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Abstract. We consider the Gaudin model associated to a point z € C" with pairwise
distinct coordinates and to the subspace of singular vectors of a given weight in the tensor
product of irreducible finite-dimensional slp-representations, [G]. The Bethe equations of this
model provide the critical point system of a remarkable rational symmetric function. Any critical
orbit determines a common eigenvector of the Gaudin hamiltonians called a Bethe vector.

In [ReV], it was shown that for generic z the Bethe vectors span the space of singular vectors,
i.e. that the number of critical orbits is bounded from below by the dimension of this space. The
upper bound by the same number is one of the main results of [SV].

In the present paper we get this upper bound in another, “less technical”, way. The crucial
observation is that the symmetric function defining the Bethe equations can be interpreted as
the generating function of the map sending a pair of complex polynomials into their Wronski
determinant: the critical orbits determine the preimage of a given polynomial under this map.
Within the framework of the Schubert calculus, the number of critical orbits can be estimated
by the intersection number of special Schubert classes. Relations to the sl representation theory
([F]) imply that this number is the dimension of the space of singular vectors.

We prove also that the spectrum of the Gaudin hamiltonians is simple for generic z.

1. Introduction. The Gaudin model of statistical mechanics is a completely inte-
grable quantum spin chain associated to the Lie algebra sl = sl3(C), [G]. Denote by Ly,
the irreducible slp-module with highest weight A; € C. The space of states of the model
is the tensor product L = Ly, ®...® Ly, . Associate with any Ly, a complex number z;,

and assume z1, ..., z, to be pairwise distinct, z = (z1,. .., 2z, ). The Gaudin hamiltonians
Hi(z),...,Hu(z) are mutually commuting linear operators on L which are defined as
follows:
Cij ‘
H;(z) = E — j=1,...,n,
— 2 T %
i#]
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250 1. SCHERBAK

where Cj; is the operator which acts as the Casimir element on the i-th and j-th factors
of L and as the identity on the others.

One of the main problems in the Gaudin model is to find common eigenvectors and
eigenvalues of the Gaudin hamiltonians, and the algebraic Bethe Ansatz is one of the
most effective methods for solving this problem. The idea of this method is to find some
function with values in the space of states, and to determine a certain special value of its
argument in such a way that the value of this function is an eigenvector. The equations
which determine these special values of the argument are called the Bethe equations, and
the common eigenvector corresponding to a solution of the Bethe equations, is called the
Bethe vector, [FaT].

It is enough to diagonalize the Gaudin hamiltonians in the subspace of singular vectors
of a given weight. The Bethe equations associated to the space Sing,, (L) of singular vectors
of the weight A\; 4+ ...+ A, — 2k, where k is a positive integer, have the form

n

A 2 o
Zti—zl _;ti—t]" i=1,...,k.

=1

This system is symmetric with respect to permutations of unknowns ¢1, ..., %, and any
solution t® = (#7,...,t%) to this system defines an eigenvector v(t°) € Sing,, (L) of the
Gaudin hamiltonians {H;(2)}, [G].

A conjecture related to the Bethe Ansatz says that the Bethe vectors give a basis of
the space of states. For the sly Gaudin model, the conjecture was proved in [ReV] in the
case of generic z and generic (non-resonant) weights Aq,..., \,. In the case of integral
dominant weights, which is a non-generic one, results of Sec. 9 of [ReV] imply only that
for generic z the number of Bethe vectors is at least the dimension of the space of singular
vectors, see also Theorem 8 in [SV]. The proof of the Bethe Ansatz conjecture for the
sl Gaudin model was completed in our work with A. Varchenko [SV], where the bound
from above for the number of the Bethe vectors by the dimension of the space of singular
vectors was obtained.

In [SV], we studied the function

k n
o) =[[[I¢i-=0" I -t)*

i=1 =1 1<i<j<k

If all \; are positive integers, then this function is rational, and the Bethe equations are
exactly the equations on the critical points of this function with non-zero critical values,
1 00
s o () =0,
(t) ot
The critical points split into orbits of the permutation group. One of the main results
of [SV] was as follows.

i=1,...,k

CrLAM. The number of critical orbits with non-zero critical values of the function
O (t) is at most the dimension of Sing,.

Our proof was difficult, see Theorems 9-11 of [SV]. As we pointed out in Sec. 1.4
of [SV], the critical orbits are labeled by certain two-dimensional planes in the linear space
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of complex polynomials. This observation suggests to apply the Schubert calculus in order
to prove the Claim. In the present paper, this approach is realized via the Wroriski map.

The Wroniski determinant of two polynomials f(x),g(z) in one variable is a non-
zero polynomial iff f(z) and g(z) are linearly independent, i.e. span a two-dimensional
plane in the linear space of polynomials. Another basis of the same plane has the same
Wronskian, up to a non-zero constant factor. This defines a map from the Grassmannian
of two-dimensional planes of complex polynomials to the space of monic polynomials
called the Wronski map.

The function ®(¢) turns out to be the generating function of the Wronski map: the
critical orbits label elements in the preimage under this map of the polynomial

Wi(z)=(x—2z2)M (= 2)™.

In fact, this is a reformulation of a classical result of Heine and Stieltjes, see Ch. 6.8
of [Sz].

To calculate the cardinality of a preimage of the Wronski map is a problem of enu-
merative algebraic geometry, and an upper bound can be easily obtained in terms of the
intersection number of special Schubert classes. A well-known relation between represen-
tation theory and the Schubert calculus (see [F]) implies that the obtained upper bound
coincides with the dimension of Sing, (L).

In Sec. 2 relevant facts related to Bethe Ansatz in the Gaudin model are collected. In
Sec. 3 we show that the function defining the Bethe equations is the generating function
of the Wronski map, and in Sec. 4 we obtain an upper bound for the number of critical
orbits of the generating function by the intersection number of special Schubert classes.

Another conjecture related to the Gaudin model says that for generic z the Gaudin
hamiltonians have a simple spectrum. In [ReV] it was proved that Bethe vectors differ by
their eigenvalues for generic A1, ..., A\, and for real z of the form z; = s7, where s > 1.
If it is known that the Bethe vectors form a basis, then the simplicity of the spectrum
follows.

In Sec. 5 we deduce the simplicity of the spectrum of the Gaudin hamiltonians for
generic z and for integral dominant sls weights (which are non-generic) from the relation
to linear differential equations.

The arguments which are presented here work and give the similar results for the si,
Gaudin model associated with the tensor product of symmetric powers of the standard
slp-representation, see Sec. 5 of [S1]. The link between the Bethe vectors and the Wronski
map seems to be useful for study rational maps; see [S2] where the case of rational
functions is treated.

Acknowledgments. The author is thankful to A. Eremenko, E. Frenkel, F. Sottile,
A. Varchenko, V. Zakalyukin for interesting discussions, to G. Fainshtein and D. Karzov-
nik for stimulating comments.

2. Gaudin’s model. We collect here some known facts on the Bethe Ansatz in
Gaudin’s model, following [G], [FaT], [Fr], [ReV], [SV].

2.1. The Gaudin hamiltonians. Assume that mq,...,m, are nonnegative integers,
M = (mq,...,my). Denote by Ly, the irreducible sly-module with highest weight m;.
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The space of states of the Gaudin model is the tensor product

(1) LM =L, ®...® Ly, .
Associate with any L,,, a complex number 29, and assume z7,...,z}) to be pairwise
distinet, 20 = (29,...,29). Let e, f, h be the standard generators of sl,

[ea.ﬂ :hv [hae] :267 [ha f] = *Qf
and
1
C:e®f+f®e+§h®h€slg®slg

the Casimir element. For 1 < i < j < n, denote by C;; : L®M — L®M the operator
which acts as C' on the i-th and j-th factors of L®M and as the identity on all others.
The hamiltonians of the Gaudin model are defined as follows:

Ci; .
(2) Hi(zo)zzzo_]zo, i=1,...,n.

g b

2.2. Subspaces of singular vectors. Let |M| = mi+...+m,,. For a nonnegative integer
k such that |M|—2k > 0, define Sing,,, the subspace of singular vectors of weight |M|—
in L®M
(3) Sing;, = Sing, (L®M) = {w € L®M |ew = 0, hw = (M| — 2k)w} .
THEOREM 1 ([SV], Theorem 5). We have
o - k+n—2—-—my, —...—m;, —q
d QM — _1\g i1 iq
im Sing;, (L") Z( 1) | Z | " 9 ,
q=0 1<i1<...<ig<n
here we set (}) =0 for a <b.

The subspace Sing;, is an invariant subspace of the Gaudin hamiltonians for any
0 < k < |M|/2, and the singular vectors generate the whole of L& . Therefore it is
enough to diagonalize Gaudin hamiltonians in a given Sing,.

2.3. Bethe equations associated to Sing,, and z°. The Bethe equations for the Gaudin
model associated to Sing, and 2° have the form

(4) Ztiillzozztiitj’ izl,...,k‘.

=1 l i

,19) to this system defines an eigenvector v(t°) € Sing, of the
Gaudin hamiltonians, H;(2%)v(t) = p;v(t°), with eigenvalues

mpm; m;
(5) uj=uj(t°)=22( ; Zz “gs J=Lon.

Any solution t° = (#9,...

1#j 2 =) i=1 i
2.4. The master function of the Gaudin model. Consider the following function in
variables t = (t1,...,tx) and z = (21,...,2,),
kK n

(6) U(t,2)= [[ G-zl ]]t-=20"™ [[ t-t)>

1<i<j<n i=1 =1 1<i<j<k
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defined on
C=C(t;2)
={teCr 2eC" |titz, ti#t, 2 #2q 1<i#1<k, 1<j#qg<n}.

Consider the (multivalued) function

(7)

S(t,z) =InU(t, z)

= Z %ln(zi—zj)—zZmlln(ti—zl)—i— Z 21In(t; —t;).

1<i<j<n i=1 =1 1<i<j<k
The both functions S(¢, z) and ¥(¢, z) have clearly the same critical set in C(¢; z). Define
Z={2€C"|2 #2, 1<j#q<n},
Let m: C — Z be the natural projection, 7(t,z) = z. For fixed 2" € Z, the equations (4)

form a critical point system of the function S(,2") considered as a function in t on
—1(,0
T (27),

0S8
a—ti(t,zo):(), i=1,...,k,
and the equalities (5) can be re-written in the form
oS )
Mj:a—z,j(toazo)v lea"'an7

where t9 = t9(2°) is a solution to the Bethe equations. In terms of the function W(t, 2),
the Bethe equations (4) are

1 ov

W(t, 29 ot;

and
1 ov

) 5

2.5. The Shapovalov form. Let m be a nonnegative integer. For the slo-module L,,
with highest weight m, fix the highest weight singular vector

2%, j=1,...,n

Um € Ly,  hvy,, = mu,, ev, =0.
Denote by B,, the unique bilinear symmetric form on L,, such that
Buu(vnsvm) =1, Bu(he,y) = Bl hy),  Bu(ea,y) = Bz, fy)
for all x,y € L,,. The vectors vy,, fum,, ..., f™ v, are orthogonal with respect to B,, and

form a basis of L,,.
The bilinear symmetric form on L®M given by

9) B=B,, ®...Q B,

is called the Shapovalov form.
Let j1,...,Jn be integers such that 0 < j; < m; for any 1 < ¢ < n. Write J =
(Jis--+sJn) and [J| = j1 + ...+ jn. Let

(10) fJ’l)Mijlvml@...@fj"vmn,
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The vectors { flv M} are orthogonal with respect to the Shapovalov form B and provide
a basis of the space LM, We have

h(fToar) = (IM] = 21J)) foar,  e(f oar) =0,
i.e. the vector f”vy is a singular vector of weight |M|—2|.J|. The space Sing,, is generated
by the vectors /vy with |J| = k.

2.6. Bethe vectors. For J = (j1,...,jn) with integer coordinates such that 0 < j; <
m; and |J| = k, and for (¢, z) in C given by (7) set

As(t,z) = symt[ﬁ H

j l111]1+ A 14+i 2l
where
Symt F(t) = Z F(to(l)a s ata(k))
ceSk
is the sum over all permutations of ¢y, ..., .

THEOREM 2 ([ReV]).

(i) If t% is a nondegenerate critical point of the function S(t,z°), given by (8), then
the vector
(11) o(t®,20) = > AW, 0 v

J: |7 |=k

is an eigenvector of the operators Hy(2%), ..., Hn(2°).

(ii) For generic 2°, the eigenvectors v(t(?),20) corresponding to all critical point of
the function S(t,z°) generate Sing,.

9” mean that 2° does not belong to a suitable proper algebraic

The words “generic z
set of C™.

The set of critical points of the function S(t,z°) is invariant with respect to the
permutations of ¢1,...,%;, and critical points belonging to the same orbit clearly define
the same vector. Theorem 2 gives a lower bound for the number of critical orbits of the
function S(t, 2°) by the dimension of Sing,,. In [SV] the upper bound by the same number

was obtained.

THEOREM 3 ([SV]). For fized generic 2°, all critical points of the function S(t,z°)
are nondegenerate, and the number of orbu‘s of critical points is at most the dimension
of Sing;, .

COROLLARY 1 ([SV]). For generic 2°, the Bethe vectors of the sla Gaudin model form
a basis in the space of singular vectors of a given weight.

The statement that all critical points of the function S(t, 2%) are nondegenerate is easy,
see Theorem 6 in [SV]. The difficult part of [SV] was to estimate from above the number
of critical orbits (see Theorems 9-11 in [SV]), i.e. to prove the following statement.

PROPOSITION. The number of orbits of critical points of the function S(t,2°) is at
most the dimension of Sing,.
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This statement is clearly equivalent to the Claim of the Introduction. As we will see
below, within the framework of the Schubert calculus, the Proposition is a direct and
immediate corollary of easy Theorem 7 of Sec. 4.2.

3. The generating function of the Wronski map

3.1. The Wroriski map. Let Poly,; be the vector space of complex polynomials of de-
gree at most d in one variable. Denote by G2 (Poly,;) the Grassmannian of two-dimensional
planes in Poly;. The complex dimension of Ga(Poly,) is 2d — 2.

For any V' € Go(Poly,) define the degree of V' as the maximal degree of its polynomials
and the order of V as the minimal degree of its non-zero polynomials. Let V' € G2 (Poly,)
be a plane of order a and of degree b. Clearly 0 < a < b < d. Choose in V' two monic
polynomials, F'(z) and G(z), of degrees a and b respectively. They form a basis of V. The
Wronskian of V is defined as the monic polynomial
_ F(2)G(z) - F(x)G'(x)

Wy (@) a—b

The following lemma is evident.

LEMMA 1.

(i) The degree of Wy (z) isa+b—1<2d— 2.

(ii) The polynomial Wy (z) does not depend on the choice of a monic basis.

(iii) All polynomials of degree a in V are proportional.

Thus the mapping sending V' € G3(Poly,) to Wy (x) is a well-defined map from the
Grassmannian G(Poly,) to CP2¢=2. We call it the Wroriski map. This is an algebraic
map between smooth complex algebraic varieties of the same dimension, and hence the
preimage of any polynomial consists of a finite number of planes. On Wronski maps see,
e.g., [EGal.

3.2. Planes with a given Wroriskian

LEMMA 2. Any element of Go(Poly,) with a given Wroriskian is uniquely determined
by any of its polynomial.

Proof. Let W (z) be the Wroniskian of a plane V' € Ga(Poly,) and f(x) € V. Take
any polynomial g(z) € V linearly independent with f(z). The plane V is the solution
space of the following second order linear differential equation with respect to unknown
function u(x),

W@ flo) gl |=o.
W) ) o)
The Wronskian of the polynomials f(z) and g(x) is proportional to W (z), therefore this

equation can be re-written in the form
W(z)u"(z) = W' (z)u'(z) + h(z)u(z) =0,

where
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as f(z) is clearly a solution to this equation. m

We call a plane V' € Go(Poly,) generic if for any xy € C there is a polynomial
P(z) € V such that P(xg) # 0. In a generic plane, the polynomials of any basis do not
have common roots, and almost all polynomials of the bigger degree do not have multiple
roots.

The following lemma is evident.

LEMMA 3. Let V € G2(Poly,) be a generic plane.

(i) If P(z) = (x —x1) -+ (x — 1) € V is a polynomial without multiple roots, then
Wy (z;) #0 for all 1 <1 <I.

(ii) If o is a root of multiplicity p > 1 of a polynomial Q(z) € V, then x¢ is a root
of Wy (x) of multiplicity p — 1.

A generic plane V' is nondegenerate if the polynomials of the smaller degree in V' do
not have multiple roots.

LEMMA 4. Let V' € Go(Poly,) be a nondegenerate plane. If the Wroriskian Wy (x)
has the form

Wy (x) = 2™W(z), W(0)#0,
then there exists a polynomial Fy(z) € V of the form
Fo(z) = 2™ F(x), F(0) #0.

Proof. Let G(z) € V be a polynomial of the smaller degree. We have G(0) # 0, due
to Lemma 3. Let F(z) € V be a polynomial of the bigger degree. The polynomial

_ F(0)
Fy(z) = F(z) — G) Gz)eV
satisfies F(0) = 0 and therefore has the form
Fy(z) =a'F(x), F(0)#0,

for some integer ! > 1. The polynomials G and Fy form a basis of V', therefore the
polynomial F)(x)G(z) — Fy(x)G’(x) is proportional to Wy (z). The smallest degree term
in this polynomial is [ - a; - G(0)z!~1, where q; is the coefficient of 2! in Fy(x). Therefore
l=m+1. =

3.3. Nondegenerate planes in Poly; with a given Wronskian. Recall that the resultant
Res(P, Q) of polynomials P(z) and Q(z) is an irreducible integral polynomial in the
coefficients of P(z) and Q(z) which vanishes whenever P(x) and Q(z) have a common
root, and the discriminant A(P) of P(z) is an irreducible integer polynomial in the
coefficients of P(x) which vanishes whenever P(z) has a multiple root.

Our aim is to describe the nondegenerate planes of a given order in the preimage of
the polynomial

(12) W(z)=(x—21)™ - (x — 2,)™".

under the Wronski map.
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If plane V of order k and of degree d has the Wronskian W (z), then d = |M|+1—k > k.
Let F(z) be an unknown polynomial of degree 1 < k < |M|/2. Consider the function
A(F)
Res(W, F)
This function appeared originally in an unpublished note of V. Zakalyukin on the Wronski
map, [Z].

d=d(F;W) =

If the polynomial F'(z) belongs to a plane in Poly|,/4q_; with the Wrofiskian W (x),
then W(z) = F'(2)Q(z) — F(z)Q'(x) for some polynomial Q(x). Differentiating gives
W'(z) = F"(2)Q(x) — F(z)Q"(x), and we have

w! F//Q _ FQ//

W~ FQ-FQ
If the plane spanned by F'(x) and G(z) is non-degenerate, then polynomials F' and @ do
not have common roots, polynomial F' does not have multiple roots, and polynomials W
and F' do not have common roots, by Lemmas 3 and 4. Therefore at each root ¢; of F
we get
W'(t;)  F"(t;) B
W)~ P

(13) k.

3.4. Theorem of Heine-Stieltjes. In order to re-write down the function ¢ as a func-

tion in unknown roots of F'(x), recall that if F(z) = (x — 1) -+ (x — &) and if W(z) is
as in (12), then

k n
AF)= ] -t Res(W,F):H [T —z)m.

1<i<j<k i=1 j=1
‘We have
k n
(14) =0t zM) =[] [Jtti—=2)™ [] &—t)>
i=1 1=1 1<i<j<k

The critical points of this function were studied by Heine and Stieltjes in connec-
tion with second order linear differential equations having polynomial coefficients and
a polynomial solution of a prescribed degree. The result of Heine and Stieltjes can be
formulated as follows.

THEOREM 4 (Heine-Stieltjes, cf. [Sz], Ch. 6.8). Let t° be a critical point with non-
zero critical value of the function ®(t) given by (14). Then F(z) = (x —t9) -+ (z — 19)
is a polynomial of the smaller degree in a nondegenerate plane with the Wroriskian W (x)
given by (12).

Conversely, if F(z) = (x —t9)---(x — t?) is a polynomial of the smaller degree in a
non-degenerate plane V with the Wroriskian Wy (z) = W (x), then t® = (¢9,...,2) is a
eritical point with non-zero critical value of the function ®(t).

The function ®(t) is symmetric with respect to permutations of ¢1,...,t, critical
points belonging to one orbit define the same polynomial F'(x) and hence, according to
Lemma 2, the same plane.
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3.5. Bethe vectors and nondegenerate planes. The function ®(t) given by (14) and
the function ¥(t, z) given by (6) differ in a factor depending only on z and M,

U(t,z) = H (zi — 2;)™™i/2 D (t; 2, M).
1<i<j<n
An easy calculation shows that (13) is exactly the system defining the critical points with
non-zero critical values of the function ®(¢). The theorem of Heine-Stieltjes implies the
following result.

COROLLARY 2. There is a one-to-one correspondence between the critical orbits with
non-zero critical value of the function (14) and the nondegenerate planes of order k and
of degree | M|+ 1 — k having Wronskian (12).

COROLLARY 3. For fized z € Z, M = (m1,...,m,) and k, there is a one-to-one

correspondence between the Bethe vectors of the slo Gaudin model associated to z and
Sing;, given by (3) and the nondegenerate planes of order k with the Wronskian (12).

COROLLARY 4. The Bethe equations associated to z and (3) coincide with the critical
point system of the generating function associated to order k and the Wronskian (12).

The function ® is called the generating function of the Wronski map: for any given
monic polynomial W (z) and any given order k, 1 < k < degW/2, the critical orbits of
the function ® determine the non-degenerate planes of order k in the preimage of W(x).
We shall show below that for generic z the critical orbits determine all planes of order k
in the preimage, see Corollary 5 in Sec. 4.2.

4. The preimage of a given Wronskian. The number of nondegenerate planes
with a given Wronskian can be estimated from above by the intersection number of
Schubert classes. We recall first some basic facts related to the Schubert calculus, follow-
ing [GrH] and [F].

4.1. Schubert calculus. Let Go(d + 1) = Go(C*1) be the Grassmannian variety of
two-dimensional subspaces V' C C*!1. A chosen basis e1,...,esy1 of CH1 defines the
flag of linear subspaces

Ey: EICEyC...CE;C Egp, =C1,

where E; = Span{ey,...,e;}, dim F; = 4. For any integers a; and as such that 0 <
az < a; < d— 1, the Schubert cell QF ,,(Fs) C Ga(d+1) is formed by the elements
V € G3(d+ 1) such that

0, 1<i<d—a

dim(VﬂEi>: 1, d—algigd—ag

2, d—ax<i<d+1.
The Schubert variety Qq, q,(Es) is the closure of the Schubert cell,
oy 0 = Qay 0y (Fe) ={V € Go(d+1)| dim (VN Ey_q,) > 1, dim (VN Egy1-q,) > 2}.

The variety Qq, .0, = Qay,a.(Ee) is an irreducible closed subvariety of Ga(d + 1) of the
complex codimension a; + as.

The homology classes [Q4,.q,] 0f Schubert varieties g, 4, are independent of the
choice of flag, and form a basis for the integral homology of Ga(d + 1). Denote by o4, 4,
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the cohomology class in H2(91+2)(Gy(d + 1)) whose cap product with the fundamental
class of Go(d + 1) is the homology class [, q,]- The classes 04, 4, are called Schubert
classes. They give a basis over Z for the cohomology ring of the Grassmannian. The
product or intersection of any two Schubert classes 04, 4, and oy, p, has the form

Tarran  Oby by = > Cl(a1, az;bi, ba; c1,2)00; e s
c1+ce=a1+az+b1+ba
where C(a1,as2;b1,b9;¢1,c2) are nonnegative integers called the Littlewood-Richardson
coefficients.

If the sum of the codimensions of classes equals dim Ga(d + 1) = 2d — 2, then their in-
tersection is an integer (identifying the generator of the top cohomology group o4—1,4-1 €
H*=4(Gy(d + 1)) with 1 € Z) called the intersection number.

When (a1,a2) = (¢,0), 0 < g < d — 1, the Schubert varieties €, ¢ are called special
and the corresponding cohomology classes 04 = 04,0 are called special Schubert classes.

As it is well-known, the Littlewood-Richardson coefficients appear also in the decom-
position of the tensor product of two irreducible finite-dimensional sl-modules into the
direct sum of irreducible slo-modules. This leads to the following claim connecting the
Schubert calculus and the representation theory of the Lie algebra sl(C).

Denote by L, the irreducible sl;-module with highest weight g.

THEOREM 5 ([F]). Let qi1,...,qn+1 be integers such that 0 < ¢q; < d — 1 for all
1<i<n+1landq+...+qnt1 = 2d—2. The intersection number of the special Schubert
classes, 0q, ... 0q,,,, coincides with the multiplicity of the trivial sla-module Lo in the
tensor product Ly, @ ... ® Lg, .

Theorems 1 and 5 imply the following explicit formula.

THEOREM 6. Let qi,...,qn+1 be integers such that0 < q; < d—1 foralll <i<n+1
and g1 + ...+ g1 = 2d — 2. Then

= it gl —d—
Z(_l)n—l Z (q 1+ +nQ_L ‘2|' 1)

=1 1<i1 <. <y1<n

is the intersection number oq, ... 0g,,,-

We did not find this formula in the literature on the Schubert calculus.

4.2. Planes with a given Wronskian and Schubert classes. Applying the Schubert
calculus to the Wronski map, we arrive at the following result.

THEOREM 7. Let mq,...,my be positive integers, |M| =mq + ...+ m,. For generic
z € Z and for any integer k such that 1 < k < |M|+ 1 — k, the preimage of the
polynomial (12) under the Wroriski map consists of at most
Omy * -+ Om, " O|M|—-2k
nondegenerate planes of order k and of degree < |[M|+ 1 — k.
Proof. Any plane of order k& with the Wroniskian of degree | M| lies in G'a(Poly,|prj41_),

as Lemma 1 shows. Hence it is enough to consider the Wrotiski map on G2 (Poly s 1)
For any z;, define the flag . in Poly|p 41—y,

Folz) € Fi(z) C - C Farper-n(25) = Polyjapa—i s
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where F;(z;) consists of the polynomials P(z) € Poly|;1_ of the form
P(z) = ai(z — zj)MIF1=R=i 4 ag(x — z5)MITIE,

We have dim F;(z;) = ¢ + 1. Lemma 4 implies that the nondegenerate planes with a
Wroniskian having at z; a root of multiplicity m; lie in the special Schubert cell

D, 0(Fz;) C Ga(Poly |y p1-k)-

The maximal possible degree of the Wrofiskian Wy (z) for V' € Poly 41—y, is clearly
2|M| — 2k. Denote by me, = |M| — 2k the difference between 2| M| — 2k and |M|. If mo
is positive, it is the multiplicity of W (x) at infinity.

The nondegenerate planes with a Wronskian having given multiplicity mq, at infinity
lie in the special Schubert cell 27, ((Fx), where Fo is the flag

Poly, C Poly, C ... C Poly 41— -

We conclude that the nondegenerate planes of order k which have the Wronskian (12)

lie in the intersection of special Schubert cells
(15) O 0(Fe) N, 0(Fza) NN o(F2,) N 0(Foo)-

The dimension of Gg(Poly‘Mlﬂ_k) is exactly mi + ... + m, + Mmoo, therefore this
intersection consists of a finite number of planes, and the intersection number of the
special Schubert classes

Omy v " Om,, * U\M|72k
provides an upper bound. m

Theorems 5 and 7, together with Corollary 2, imply the Proposition of Sec. 2.6 and
hence, the Claim of the Introduction.

COROLLARY 5. For generic z € Z, all planes in the preimage under the Wronski map
of the polynomial W (x) given by (12) are nondegenerate.

COROLLARY 6. For generic z € Z, the intersection of Schubert varieties
tho(}—n) n sz,O(FZ2) n...n an,O(}—zn) n Qmm,O(}—OO)

is transversal, coincides with (15) and consists of nondegenerate elements.

5. The simplicity of the spectrum of the Gaudin hamiltonians

5.1. Fuchsian differential equations with only polynomial solutions and the Wroniski
map. Consider a second order Fuchsian differential equation with regular singular points
at z1,...,2n, n > 2, and at infinity. If the exponents at z; are 0 and m; +1,1 < j < m,
then this equation has the form

F(x)u"(z) + G(z)u'(z) + H(z)u(z) = 0,
16 n D
1 Fo = [[e-2), G032,

r — zZ;
j=1 j=1 J

where H(z) is a polynomial of degree not greater than n — 2. On Fuchsian equations see
Ch. 6 of [R].
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THEOREM 8 (cf. Sec. 1.4 of [SV]). Any nondegenerate plane V € Go(Poly,) with the
Wrotiskian (12) is the solution space of such an equation.

Proof. Let f(x) and g(z) be non-zero monic polynomials in V such that deg f < degg.
As we have seen in course of the proof of Lemma 2, the plane V is the solution space of
the equation

W(z)u" (x) = W' (2)u'(z) + h(z)u(z) =0,
where
—W(x)f"(x) + W(x) ()
f(x)
is a polynomial proportional to the Wronskian of f’(x) and ¢’(z). One can easily check
that

h(z) =

W'(z) _ Z m;
W (x) P

Moreover, if z; is a root of W(z) of multiplicity m; > 1, then all coefficients of the
equation have (z — z;)™ ~! as a common factor, and the equation can be reduced to the

required form (16). m

In [Fr], a correspondence between eigenvalues of the Gaudin hamiltonians and the
slo-opers which determine a trivial monodromy representation

7r1(P1 \ {z1,.. .,zn,oo}) — PGL,

was established. Notice that any nondegenerate plane with a given Wronskian defines
such an oper, and any oper with trivial monodromy defines a plane in Go(Poly,) for
some d.

5.2. Bethe vectors differ by their eigenvalues. Let t™V) and ¢(2) be two solutions to
the Bethe equations (4) associated to fixed z° € Z and Sing,. Denote by v(t(?),20)
the corresponding Bethe vectors given by (11) and p® = (ui(t™), ..., un(t®)) their
eigenvalues given by (5), i = 1,2.

TueEOREM 9. If M) = 1@ | then v(t™M) 20) = v(t?), 29).

Proof. Let fi(x) = (z — tgi)) (= tgj)) be the corresponding polynomials, i = 1, 2.
Any of these polynomials defines a differential equation of the form (16). A classical fact
of the theory of Fuchsian equations is that if an equation of the form (16) with positive
integer myq, ..., m, has a polynomial solution without multiple roots, then all solutions
to this equation are polynomials, see Ch. 6 of [R] or Sec. 3.1 of [SV]. We have

F@A@ L C@AE .,
fi(z) ’ o

Polynomials Hy(z) and Hz(z) have degree at most n — 2. We will show that these poly-

nomials in fact coincide. Indeed, the substitution of z; into H; gives




262

I. SCHERBAK

An easy calculation shows that

() L
R 2y ThR

=1 % — 1

and the condition pu") = u® together with (5) imply

fi(z) _ fa(z)
fi(z)  falzy)’

j=1,...,n.

We conclude that Hq(x) and Ho(z) coincide at n points, therefore Hy(x) = Hy(x). Thus
polynomials f;(z) and fo(x) are monic polynomials of the minimal degree in the same
solution plane. Hence f;(x) = fa(x), the solutions t() and ¢t(®) of the Bethe equations lie
in the same orbit, and v(t(), 20) = v(t?), 20). m

COROLLARY 7. For generic 2° € Z, the sly Gaudin hamiltonians (2) have a simple
spectrum.
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