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We consider the initial boundary value problem for the compressible Navier-Stokes equa-
tion on the half space R :

Op +divm =0,

A <m f’ m) L VP(p) = vA (%) + (v + 7)Vdiv (%) ,
(0.2) henzo =0

p(0,2) = po(z), m(0,z) =mo(x).
Here

R ={z="("2",2,); 2’ =" (21, ,20n1) e R" ', 3, > 0},
n > 2, and the superscript 7 stands for the transposition; p = p(t,z) and m = T (m4 (t, ),
...,mu(t,x)) denote the unknown density and momentum at time ¢ > 0 and position
x € R, respectively; P = P(p) is the pressure; v and v are the viscosity coefficients
that satisfy v > 0, %Z/ + v > 0; divm denotes the usual divergence in x of m; and V f
denotes the usual gradient in x of a scalar function f. (e.g., j-th component of VP(p) is
0z, P(p).) The notation div (@) means that its j-th component is given by div (©<™)
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In this paper we are interested in the large time behavior of solutions to problem
(0.1)—(0.2) around a constant equilibrium 7' (p, Tm) = T (p*, 0), where p* is a given positive
number. We will investigate large time behavior in L? spaces for 2 < p < co.

We will assume that P(p) is smooth and that d,P(p*) > 0.

Notations. We denote the k x k identity matrix by Ii. In particular, when k = n+ 1, we
simply write I for I,,; 1. We also define (n + 1) x (n + 1) diagonal matrices I and Qg by
I =diag(1,---,1,—1) and Qo = diag (1,0, --- ,0). Namely,

1 1 1
03) 1= . I= Q=
1 1 0
For a function f = f(a') (¢’ € R”_l) we denote its Fourier transform by %, f:

/ —z:c{d/
n—1

{é 14
min 57 Z
min< —, —

2 4

FU

We also define ¢(¢) for £ > 0 by

and k,(¢) for £ € R and 2 < p < oo by

1 1
max{07€+n<2—p)} when p = 2,
05) k()=

1 1
max{O, [5—&-%(5—5)]}4-1 when 2 < p < o0,

where [¢] denotes the greatest integer less than or equal to q.

1. Linearized problem. The linearized problem takes the form, after a suitable change

of variables,
(11) Op + ydivm = 0,
' om — aAm — Vdivm +yVp = 0,

(1.2) m|y, = 0; (p) :(’00>Eu0,
m =0 mo

where «a, # and ~y are positive constants. Hereafter we denote the solution ( ol t)) of prob-
lem (1.1)—(1.2) by 2(t)uo
_ (P
o= (1)

To understand the behavior of the solution to problem (1.1)—(1.2), we briefly observe
the Cauchy problem for (1.1) on the whole space R™. Let us denote by &(t, z) the fun-
damental solution of the Cauchy problem. Then the Fourier transform of &(t, z), which
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is denoted by #(t,¢&) (£ € R™), is given by

At &) = el 0 0 T
’ 0z In—Ses

. At [ =xl —inTE N At [ A =i
A=A\ =6 Afgs A — g \ —iné )\_fg—é ’

Ao = —arle £ o y/a t APREE — PR, a1 = s(a+f).

Here

Since
A~ —a1|€)?> £ivlg] for €] << 1

and
Ay~ —ag, A~ —2a1|¢)? for [¢] >>1,

where ag = %, we see that
EPNAE PN 1 _ 2, . ~ . ~
of ~ el tEp (&) + 56 a1 ¢ t{e”|§|tEpw,+(§) +e w\&ltEDW7_(€)}

for |¢| << 1, and
oA~ e B (€)

for €] >> 1, where

(13) Boe)= () " s~ TE
. = T 5 g = ’
and
N 1 ﬂT_%
Bl =| o ¢ “mlere )
2a1 [€F T 2a1 [E*

Therefore, the asymptotically leading part is given by the low frequency part |£| << 1.
The first term for || << 1 gives the heat kernel. The second term for || << 1 is the
Gaussian with oscillatory factor, and, thus, yields the convolution of the heat kernel and
the fundamental solution of the wave equation, which is the so-called diffusion wave.

It then turns out that the solution &(¢,-) * ug of the Cauchy problem is decomposed
as

E(t, ) xug = Ep(t,-) *ug + Epw(t, ) * ug + Exo(t, ) * ug,

where * denotes the convolution in x € R"™,

Ep(t,a) ~ F, e Ep(©),
1 . ~ ) ~
Epw(t,z) ~ 7,1 §e_a1‘E‘Zt{ew‘gltEDW,Jr('f) +e M Epw,_ ()},
Eno(t,x) ~ €™ T [En(€)],
and each term is estimated as follows for ¢ # 0:

_mnp_1y_ld
||3£5)D(t7')*uo||Lv(Rn) <ot 207 luoll 21 (m7),
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_l
=

108 Ew (¢, ) * ol o (rey < C~ =) =57 0=3)

(|08 Eno (2, -) * upl|Lr(rry < Cefcot(HmoHHkpue\—l)(Rn) + HpOHHkp(\IZ\)(Rn)).

|uollL1(mn),

Here, note that the factor =" (0=%) in the estimate for the diffusion wave Epw (t, ) xug
arises from the spreading effect of the oscillatory factor eX™1€lt. Also when ¢ = 0, the
similar results hold. See [2, 10] for more details.

Let us now consider the half space problem (1.1)—(1.2). For this problem, as we will
see below, the solution Z/(t)ug is written in the sum of 24 (t)ug and ZA%) (t)ug, where
U (t)up can be obtained by a simple reflection argument from the solution of the
Cauchy problem, while %(H)(t)uo cannot be obtained by reflection argument from the
Cauchy problem. We will see that the asymptotically leading part of Z(t)ug is given by
the sum of two terms, similarly to the Cauchy problem, one of which behaves like purely
diffusively and the other one behaves like diffusion waves. However, there appear some
aspects different from the Cauchy problem, due to 1 )(t)uo.

THEOREM 1.1. Let Z(t)ug be the solution of problem (1.1)—(1.2). Then 2(t)uq is decom-
posed as

(14) @/(t)uo = %D(t)’LLO -+ %Dw(t)"u,o + %oo(t)’ll,(),

where Up (t)ug and pw (t)uo take the form in (i) and (ii), respectively, and each term
on the right-hand side has the estimates in (iii).

(i) Up(t)ug behaves like purely diffusively and it is written in the form
Up (tyug = T, [%p (1)),

~

o0
Yoo = [ Un(t.€ 00, vn)0(€' ) du
0
with
~ 1 ~
Ont €' omm) = 5= [ € L (€ ) o
27T R
for some function ED(f’, Ens Ty Yn)-
(il) Zpw (t)ug behaves like diffusion waves and it is written in the form
(1.5) Upw (tyug ~ U, (g (t — o0),
where "
~(0 -
Uy (O)uo = ;' [Upw (£)io),
Do ®io = [ O (060, )0(€', )
0
and

ﬁg?v(t’ fla LTy yn)

1 . ~ . ~
= 2_ / 6704‘ﬂQt{eZ’YlgltGDWHr(g,agnaxnayn) +eil’”gltGDW,*(g/vgnaxnvyn)}dé-n
T Jr

+ e P NIERGES (& 20, y,) + e VERGER (€, 20, yn)).
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Here ay = 3(a+ f), a1 = 3(2a + ),
Gowt (€ €n, Tn,yn) = lEDWi(gf En){ein@n—un) [ 4 gin(@ntyn) [
+Gy (€ &a)eisrmneosIE e (1 — Q)
+{GDWi<5', En)eSn T + GR), L (€,€n)eos 161 Tony
s {etntn Qo + (e~ 161 un _ gibnun) (1 — Qg)}

with € = T(T¢'¢,), agi) =etii,/1, EDW’i(f,fn) being defined in (1.3), and I, I and
Qo being defined (0.3), and

0+ I/ 0
1 ’ ’
o€ &) =]0 —£2€ o],
T ¢t
0 —Sg 0
Tgl 6_7,,
L2 T
2 |£/|2 / 1T #1 ’
(D%/Vi(g gn) I ES T . :F% _Ef;é 5‘53 :
“12 |E|/2¢, + 1€/ . Cre o
:FJ __Sn 5 ”2
€] F] €]
¢ 1 0 0 0
’y n , f/Tf/ f/fn
DWi(f &n) = - ¢ T i ’
Sl iPlgprg, vier |\

and

1 713/2
~(Res (Res _u(i> 11/2, (Res,2 N ED) €' “arn
G (€amsun) = {GED (€)1 4 G (e }

& 1€ Py )12 e yn
x{e al Qo+(6 ay 1€ Fyn V(I —Qo)}
with
0 0 0
~(Res,1 1 1T o1
Gow (€)= = | #FIEP? —ffs 0|
2 0 0 0

NN FIEPR —[1Te 0

~(Res,2 . 1T o1

Cowd ) =i=— | eleP?  £E5 o
0 0 0

(iii) Let £ be a multi-index and let 2 < p < oo. Then there ezist constants co > 0 and
C > 0 such that
_n 1y_ 14
0L (tyugll, < Ct =072 Jug 1,
|0 U (B, < 30— D=0 ~Zate-0-3
10 %o (

2\ 4]
VT ugllr,
thuollp, < Ce™([lmoll grpaei-1 + [lpoll groten)-

for allt > 1. Here q(|¢]) and k,(|¢|) are defined in (0.4) and (0.5), respectively.
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COROLLARY 1.2. Assume that n > 2. Let £ be a multi-index and let 2 < p < co. Then,
there exist positive constants co and C such that the following estimates in (i) and (ii)
hold for all t > 1.

(1) If |¢) < n—1, then

K4

Cn(1—Ly_2g(je))—(1—2) L e
02 Yuoll, < Ot~ 27w U= g |y €= (flmo|grpaier - + ool prrwcien )}
(ii) If |¢| > n, then

C{f%(lﬁ)f%‘l(lf% *$*%||uo||1
+ e (||lmo |l grrpei-v + lpoll grrepaien) ) (n = 2),
n—1 3

Ot 20D T D=8~ F |y |

+ e ([|mo |l grrpei-v + [lpoll grpaen) ) (0> 3).

107 24t uoll <

REMARK. The diffusive part %p(¢)ug is approximated by the incompressible flow in large
time, i.e.,
p(t)

(t)

where (ggg) is the solution of the nonstationary Stokes problem

Up (t)ug ~ ( ) as t— oo,

divo = 0,
815;5 — aAv + ’YVﬁ = 0,
Ulg,=0 =0, V=0 =Pmog
with p(¢) € L™(R") for all ¢ > 0 and some fixed 2 < 7 < oo. Here P denotes the orthogonal

projector from {L?*(R’)}" onto the solenoidal subspace associated with the Helmholtz
decomposition of {L*(R7)}".
To analyze the nonlinear problem (0.1)—(0.2), we will make use of estimate for

Up (t)[0zuo):
THEOREM 1.5. Let ug = (ngo) and let 2 < p < co. Then there exist constants co > 0 and
C > 0 such that

|%p(O)[dsuolll, < O #0795 [lmo] 1,

|Zw ()0suolll, < Ot 30D~ T 0K g |,

1% (£)[0auo]ll, < Ce™ [moll g

forallt > 1. As a result,
|28) 0o, < Co™FO=D 730D (g1 + [lmol| yesco).

REMARKS. (i) In the case of the Cauchy problem, ||&(t)[0xuo]||Lr(rn) = O(f%(k%)*%).
(ii) The estimate ||2/(t)[8uo]|l2 = O(t~ %~ %) is optimal for all n > 2.

. . €3) . .
(iii) The slower decay rate arises from the terms with e~ 1€ "*vs in the representation
of Zpw (t)[0zup]. In particular, the term with
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67a1|€|2tiiy\§\tég%/vj:(€/, gn)eiﬁnzn(7015:‘:)|£|1/2)67aéﬂ:)|€|1/2yn (I B QO)

decays in L2 norm as O(t~5~1).

2. Nonlinear problem. We next present our results on the large time behavior of
solutions to the nonlinear problem (0.1)-(0.2). In what follows we write so for [§] + 1.
We first state the assumptions on the data.

ASSUMPTIONS.

(A1) The pressure P = P(p) is a smooth function of p in a neighborhood of p* and
OP ( 0
dp (p*) > 0.
(A2) The initial perturbation 7' (pg—p*, “mg) belongs to H* for some s € Z with s > so+1
and satisfies a suitable compatibility condition.
THEOREM 2.1. (i) Let n > 2. Assume that (Al) and (A2) hold for some s € Z with
s > sg + 1. Then there exists a positive number 1y such that if the initial perturbation
T(po— p*, Tmo) € H ALY and if | (po — p*, "mo) = + I (o — o7, Tro)l|zs < 10, then
the perturbation u(t) = T (p(t) — p*, Tm(t)) satisfies
_n(_1
lu()ll, = Ot~ 207)
and ,
Ot=175) (n=2),
18:u(t)]l> = { i

for2 <p<ooast— oo.
(ii) Foruo = T(py, Tmo) withpy € H' andmo =T (Mo, ,Mon) € L2, let Ut)up(x) =
T(p(t,x),Tm(t,z)) denote the solution of the linearized problem at T'(p*,0). Then, under
the same assumptions on T (py — p*,Tmy) in (i),

() = 2At)uol2 = OG5 L(t))
as t — oo, where ug = T (po — p*,Tmyg), and L(t) = log(1 +t) when n =2 and L(t) = 1
forn > 3.
(iii) Assume, in addition, that (A2) holds for some s € Z with s > so + 2. Then there
exists a positive number 7y such that If, | T (po — p*, Tmo)|lms + T (po—p*, Tmo)|lz, < 7o,
logt) (n=2),
) (n=3),

Ju(t) ~ el = {gg

as t — 00, where ug = T (pg — p*, T'my).

REMARKS. (i) Since ||Z(t)uoll, = O(f%(k%)), the estimates in (ii) and (iii) mean that
the leading part of w(¢) in large time is given by %/(t)uo, similarly to the case of the
Cauchy problem [2,6,7].

(ii) The estimates in (ii) and (iii) are obtained via Duhamel’s principle
t
w(t) = Ut)uo + / Wt — 5) [div Mu, Oyu)(s)] ds,
0
by applying the estimate for 2(t)[0,uo] to Z(t — s) [div . Mu, Ou)(s)]. Here div .M u, O, u)



138

Y. KAGEI AND T. KOBAYASHI

denotes the nonlinearity. From this identity we may say that the leading part of u(t) —
«(t)ug is given by the nonlinear interaction of the leading part of Z(t)ug. The decay rate
in (ii) is slower than the corresponding one for the Cauchy problem, but, the estimate
|%4(t)[Opuo]|l2 = O(t~ %~ %) is optimal. This would, therefore, indicate that the leading
part of the nonlinear interaction in L? space may involve some slowly decaying terms not

appearing in the Cauchy problem.
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