold M. The Pfaff problem concerning « is the problem of finding all
submanifolds S of M for which

(16) tga =0,

where tg : S — M is the natural embedding of S into M. The integer r(x) defined by
r(x r(z)+1

(17) (dal) ™ Nale #0,  (dal,) Pt =0

is called the rank of the equation (16) at a point € M (see [4], p. 38). In this paper we
will call it the Pf-rank of the form « at a point x € M. The Pf-rank is invariant under
the multiplication o — ga, where g € C*°(M) and g(x) # 0 for any = € M. We need the
following result which is known in the theory of Pfaffian systems.

THEOREM 4. Assume that a germ at x of a 1-form a on a manifold M has a constant
Pf-rank r. Then there exist a coordinate system wy,...,w,, (m = dim M) and a smooth
function-germ g at x such that g(x) # 0 and
(18) a = g(dwy + wy dws + ... + wa, dwayy1).

The proof of this theorem can be found in [4] (Chapter II, page 38, Theorem 3.1).

Using this theorem we can prove the main result of the section.

THEOREM 5. Let w be a germ at x of a closed 2-form on a 2n-dimensional mani-
fold M. Suppose that there exist:
(i) a smooth function-germ f at x on M,

(ii) a germ « at x of a smooth 1-form on M such that w = d(fa) and « has a constant
Pf-rank r.
Then there exists a smooth map-germ ® : (M, x) — (R*",0) such that w = ®*wp.

Proof. Since (da)” A a # 0, we deduce that r < n. By Theorem 4, there exist a
coordinate system wq, ..., ws, in a neighborhood V of x and a smooth function g on V'
such that equality (18) holds. Then

w= d(fg(dw1 + wodwsz + ... + wQT.dw27.+1))
=d(fg) N dwy +d(fgwz) A dwz + ...+ d(fgwa,) A dwar 11
and w = ®*wp for

q)(wlv‘”ann) = (fg7fgw27fgw47"'7fgw27”707"'707w17w37"~7w27‘+1707"'70)' u

n n
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COROLLARY 3. If w|?™t £ 0 then there exists ® : (M,z) — (R?",0) such that
w=® wp.

Proof. If w|? # 0 then the result follows immediately from Theorem 3. Suppose that
w|? =0, i.e. rankw, = 2(n — 1). Let (p, q) be the canonical coordinates for w at z. Then

n—1

wlpy =Y dpx A day
k=1

(see (4)) which implies
w|§f1 =(n—Ddpy Adgr N ... Ndpp—1 ANdgn_1 -
Let 6 be a 1-form in a neighborhood Uy of x such that df = w. If we put
a:=60—-0,+dp,,
where 6, has constant coefficients on Uy (with respect to the coordinates (p,q)), then
da = w and a, = dp,. This gives
(w”fl ANa)yz =(n—1)ldpyt Adgp A ... Adpr—1 A dgn—1 A dp, # 0.
Now the corollary follows from Theorem 5, where we put f = 1. =

REMARK 3. Now we suppose that rank w, < 2(n—1). Then there are two possibilities
provided the assumptions of Theorem 5 are satisfied.

(A) There exists a germ of a 1-form 6 at x such that w = df and 6 has a constant
Pf-rank r (r < n —1). Then we can take f =1 and a = 0.

(B) The 1-form 0 defined in (A) does not exist, but there exists a smooth function-
germ f and a germ of a smooth 1-form « such that w = d(fa) and « has a constant
Pf-rank r > 0.

Now we explain the case (B). We have w = df A a+ f da,
WA (fa) = [rf"‘l df NaA(da)" ™t + 7 (da)r] A(fa) = T (da)" A
and
WA (fa) = P2 (da)" TP A= 0.
If w|” A(f(x)ay) # O then w” A(fa) # 0 on some neighborhood V' of # which means that
0 := fa has a constant Pf-rank r. This contradicts the assumption of (B). Consequently
wlZ A [f(z)als] = 0. Since (da)|5 Aal, # 0, we see that f has to vanish at z, and therefore

0|z = f(x)al, = 0. In this case we should investigate the set M% of germs in z of all
smooth 1-forms 6 such that df = w and 6|, = 0.

4. Maximal isotropic germs in the singular symplectic structures. Let w be
germ at zero of a closed 2-form on R?". Let (L,0) C R*" be germ of a smooth submanifold
of R?", dim L = n, such that w|;, = 0. If w is a symplectic form, then (L,0) is called
the Lagrangian germ. If w is a singular symplectic form, then (L, 0) will be called an M-
isotropic germ (maximal isotropic germ). One of the fundamental problems of symplectic
geometry (cf. [17]) is to study the local and global structure of the space of Lagrangian
submanifolds. There is a fundamental application of the singular symplectic structures in
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physics of equilibrium processes (cf. [11]) and electromagnetic interactions (cf. [5]). Again
there is a very natural motivation for investigation of isotropic subspaces and especially
maximal isotropic subspaces, which correspond to equilibrium states of the degenerate
systems.

The natural classification groups for isotropic submanifold-germs are those which
preserve w. There is a crucial difference between the singular symplectic case and the
symplectic case, where all germs of Lagrangian submanifolds are equivalent. If the sin-
gularity set of w is not empty then even the situation, when there exist no M-isotropic
germ, may happen. Now we present an example of such situation.

EXAMPLE 2. Let ¢: R — R* be a curve given by the formula

c(t) = (01 (t), ca(t), c3(t), 04(15)) ,
where

1 1
a(t) = Ecost(l +cost), cot):= Esint(l + sint),
1 1
cs(t) == —3 cost(l —cost), cy(t) = 3 sint(l —sint), te€ R.

We define a 1-form a on R* by the formula

a(z) = e~/ (Zxkck(%)) v xe RO\ {0},
a(0) == 0,

where © = (21, 72,23, 24) and r2(z) = ||z|? = Z x2. It is clear that « is smooth (is a
k=1
C>-form) on R*. Let w := da. Then w is a smooth closed 2-form on R* and

w = ixk i [6—1/7-2%(1)} dr Ndr + ie‘l/T'ZCk (1) dxy, Adr
Pt dr r Pt r
4

e~ U/ (Z ( )dxk) A dr.

Let S be an arbitrary smooth surface (a 2-dimensional submanifold) in R* such that
0€ S. Let v: (—€;¢) — S be an arbitrary geodesic line (with respect to the Riemann
structure defined on S by the standard scalar product in R*) parametrized by the natural
parameter (the arc length) and such that «(0) = 0. Denote by # the velocity vector field
along v (¥(¢) = ‘2;’ (t)) and by v the normalized vector field along v tangent to S and
perpendicular to z- o« for ¢ # 0. (For e sufficiently small there exist exactly two such

vector fields. Then we choose one of them.) We have dr(v(t)) = 0 and therefore

w0030) = e (D () drno)art3(0) = 3 (L) deat3(6) )

k=1 k=1
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for ¢ # 0, where r(t) := |y(t)|, vk (t) = dxg(v(t)) is the k-th coordinate of the vector v(t)

and (,-) denotes the standard scalar product in R*. Since tlirgl+ gg& = 4(0) we obtain

m (30, 2 ) = O =1

t—0t+

Then there exists 6; > 0 such that for any 0 < ¢t < §; we have <*’y(t), Ij/g;‘> > 0.

Since hrélJr v(t) = v(0) and |[v(0)] = 1 then there exist d; > 0 and a natural number
t—

0 < k < 4 such that for any 0 < ¢ < d; we have vi(t) # 0. Hence there exist n € N and
0 < ¢, < § := max{d1,d2} such that
1
tn) = |Y(tn)| = ———— < 6.
rlt) = (6| = T

Consequently

. gy . y(tn)
w(oltn).i(tn)) = e uy(ta) (3(tn), ) #0

which means that S is not an isotropic (Lagrange) submanifold of w in R*. Hence there
are no Lagrange submanifolds of w containing the origin of R*. This also implies that w
is not of the form (15).

On the other hand, if we put

‘I)(x) = (e—l/r (ki:l Ika(%))O,f(r%O) for z # 0,

(0,0,0,0) for x =0,
where r = |z| and f(r) := [, e~/ dt, then ® is smooth and w = ®*wp.

Now we show that even in the very degenerate case there is a possibility for a classi-
fication of the generic maximal isotropic germs.

EXAMPLE 3. Let w be a germ of a closed 2-form on R* at 0 € R*. Then w? = fQ,
where € is a germ of a volume form on R* at 0 and f is a function-germ at 0. We assume
that f(0) =0, df|op # 0 and *w = 0, where

L%y — RY
By Corollary 2, there exists a germ of a diffeomorphism ® : (R*,0) — (R*,0) such that
*w = d(p1(dg1 + g2dp2))-

Let L be a germ of maximal isotropic submanifold in (R* w). If L is transversal to
Yo = {p1 = 0} at 0 then it is easy to see that

L={(p,q) €R :q1 = fi(p), ¢2 = fo(p)}

(up to diffeomorphisms which preserve w), where fi, fo are function-germs on R? at 0,
which vanish at 0. L is isotropic, therefore d(pl(dfl + f2dp2)) = (. By the same method
as in the proof of Lemma 2 it is easy to prove that p;(dfi + fodpe) = d(p?F), where F is
a function-germ on R? at 0. Hence

L={pa) e R s =—50) - mg () = 5 ()},
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where S is a function-germ on R? at 0, vanishing at 0 and F = _g_zi‘ We call S a
generating function-germ for L.

By a diffeomorphism of the form (p1, p2, g1, g2) = (p1,P2, @1 — f1(p), g2 — f2(p)), which
preserves w, one can reduce L to the following germ of maximal isotropic submanifold

LO:{(paQ)€R4:QI:07 q2=0}.

Obviously the germs of maximal isotropic submanifolds that are not transversal to 3o
at 0 are not equivalent to Lg.

Let w be the pullback of the Darboux form wp
w=d*wp,

where ® : (R?" 0) — (R?",0) is a smooth irregular map-germ. We consider the group
G,, of diffeomorphism-germs preserving w, i.e. h*w = w if h € G,,. By S, we denote those
elements of G, which are ®-lowerable to a symplectomorphism, i.e. h € S, if there exists
a symplectomorphism-germ ¢ : (R?>", wp) — (R?*",wp) such that

Poh=¢od.

The aim of this section is to provide the classification of M-isotropic germs under the
S.-group action. The classification of M-isotropic germs for the subgroup of S, of diffeo-
morphism germs preserving an extra canonical fibration was presented in [12] for the Yo
Martinet’s singular form w. Here we extend this result for the whole S,-group action in
the case of the Y99 Martinet’s singular symplectic form

w = p1dpy Adq: +dei/\sz’-
i—2

It is easy to see that w = ®*wp, where ®(p, q) = (%p%,pg, ey Prs @1y e ey Gn)-

DEFINITION 2. The M-isotropic germ N C (R?*",w) is called ®-lowerable if there
exists a Lagrangian germ L C (R?",wp) such that (L) C N.

PROPOSITION 4. All smooth M-isotropic germs in (R*",w) are ®-lowerable.

Proof. The proposition follows immediately from the proof of Proposition 2.7 in [12].
In fact any smooth M-isotropic germ (N, 0) may be written in the form

oF OF
(19) q; = _()‘76)|§=(%pf,4..7pn)7 0= —(A7€)|§=(%p%,.“,pn)a

0¢; O\
where 1 < i < n, 1 < j <k, (N§ — F()\E) is a generating Morse family-germ
for a Lagrangian germ (L,0) of (R?",wp). There is an S, -equivalent representation of
M-isotropic germ by the Legendre transformation of the function F' (cf. [17], [3]), namely

1 oG oG 0G
2 —_ 2 = — ... 1 = — = =— .
( 0) 2p1 aql ()‘7Q)7 y Dr 8(]77, (>\7Q)? 0 a)\ (>\7Q)

This form is accessible for the M-isotropic germs (N,0) C {p1 =0}. n

By the action of the S,,-group of equivalences of M-isotropic germs we get the following
classification result.
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THEOREM 6. Any smooth M-isotropic germ of (R*",w) is S,,-equivalent to
(N,0) = ({(p,q) : ¢ = 0,1 <i <n},0)
or
(N,0) = ({(p,q) : pi = 0,1 < i <n},0).

Proof. All smooth M-isotropic germs are represented by the Lagrangian germs. These
Lagrangian germs are transversal to the hypersurface {p; = 0} or they are contained
in this hypersurface. If the germ (L,0) is generated by F' from the equations (19) then
it may be reduced to F' = 0 by a ®-liftable symplectomorphism of (R*",wp) (cf. [6],
Theorem 1). If the germ (L, 0) is represented by a function G (it includes the case when
(L,0) is contained in {p; = 0}) then it may be reduced to G = 0. So the corresponding
lifted elements of S, reduce the M-isotropic germ to N = {(p,q) : ¢ = 0} or to N =

{(p,q):p=0}. =

The canonical singular M-isotropic germs, i.e. the singular M-isotropic map-germs
which are not enclosed into {p; = 0}, ¢ : R® — (R?",w), 1*w = 0, are represented by
the Lagrangian germs (L, 0), which are not transversal to the hypersurface {p; = 0}. By
the straightforward use of Theorem 3 in [6] and further reduction of the prenormal forms
introduced in [18] (Theorem 1), the corank 1 singular M-isotropic germs are classified in
the following theorem.

THEOREM 7. Let w be a germ of the X9 Martinet’s singular form.

A. The prenormal forms of the generic M-isotropic germs of (R*",w) represented by
nontransversal Lagrangian germs are given in the form

1, 08 oS oS
§p1 = T@(Q)a p2 = @(Q)’ ceey Pn = @(Q)y
where
(21) At S(q)=+gf™ + Zgz G2, )y T

and gr € m? (m is a mazimal ideal of the ring of smooth function-germs at zero).

B. The simple normal forms of M-isotropic germs of (R®",w) are S, -equivalent to
one represented by function y — S(q) in the form

Ay S(q) = q1 + (£S5 + Qgs, - qn)),

Di: S() = +q(@Bas a5 +Qau, -, qn)), k>4,
Es: S(q) =¢} +q1(3 £ a5+ Q(qa, -, qn)),

Er: S(q) = Q? + q1(q3 +qus§’ +Q(q4, .-, qn)),

Es: S(q)=q} + q1(q2 + a5+ Qqa,---,aqn)),

Cr: S(q) =" + ¢l + 1Q(asy - qn), k> 2,

By : S(q) = ¢3qs + ¢lao + a1 (a5 + Qqa, -1 qn)), k> 2,
Fi: S() = + @G+ a(d+ Q.- an)),

Us: S(q) = +q¢i + 1Q(q2, .. ., qn).
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