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Abstract. Conflict set are the points at equal distance from a number of manifolds. Known

results on the differential geometry of these sets are generalized and extended.

Introduction. This paper is concerned with the study of curvature and regularity

properties of conflict sets. Conflict sets are sets that are at equal distance from a number

of hypersurfaces. The term “conflict set” was introduced by Thom. Conflict sets were

studied in the context of curves in R2 in [Sie99]. There a simple formula for the curvature

of the conflict set of two curves γi with normal ni and curvature κi was obtained.

This formula can be obtained in another way. Take two circles with centers B1 and B2.

The line at equal distance from the two circles is a conic C. Its parametrization can be

calculated and thus its curvature. If we denote by Ti the signed distance from the center Bi
to a point q on C, then the curvature of the hyperbola at q is

κc =
1

2

( 1

T1
− 1

T2

)
sinα.(1)

Here α is half of the angle between n1 and n2, or what amounts to the same, the angle

between ni and the tangent to the conflict set.

The quantities 1
Ti

are the curvatures κi of the curves propagated along the normals to

the point q. One can argue with “contact-type” arguments that the case of two circles is

representative for all other situations: essentially the k-jet of the conflict set is completely

fixed once the k-jets of the γi are known.

Several questions now arise:

• If the hypersurfaces are not smooth boundaries of mutually disjoint convex domains

what then is the right definition of the conflict set? (Definition 1.3)
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Figure 1. Illustration of formula (1)

• Once equipped with a good definition of a conflict set what are regular points of

the conflict set? How can we assure smoothness? (Lemma 1.6)

• Does the k-jet of the conflict set depend only on the k-jets of the base manifolds?

(“Jet theorem” 2.4)

• At regular points what is the curvature of the conflict set? (Theorems 2.5 and 3.1)

• If it the conflict set is a space curve what is the torsion? (Theorem 4.1)

We will provide reasonably complete answers to all of these questions. More details

will be in [vM].

The referee points out that a series of interesting recent preprints by J. Damon deal

with related questions. They are available on the Internet.

1. Regular points on a conflict set. Let a hypersurface M be embedded in Rn

by a C∞ map γ : M → Rn. Denote by n(s) the unit normal vector field to M . Consider

the squared distance

F (x, s) = ‖x− γ(s)‖2.
For s0 ∈ M the normal n defines a straight line with at each point of it a well-defined

outward unit direction. If p lies on a normal of γ(s0) we want to extend this direction to

a well defined germ of a vector field in a neighborhood near p ∈ Rn. At γ(s0) we have

such a normal vector field, by the local diffeomorphism from NM to Rn. We assume that

det
∂2F

∂s2
(p, s0) 6= 0.(2)

This means that we are not on the focal sets, see [Mil63]. Consider the map

(s, d)
Ψ→ γ(s) + dn,

Ψ : N∗M → Rn.

It is a germ of a diffeomorphism from a neighborhood of (γ(s0), ‖x−p‖) to a neighborhood

of p ∈ Rn. The push forward of the normal vector field near γ(s0) by Ψ∗ makes that,

near p, the direction n can be extended to a unit vector field. The situation is exemplified

in Figure 2.
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Figure 2. Push forward of normal vector field

Definition 1.1. If for the pair (p, s0) ∈ Rn ×M
• p lies on the normal from γ(s0),

• there are no other points on M whose normal contains p and at the same distance

from p as γ(s0),

• the inequality (2) holds,

then we call s0 or γ(s0) the base point of p on M at distance ‖x− γ(s0)‖1/2.

Example 1.2. If M is the boundary of a strictly convex domain A, then any point

outside A has a unique base point at minimal distance on M .

Definition 1.3. Let us have l hypersurfaces Mi smoothly embedded in Rn by em-

beddings γi : Mi → Rn. The conflict set is the set of solutions to the equations

Fi(x, si)
def
= ‖x− γi(si)‖,

{
Fi(x, si) = Fj(x, sj), 1 ≤ i < j ≤ l
∂Fi
∂si

= 0, 1 ≤ i ≤ l
(3)

projected to Rn.

Remark 1.4. The equations (3) are not the only way to define a conflict set. There

are at least two alternative definitions. First of all we could take graphs of distance

functions and intersect them. Another way would be to take the closure of the points

where the distance functions to each of the manifolds have a simple minimum at the

same level.

Remark 1.5. We restrict our attention to hypersurfaces. This is mainly because the

equidistant of a codimension greater than 1 submanifold is no longer a codimension

greater than 1 manifold but a hypersurface.

Lemma 1.6. If p lies on the conflict set and

• p has base points on each of the Mi,

• the normals ni lie affinely in general position, i.e. the differences n1−ni are linearly

independent,

then the conflict set is a germ of an immersed manifold near p.
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Proof. The partial derivative matrix of the set of l− 1 + l(n− 1) equations (3) should

have maximal rank. The matrix is

K =




∂F1

∂x − ∂F2

∂x 0 . . . . . . . . . . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
∂Fl−1

∂x − ∂Fl
∂x 0 . . . . . . . . . . . . 0

∂2F1

∂x∂s1
∂2F1

∂s21
0 . . . . . . . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
∂2Fl
∂x∂sl

0 . . . . . . . . . 0 ∂2Fl
∂s2l




.

The ni are unit vectors of ∂Fi
∂x . Because the ni are affinely in general position, the upper

rows of the matrix K are linearly independent. Because we are not on focal sets the others

are so too. Next we need to project to the x-space. The lower right l(n − 1) × l(n − 1)

square of the matrix K has maximal rank and this shows that the projection is also

non-singular.

The conditions in the lemma above do not preclude all unwanted situations: immersed

manifolds may not really be manifolds. There can be self-intersections, other components

can be arbitrary close, etc. We want the conflict set to really be a manifold. Many

conditions can ensure this, but as we only consider local situations we do not delve

deeper into these matters.

Definition 1.7. If the conditions of the previous lemma are satisfied and also the

conflict set is an embedded sub-manifold at q then we call q a regular point of the conflict

set.

We will employ the notation

• Mc = C(M1, . . . ,Ml) for the conflict set of the Mi.

• ni for the normal vector field of Mi transported to p.

• p for a regular point on the conflict set with base points pi.

Throughout this article all points on the conflict set that we consider are regular.

For the local part of the conflict set we study we can and will assume that pi = p: the

patches of the wavefronts at p determine the same patch of a conflict set.

Now we are ready to describe the tangent space to the conflict set. The tangent planes

to the base points are hyperplanes Vi in Rn.

Lemma 1.8. The tangent space of the conflict set is the tangent space to the conflict

set of the tangent planes at the base points.

Proof. It will be enough to prove this for two hypersurfaces. By coordinate changes

the two hypersurfaces can be made to look like

xn = aix1 +Qi(x1, . . . , xn−1), i = 1, 2,

where a1 = −a2, and the Qi contain no linear terms. The implicit function theorem

concludes the proof.

Now we easily calculate the tangent space to the conflict set. It is just the set of

vectors orthogonal to each of the differences ni − ni+1. If n = l then there is only one
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such direction, it is the sum of cross products of

tc = (n1 − n2)× (n2 − n3)× . . .× (nl−1 − nl) =
l∑

i=1

(−1)(i+1)(l+1)
l−1×
j=1

nq(i,j,l) ,(4)

where q(i, j, l) = 1+((i+j−1) mod l). The function q is a “circulator” over a finite index

set {1, . . . , l}. So q(1, 1, 4) = 2, q(1, 2, 4) = 3, q(1, 3, 4) = 4, and q(1, 4, 4) = 1.

If n = 3 this reduces to

tc = n1 × n2 + n2 × n3 + n3 × n1 .(5)

If n = l then the conflict set is a space curve in Rn. According to (4) the unit tangent to

the conflict set is

e =
tc
|tc|

.(6)

The tangent to the conflict set is defined in terms of the ni so e is a unit vector field in

a neighborhood of p. The part of e orthogonal to ni is also a vector field near p.

t′i = e− 〈e, ni〉ni and ti =
t′i
|t′i|

.

The integral curve from p is a germ of a curve in Mi. We shall call it the base curve.

It is the curve traced out by the base point on Mi. The base curve in Mi has normal

curvature κi. The normal curvature depends only on the second order Taylor series of

the embedding of Mi at p and the direction ti. The normal curvature has a derivative

Dtiκi that depends only on the third order Taylor series of the embedding of Mi at p.

We will encounter Dtiκi in the section where we calculate the torsion of the conflict set

in the case n = l = 3.

2. Contact and a jet theorem. Two germs of submanifolds M and N can have

different sorts of contact at a point p ∈ M ∩N , there can be a transversal intersection,

tangent space can coincide, etc. Denote by σM and ιM germs of a submersion and im-

mersion defining M at p. The contact between M and N is measured with the contact

class, described in [GG73]. It is the equivalence class under V -equivalence of σM ◦ ιN .

If M is m-dimensional and N is q-dimensional then κM,N = σM ◦ ιN : Rq → Rn−m
while κN,M = σN ◦ ιM : Rm → Rn−q. If q = m then these maps are contact-equivalent.

If q < m then κN,M is contact-equivalent to κM,N × Idm−q. With Idm−q meaning the

identity map on Rm−q. For details and proofs see [Mon86].

The k-th derivative of κN,M is a symmetric Rn−q-valued k-form on TpM . We can

view it as an Rn−q-valued k-form on (TpM ∩ TpN) ⊂ TpRn by the push forward (ιM )∗ :

TpM → TpRn.

Definition 2.1. If on a linear subspace V ⊂ TpM ∩TpN ⊂ TpRn the forms di κN,M
annul for each i not exceeding k then we say that M and N have a (k+ 1)-contact in the

directions V at p.

We have to check that this is well-defined. It is clear that the definition does not

depend on the choice of immersion for M or submersion for N . Next we need to show
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that
(
∀i ≤ k di κM,N |V ≡ 0

)
=⇒

(
∀i ≤ k di κN,M |V ≡ 0

)

(where the derivatives are to be evaluated in p). This follows from the contact-equivalence.

Let

λM,N = κM,N × Idm−q .

These maps are contact-equivalent. According to Proposition 2.3 in [Mat68] we have

λM,N = A(x)(κN,M ◦ g)

and A : R → GL(q). Because A ◦ σN is also a submersion for N and ιM ◦ g also an

immersion for M at p. Hence we can assume λM,N = κN,M . Thus this notion of contact

is well-defined. Of course it is cruder than the contact class.

Example 2.2.

• If M and N have a 2-contact along TpN then TpN ⊂ TpM .

• If TpM = TpN for two hypersurfaces in Rn and they have a 3-contact in the

direction v ∈ TpRn then the normal curvatures in that direction v of these hypersurfaces

are equal.

• If

Rn−1 3 t→
(
t, 1

2 〈Bit, t〉
)
, i = 1, 2,

are two Monge forms for a hypersurface in Rn their contact map has second derivative

B1 −B2.

As can be seen from these examples, the contact between sub-manifolds is a good

measure for how close they are. The next lemma formalizes our last example.

Lemma 2.3. Consider a submanifold L of Rn, two hypersurfaces M and N . Let

TpL ⊂ TpM = TpN and fix an immersion for L at p. If jkκN,L = jkκM,L then M and N

have a (k + 1)-contact along TpL.

Proof. We may assume that ιL : Rk → Rn is t′ 7→ (t′, 0). M has an immersion

(t′, t′′) 7→ (t′, t′′, gM (t′, t′′)). In this way a submersion for N ( = xn − gN (x1, . . . , xn−1))

can be chosen as well. With these choices the lemma is easily proven.

We have introduced this notion of contact so that we can compare conflict sets Mc =

C(M1, . . . ,Ml) and Nc = C(N1, . . . , Nl). For 2-contact we have already done this in

Lemma 1.8. Something more general is true.

Theorem 2.4 (Jet theorem). Assume that Mi and Ni have a 2-contact at pi. Let the

hypersurfaces Mi and Ni in addition have a k-contact in the directions Vi ⊂ TpiMi =

TpiNi. Suppose V ⊂ TpMc is such that the projection πi from TpMc to each of the TpMi

maps V to Vi.

Then the conflict sets Nc and Mc have a k-contact in the directions V .

As an application of this theorem we get the curvature formula (1) in general, not just

for two circles. Indeed with two curves we can find two circles that have a 3-contact with

the curves at the base points. They are the osculating circles. The theorem says that the
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conflict set of the curves has a 3-contact with the conflict set of the two circles and thus

equal curvature. In (1) we calculate the curvature of the conflict set of the two circles.

And thus formula (1) holds in general.

@
@R

Orthogonal

complement

TpM1 ∩ TpM2

Figure 3. Two orthogonal directions in TpMc account for two different curvature formulas

Another application is the curvature formula for two hypersurfaces in Rn. Here we

apply formula (1) to each direction in TpMc. The tangent space to the conflict set nat-

urally splits up in two parts. An (n − 2)-dimensional part of the tangent space to the

conflict set is common to TpM1, TpM2 and TpMc. In that case we have to look at the

right upper corner of Figure 3. Thus for these directions we have simple formula to find

the curvature. We have from the right lower corner of Figure 3

κc =
1

2

( κ1

sinα
− κ2

sinα

)
.

In the direction that is the orthogonal complement of TpMc in TpMi the curvature is

simply given by the formula (1):

κc =
1

2
(κ1 − κ2) sinα.

We see this from the right lower corner of Figure 3. Combining this and writing the

projection matrix P : TpMc → TpMi as

P =




1 0 . . . . . . 0

0 1 . . . . . . 0

. . . . . . . . . . . . . . . .

0 . . . . . . 1 0

0 . . . . . . 0 sinα




we obtain from the jet theorem an n-dimensional analogue of the formula of Siersma

[Sie99] and a generalization of the results in [SSG99].

Theorem 2.5. Denote by IIi the second fundamental form of the equidistant of Mi

at p. The second fundamental form of the conflict set is

IIc =
1

2 sinα
PT (II1 − II2) P.
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Proof of the jet theorem. In the definition of the conflict set we can write instead of

Fi(x, si) = Fj(x, sj)

d = F (x, si) or d = ‖x− γ(si)‖, 1 ≤ i ≤ l.(7)

Writing this we exhibit the conflict set as an intersection of a number of hypersurfaces

in Rn+1, graphs of the distance functions to the Mi. So another way to obtain the conflict

set is to intersect those and project the intersection to Rn.

At regular points in the sense of Definition 1.7 this intersection is transversal. We

need a lemma on contact and transversal intersections.

Lemma 2.6. If

• Ni and Mi have a k-contact along the directions Vi ⊂ TpNi ∩ TpMi,

• both
⋂l
i=1Mi and

⋂l
i=1Ni intersect transversally,

then
⋂l
i=1Mi and

⋂l
i=1Ni have a k-contact along

⋂l
i=1 Vi.

Proof. To show the claim we combine two remarks.

First, the (k + 1)-st derivative of the contact-map κ⋂N,⋂M is just the restriction

to Tp(
⋂
M) of κ⋂N,Mi

. Thus each of the Ni has a k-contact with the
⋂l
i=1Mi in the

directions
⋂l
i=1 Vi.

Second, a submersion for
⋂l
i=1Ni is simply

σ⋂N = (σN1
, . . . , σNl) : Rn → R

∑
codimNi .

We also need a lemma on equidistants and contact.

Lemma 2.7. Let hypersurfaces M1 and M2 have a 2-contact and a k-contact in some

directions V at q ∈ Rn. If we are away from focal sets, that is inequality (2) holds, then

their equidistants have the same contact at p.

Proof. Immersions for Mi can be written as

Rn−1 3 t→ (t, gi(t)), i = 1, 2 such that
∂gi
∂t

= 0.

We repeatedly apply Lemma 2.3. By hypothesis the (k − 1)-jets of g1 and g2 agree at 0.

If ni : Rn−1 → Rn is the normal to Mi, then the (k − 2)-jets of n1 and n2 agree. At

(d0, p) ∈ Rn+1 the patches defined by (d, t) → (d, γ(t) + d · n(t)) thus have a (k + 1)-

contact along directions spanned by V and ni. Intersect with a plane d = constant to

obtain the conclusion.

From the proof of the above lemma the hypersurfaces defined by

t = Fi(x, γi(si)),
∂Fi
∂si

= 0,(8)

clearly have a k-contact in the direction
{

(λ1v, 0) + λ2(ni, 1) ∈ TpRn+1 | v ∈ V, λi ∈ R
}

if V is the direction along which the surfaces M and N have a k-contact.

If Mi and Ni are like in the statement of the theorem we first take their equidistants

equidMi and equidNi. They have the same contact as Mi and Ni. Then we construct the
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hypersurfaces (8). They have contact in the directions spanned by Vi and ni. Intersect

those and project to Rn.

3. Curvature formulas. We have insisted that the ni are defined as vector fields.

The benefit is that we can use covariant differentiation to obtain a curvature formula for

the conflict set of three surfaces. In this way we avoid the use of coordinates.

Theorem 3.1. Let κi be the normal curvature along the base curve at p. Let α be the

angle between e and ni. The curvature of the conflict set of three hypersurfaces in R3 is

κ2
c = sin6 α

3∑

i=1

(κi − κq(i,1,3))(κq(i,1,3) − κq(i,1,3))(
1− 〈ni, nq(i,1,3)〉

)(
〈nq(i,1,3), nq(i,2,3)〉 − 1

) .

A normal to the conflict set is

nc = κ1e× (n2 − n3) + κ2e× (n3 − n1) + κ3e× (n1 − n2).(9)

This curvature is zero if and only if all three curvatures κi are equal.

Proof. The absolute value of the curvature of a space curve with unit tangent e is the

length of the vector Dee. By the extension of the normals to normal vector fields near

p ∈ Rn we can calculate Dee as the covariant derivative of a vector field.

Dee = De
tc
|tc|

=
|tc|2Detc − 〈tc, Detc〉tc

|tc|3
.(10)

From the Frenet-Serret equations we know that 〈Dee, e〉 = 0. Choose coordinates so that

at p

e =




0

0

1


 , ni =




sinα sin βi
sinα cosβi

cosα


 , ti =



− cosα sin βi
− cosα cosβi

sinα


 .(11)

Then if we want to determine the value of Dee at p all we need to determine are the

first and second components. Thus according to (10) we need to determine the first and

second components of

Detc
|tc|

=
De(n1 × n2 + n2 × n3 + n3 × n1)

|tc|

=
Den1 × (n2 − n3) +Den2 × (n3 − n1) +Den3 × (n1 − n2)

|tc|
.

(12)

The quantities to calculate are

Den1 × (n2 − n3), Den2 × (n3 − n1), Den3 × (n1 − n2), |tc|.
Because

e = cosαni + sinα ti

at p and obviously Dnini = 0 we have at p

Deni = sinαDtini = sinακiti .



218 M. van MANEN

Using the coordinates from (11) we obtain

Den1 × (n2 − n3) = κ1 sin3 α




sinβ2 − sin β3

cosβ3 − cosβ2

. . .


 .

(In view of e = (0, 0, 1) equation (9) is now proven.) Consequently the squared sum of

the first and second components of the numerator of (12) is:

−4 sin6 α

(
(κ1 − κ2)(κ2 − κ3) sin2

(β3 − β1

2

)
+ (κ2 − κ3)(κ3 − κ1) sin2

(β1 − β2

2

)

+ (κ3 − κ1)(κ1 − κ2) sin2
(β2 − β3

2

))

= −4 sin6 α

3∑

i=1

sin2
(βq(i,1,3) − βq(i,2,3)

2

)
(κq(i,2,3) − κi)(κi − κq(i,1,3)).

(13)

In the coordinates (11) the expression for tc reads:

|tc|2 = 16 sin4 α sin2
(β1 − β2

2

)
sin2

(β2 − β3

2

)
sin2

(β3 − β1

2

)
.(14)

In these formulas we can replace the sin(βi/2−βq(i,1,l)/2) by a somewhat simpler expres-

sion:

1− 〈n1, n2〉 = 2 sin2 α sin2
(β1 − β2

2

)
.(15)

Inserting this into (13) and (14) concludes the proof.

In the case of three spheres κc = 0 iff the three curvatures are equal, see Section 5

below. The jet theorem now concludes the proof.

4. Torsion formulas. With three disjoint spheres the conflict set is a plane curve.

In general of course the conflict set may have torsion. The expression for the torsion that

we derive is dependent on the curvature κc. With notations explained in the remarks

below we have the following theorem and formula:

Theorem 4.1. If κc 6= 0, the torsion τc of the conflict set is

τc = ± sin5 α

|tc|κ2
c

(
κ1(Dt2κ

′
2 −Dt3κ

′
3) + κ2(Dt3κ

′
3 −Dt1κ

′
1) + κ3(Dt1κ

′
1 −Dt2κ

′
2)
)
.(16)

Remark 4.2. Compare this formula to a classical formula for the torsion of a space

curve with nonzero curvature κ and a unit parametrization c(t) (see [Spi])

τ =
1

κ2

〈d c

d t
× d2 c

d t2
,

d3 c

d t3

〉
.

We see that the term 1
κ2
c

is natural in this respect.

Remark 4.3. The meaning of the term Dtiκ
′
i is as follows. It is the derivative of

the normal curvature along the base curve on the equidistant at p. The relation between

normal curvature and normal curvature on an equidistant is clear. At distance d the
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normal curvature is
κ

1 + dκ
.

Where their derivatives are concerned this is much less the case. Let us start by clarifying

how the 3-jet of a hypersurface determines the derivative of the normal curvature.

In case of an immersion that up to a quadratic form looks like

(s, t) 7→
(
s, t,

1

6
(As3 + 3Bs2t+ 3Cst2 +Dt3)

)

and a curve with tangent (cosµ, sinµ) the derivative is

A cos3 µ+ 3B cos2 µ sinµ+ 3C cosµ sin2 µ+D sin3 µ.

So that—as was to be expected—if two surfaces have 2-contact and 4-contact in the

direction ~v curves in that direction on the surfaces have equal derivatives of the normal

curvature.

The relation between the derivative of the normal curvature at the base manifold and

at its equidistant is most conveniently found by just using curves in R2. If we want a

curve with prescribed derivative of the curvature α at 0 we can take

γ : t 7→
(
t,
κ

2
t2 +

α

6
t3
)
.

At distance d its derivative of the normal curvature is
α

(1 + dκ)3 .

Proof of the torsion formula. To derive the torsion formula we need the expression

for the principal normal to the conflict set, because we want to apply the Frenet-Serret

equations.

If κc 6= 0 then at least two of the κi are different, for instance κ1 6= κ2. Thus we can

use (9) for the normal to the conflict set. The binormal is e× nc. With

e× (e× (n1 − n2)) = n2 − n1

we have

bc = κ1(n2 − n3) + κ2(n3 − n1) + κ3(n1 − n2).(17)

Of course we will have |bc| = |nc| and 〈nc, bc〉 = 0. The Frenet-Serret equations say that

De
bc
|bc|

=
|bc|2Debc − 〈bc, Debc〉bc

|bc|3
= −τc

nc
|nc|

whence we have

τc = −〈Debc, nc〉
|bc|2

.(18)

We need to determine Debc and |bc|2. For |bc|2 we can use the calculation from the

previous theorem:

−4 sin2 α

3∑

i=1

sin2
(β1 − βq(i,1,3)

2

)
(κq(i,1,3) − κq(i,2,3))(κq(i,2,3) − κi) =

κ2
c |tc|2

sin4 α
.(19)
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For Debc a little more work needs to be done. Inevitably we will stumble upon terms

involving Deκi. The normal curvature of the base manifold in the direction of the base

curve naturally extends to a C∞ function near p ∈ Rn by taking parallels to the base

curve in Mi and then parallels to Mi. Thus the expression Deκi is meaningful.

To find Deκi split e as before up in two parts: e = ni cosα+ ti sinα. Then

Deκi = cosαDniκi + sinαDtiκ
′
i .

Along the normal the curvature is

1

1/κi + t
.(20)

Clearly Dniκi is found by differentiating (20) with respect to d, and evaluating at 0. Thus

Dniκi =
∂

∂t

(
1

1/κi + t

)
|t=0

= − 1

κ2
i

.(21)

The other expression is the derivative of the normal curvature along the base curve, its

geometrical signification was explained in the above remarks.

All in all we have

Debc = sinα
(
κ1(κ2t2 − κ3t3) + κ2(κ3t3 − κ1t1) + κ3(κ1t1 − κ2t2)

)

− cosα
(
κ2

1(n2 − n3) + κ2
2(n3 − n1) + κ2

3(n1 − n2)
)

+ sinα
(
Dt1κ

′
1(n2 − n3) +Dt2κ

′
2(n3 − n1) +Dt3κ

′
3(n1 − n2)

)

= I + II + III.

It can be shown that 〈I + II, nc〉 = 0.

We have

〈Debc, nc〉 = 〈III, nc〉
= sinα|tc|

(
κ1(Dt2κ

′
2 −Dt3κ

′
3) + κ2(Dt3κ

′
3 −Dt1κ

′
1) + κ3(Dt1κ

′
1 −Dt2κ

′
2)
)
.

(22)

Combining (22) and (19) in (18) we have found the formula.

5. Example: three spheres in R3. Suppose we have three spheres Mi in R3. Denote

their centers by pi, i = 1, 2, 3, and their radii by ri. It turns out that we can calculate

an explicit parametrization of the conflict set of these three surfaces. Two elementary

lemmas are the basis for such a calculation.

Lemma 5.1. If the convex hull of the {pi}i=1,2,3 is an acute triangle then coordinates

can be chosen so that mutual distances are preserved and p1 = (b1, 0, 0), p2 = (0, b2, 0),

p3 = (0, 0, b3).

Proof. Each pair pi, pj can be used as the poles for a sphere with radius |pi − pj |.
Thus there are three spheres. These intersect iff the triangle ∆(p1, p2, p3) is acute angled.

The intersection of the three spheres is the origin O = (0, 0, 0). The angle ∠piOpj is

an inscribed angle in a semi-circle, therefore it is right. Thus the three lines through O

and pi can serve as coordinate axes.
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Lemma 5.2. If |pi−pj | 6= ±ri±rj then the conflict set is a collection of conic sections.

Proof. Each part of the conflict set is given by two equations.

|x− p2| = |x− p1| − a1 + a2

|x− p3| = |x− p1| − a1 + a3.

where the ai = ±ri. If we square those and if a1 6= a2 we can find a plane in which the

conflict set lies, by eliminating |x− p1|. If a1 − a2 = ±|p1 − p2| then the solution of the

first of these equations is already a half-line. The corresponding conflict set can be empty.

In all other cases we can find a plane in which this part of the conflict set lies. Whether

this part is empty or not depends on the sign of
(
|p1 − p2|2 − (a1 − a2)2

)(
|p2 − p3|2 − (a2 − a3)2

)(
|p3 − p1|2 − (a3 − a1)2

)
,

as one can show with a little computer algebra.

Figure 4. The conflict set of three spheres

If the three spheres are disjoint there is a component of the conflict set that corre-

sponds to

|x− p1| − r1 = |x− p2| − r2 = |x− p3| − r3 .

By the second lemma it is a conic section. This conic is mirrored onto itself through the

plane spanned by the p1 = (b1, 0, 0), p2 and p3. This plane is

x1

b1
+
x2

b2
+
x3

b3
= 1.(23)

If we denote by u the intersection of the plane (23) with the hyperbola, the parametriza-

tion we can use for this component of the conflict set is

t
γ→ u+ v(cosh t− 1) + w sinh t.

The vectors v and w determine the plane in which this component of the conflict set lies.

With all these remarks it is possible to obtain a parametrization of the conflict set in R3.

It is plotted in Figure 4. It can also be verified that the curvature of the conflict set here

agrees with the curvature obtained in Theorem 3.1.
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6. Concluding remarks. We do not doubt that other formulas—possibly more

practical ones—can be found. The field of differential geometry is after all fairly re-

plete with all kinds of formulas, the one more suited for actual computation than the

other. Doubtless something more is to be discovered here. Let us indicate a few possible

generalizations without further proof.

In the example of the previous section we cannot generalize Lemma 5.1 to four surfaces

in R4. We can however generalize Lemma 5.2. If we have l spheres in Rn in sufficiently

general position, that is ±ri ± rj 6= |pi − pj |, then every component of their conflict set

is a conic section.

The formula for the normal in (9) has an obvious generalization.

nc =

l∑

i=1

(−1)(i+1)(l+1)κie
l−2×
j=1

(nq(i,j,l) − nq(i+1,j,l)).(24)

It follows directly from (4). This is the basis for a curvature formula for n surfaces in Rn.

However calculations tend to get messy and we refrain from carrying out the details.
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