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Abstract. In this paper, we study the nonstationary Stokes equation with Neumann boundary
condition in a bounded or an exterior domain in R", which is the linearized model problem of
the free boundary value problem. Mainly, we prove L,-L, estimates for the semigroup of the
Stokes operator. Comparing with the non-slip boundary condition case, we have the better decay
estimate for the gradient of the semigroup in the exterior domain case because of the null force
at the boundary.

1. Introduction. Let 2 be a bounded or an exterior domain in R™ (n > 2) with bound-
ary 02 which is a C%! hypersurface. We consider the nonstationary Stokes problem with
Neumann boundary condition:

Ou—DivT(u,7) =0, divu=0 inQ, ¢> 0,
(1.1) T(u,m)v =0 on 092, t >0,

u|t:0 = Up in Q7

where u is the unknown velocity vector, 7 is the unknown pressure, and wug is a given

2000 Mathematics Subject Classification: 76D07, 35Q30.

Key words and phrases: Stokes equation, Neumann boundary condition, free boundary value
problem, Stokes semigroup, L, estimates, L,-L, estimates.

Research of the first author partly supported by Grant-in-Aid for Scientific Research (B)-
15340204, Ministry of Education, Sciences, Sports and Culture, Japan.

Research of the second author partly supported by Grant-in-Aid for Scientific Research
(C)-14540171, Ministry of Education, Sciences, Sports and Culture, Japan.

The paper is in final form and no version of it will be published elsewhere.

[239]



240 Y. SHIBATA AND S. SHIMIZU

velocity vector. T is the stress tensor whose (j, k) component is given by
Tjk(u,’rr) :Djk(u)f(sjk’]ra jak:]-,"'ana
Dji(u) = 0u;/0xy + Oui/0x;, =1 (j=k), =0 (j #k).
For simplicity, we assume that the viscous coefficient ;x = 1. Under the condition divu =
0, Div T(u,7) = Au — V.
(1.1) is a model problem of the free boundary value problem (cf. Solonnikov [16] and
Abels [1]). Let us consider the region Q(t) € R™ occupied by the fluid which is given only

at the initial time ¢ = 0, while for ¢ > 0 it is to be determined. In this model the effect
of surface tension is neglected.

v+ (v-V)o—Av+Vg= f(z,t) inQ), t >0,

)
)

(12) V-v=0 in Q(¢), t >0,
. T(v, @)vt + po(x,t)vy =0 on 90(t), t >0,
U|t:0 = Vo in Q(O),

where 14 is the unit outer normal to 92(t) at the point x, vy is a given initial velocity,
Q(0) is the initial domain filled by the fluid, and f(x,t) and po(z,t) are the external
mass force vector and the pressure defined on the whole space. Below we assume that
po(x,t) = 0, since we can arrive at this case by replacing p(z,t) by p + po.

Following the approach due to Solonnikov [16], we reduce (1.2) to the problem as an

initial boundary value problem in the given region Q(0) = 2. A kinematic condition for
00(t) is satisfied, which gives 9Q(t) as a set of points x = x(&,t), £ € 99, where x(,1)
is the solution of the Cauchy problem
(1.3) Z—f =uv(z,t), Z|t=0 =¢.
We can rewrite (1.2) as an initial boundary value problem in Q, if we go over the Euler
coordinates x € Q(t) to the Lagrange coordinates £ € € connected with x by (1.3). If a
velocity vector field u(&,¢) is known as a function of the Lagrange coordinates &, then
this connection can be written in the form

¢
o=+ [ (e r)dri= X6,
0
Passing to the Lagrange coordinates in (1.2) and setting v(X,(&,t),t) = u(&,t) and
G(Xu(€.1), ) = (€. 1), we obtain
Oru — Ayu~+ Vyr = f(Xu(€,1),t), divyu=0 inQ,t >0,
(1.4) Tou(u, m)vy =0 on 09, t > 0,
ule=0 = uo in Q,
where using A(u) = (D¢ X,,) (&, 1),
V=AWV, divyu =V, -u = tr(A(u)Vu),
Ay, =div,Va, vy Tu(u,7) = vy - (Vou + 1 (Vyu)) — vy,
vu(§:t) = A(u)ve /| A(u)vel,
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v¢ denotes the unit outer normal at § € 0€). If ¢ is small, then the operators A, V,,, div,
and Ty, are closed to A, V, div and T'. Therefore we write (1.4) as a fixed point problem:
Ou — pAu+ V1 = —u(A — Ay)u

+(V = Vu)r + f(Xu(§1),1) in >0,

divu = (div — div,)u in Q,t>0,
T(u,m)v = (Tv — Tywy,)(u, ) on 90, t > 0,
ult=0 = up in Q.

Our final goal is to prove a globally in time existence of solutions of (1.2) for small initial
data by using the analytic semigroup approach. To do this, we have the following plan
of analysis:

1° Analysis of the resolvent problem corresponding to (1.1).

2°  Analytic semigroup approach to (1.1).

3° L,-L, estimate of (1.1).

4° Maximal regularity of the linearized problem with inhomogeneous right members.

In this paper, we report on the results about 1°, 2° and 3°.

The free boundary value problem (1.2) was already solved by Solonnikov [16] in the
bounded domain case. The linear problem (1.1) was already studied by using the theory of
pseudo-differential operators with parameter (cf. Grubb and Solonnikov [10] and Grubb
[8] and [9]). Our approach is completely different from [16], [10], [8] and [9].

2. Analysis of the resolvent problem to (1.1). The resolvent problem corresponding
to (1.1) is:

(2.1)

A—Au+Vr=f divu=0 1in Q,
T(u, 7)v|oq = 0.

As the space for the pressure, we set

W(Q) = {7 € Lp10c(Q) | V7 € L,(Q)"},
X, (Q) = {r e W (Q) | [|=] < oo}

Xp ()

When Q is a bounded domain, |7, . = ||7T||W5(Q) and W (Q) = X,(€2). When Q is an
exterior domain,
- IV, @ + lI7/dllL, ), n<p<oo,
s Q) —
Xo() ||V7THLP(Q) + ||7T/d||L,)(Q) + H’]THL%(QV 1< p<mn,
2 ; )
)= 12" |z] p#n
(24 |x]) log(2 + |2]), p=n.

Concerning (1.1), we have the following theorem proved by Shibata and Shimizu [15],
which is the base of our analytic semigroup approach to (1.1).

THEOREM 2.1. Let 1 <p <00, 0 < e <m/2 and § > 0. We set
Y.={AeC\{0}||argA| < 7 —€}.
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For every A € X and f € Ly(Q)", there exists a unique solution (u, w) € W2(Q)" x X, ()
of (1). Moreover, the (u, ) satisfies the estimate:
M 0+ 0l + [y < el

for any X € X with |A] > 6.

3. Analytic semigroup approach to (1.1). In order to formulate (1.1) in the analytic
semigroup framework, first of all we have to introduce the 2nd Helmholtz decomposition:

Ly(Q)" = J,(Q) & G, ()
where we have set
Jp() ={ueL,()"|V-u=0 inQ},
Gp(Q) ={Vr|me XP(Q)}’
Xp(Q) = {7 € X,() | 7], =0}
To prove the 2nd Helmholtz decomposition and also the unique solvability of the Laplace

equation with Dirichlet condition, we use the following theorem which is proved by letting
A — oo in (2.1) and using Theorem 2.1.

LeEMMA 3.1. (A) Given f € L,(Q)", there exist unique g € Jp(Q) and © € X,(Q) such
that f = g+ V7 in Q.
(B) If m € W)(Q) satisfies A =0 in Q and |,, =0, then = = 0.
(C) Given h € W;fl/p(aﬁ), there exists a m € X,,(Q) which solves the equation:
Ar =0 in§, mloa = h.

Let P, : L,(Q)" — J,(€2) be the solenoidal projection, and then there exists a unique
0 € X,(2) such that f = P,f + V6. Inserting this formula into (2.1) and noting that
Olaq =0, (2.1) is reduced to the equation:
M—Au+V(r—0)=P,f, divu=0 1in €,
T(u,m—0)v|,, =0.
Therefore we consider (2.1) for f € J,(Q2), below.

Now, we shall introduce the reduced Stokes equation corresponding to (2.1). Given
f e Jp(Q), let (u,m) € W2()™ x X,(2) be a solution of the equation:

M—Au+Vr=f V-u=01in§,

(T(u, )il = Zl/j (Oju; + Oyuj) — viml,, =0 (i=1,...,n),
j=1
where (T(u,m)v); denotes the i-th component of the n-vector T(u,m)v. Applying the
divergence to the first equation implies that A7r = 0 in Q. Multiplying the boundary
condition by v; and using Y -, ¥Z = 1 on 9 and divu = 0 in ©, we have
oo = Z viviDij(uw) — divau| .

ij=1
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In view of Lemma 3.1, there exists a solution operator K : Wz}fl/p(é)Q)" — X,(Q)
associated with the equation:

AK(u)=0inQ, K(u)l,, = Z viviDij(uw) —divu|,,
ij=1
such that there holds the estimate:
K (u) < Cpllull

||Xp(§z) Wéil/p(ﬁﬂ).

Using the operator K, we see that when f € J,(£2), the problem:
M—Au+Vr=f, V-u=0in Q,

ZUj (ajuz +(91u]) _Vi77|39 =0 (Z = 17...,’[7,)

j=1
is equivalent to the reduced Stokes resolvent problem
Au—Au+ VK (u) = in Q,
(3.1) (w) =f
T(uv K(u))y|asz =0.

The reason why we insert div u into the boundary condition is to prove that the solution u
of (3.1) satisfies the condition: divu = 0 in Q. Theorem 2.1 implies the following theorem
immediately.

THEOREM 3.2. Let 1 <p <00, 0 <e<7/2 and § > 0. Given A € &, and f € L,(Q)",
(3.1) admits a unique solution u € W2(Q)" satisfying the estimate:

Al wll,, @ + [Tl Ceopll F L@

Lp(Q) w2(Q) <
for any A € X, with || > 6.
Let us define the reduced Stokes operator A, by the relations:

Apu=—-Au+ VK (u) forue D(4,),
D(Ap) = {u € Jp(Q) N WH(Q)" | T(u, K(u))v],q = 0}.

Then (3.1) is formulated as Au+ Apu = f in Q and u € D(A,). Letting A — oo in (3.1),
by Theorem 3.2 we obtain the following lemma.

LEMMA 3.3. Let 1 < p < oo. Then, Ay, is a densely defined closed operator.
Combining Theorem 3.2 and Lemma 3.3, we obtain the following theorem.

THEOREM 3.4. Let 1 < p < 0o. Then, A, generates an analytic semigroup {T(t)}i>0 on
Jp(92).

Moreover, we can also prove the following theorem concerning the dual space and the
adjoint operator.

THEOREM 3.5. Let 1 < p < oo and p' =p/(p—1). Then, Jp(2)* = Jp(Q) and A} = Ay
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4. L,-L, estimate of (1.1)

4.1. The bounded domain case. Let Q be a C?!-class bounded domain in R™ (n > 2).
Let us set

R ={Ax+b| Ais an anti-symmetric matrix and b € R"}.

Let p1,...,ppm (M = n(n — 1)/2 + n) be an orthogonal basis of R in € such that
(pjsPr)a = 0% Let us set

Ly(Q) = {ue Ly(Q)" | (u,pr)a =0, k=1,...,M}.

Then, we have the following exponential stability of the semigroup {T'(¢)};>¢ in the
bounded domain case.

THEOREM 4.1. Given any f € J,(Q) N L,(Q), we have
. et —n(l_L1)_1
IV T fIl,, ) < Coge™ 't 5(5-7) T

for1 <p<g<oo(p#oo,qg#1),t>0andj=0,1, where c = cpq is a positive
constant.
To prove this theorem, the key is the solvability of the following problem:
—DivT(u,7) = f, divue =0 in £,
(4.1)
T(’LL, W)V|asz =g

In fact, we have the following theorem concerning this equation.

THEOREM 4.2. Let 1 < p < co. Given f € L,(2)" and g € Wpl_l/p(@Q)” satisfying the
condition:

(f.pj)e+(9,pj)oa =0, j=1,...,M,
(4.1) admits a unique solution
(u,m) € (WZ(Q)" N Lyp(Q)) x W, ().
Combining this theorem with Theorem 3.2, we have the following theorem.

THEOREM 4.3. Let 1 < p < 00 and 0 < € < w/2. Then, there exists a o > 0 such that
given f € J,(QNL,(Q) and A€ T, U{A € C ||\ <o}, we have

MO+ Ap) "l o + 1O+ Ap) T Lz ) < Coll Fll -
By Theorem 4.3, we have immediately
(4.2) I7)f,, ) < Coe™ 't 211£]
By using the complex interpolation:

(Lp(Q), W (Q)e = W;(Q), 0=s/2,

) 7 =0,2.
wi () Lp(2)? ’

the real interpolation:

[L,(92), W2(Q)]p.1 = BYF(Q),  6=mn/2p,

P - Tpl
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the embedding theorems:

W) € Ly(@). s=n (3 -1} (17 00)

p q
BIP(9) C Lo (9),

the semigroup property: T'(t)f = T(t/2)T(t/2)f and the dual argument, we can show
Theorem 4.1 from (4.2).

4.2. The exterior domain case. Let © be an exterior domain in R™ (n > 3), whose
boundary 02 is a C?! hypersurface. Then, we have the following theorem.

THEOREM 4.4.

(4.3) 171y < Crat™ 2GSl 0
for1<p<g<oo(p#oo,qg#1),t>0and f € Jp,(Q), and

(4.4) IVTO oy < Coat 2 G~ DE1
for1<p<g<oo(p#oo,q#1),t>0and f € J,(Q).

REMARK 4.5. If we consider the non-slip boundary condition u|,, = 0 instead of the
Neumann boundary condition, to obtain (4.4) we have to assume that 1 < p < ¢ < n

(¢ # 1) (cf. [11], [12], [14], [4], [5] and [6]).

5. A sketch of proof of Theorem 4.4

5.1. Ist step. Construction of a solution operator R(X\). The following theorem is con-
cerned with the solution operator to (2.1).

THEOREM 5.1. Let 1 < p < q < oo and set

Ly r(Q) ={f € Ly(Q)" | f(x) =0 z ¢ Br}.
Then, there exists an € > 0 and an operator R(A\) = (Ro(\), Ri(\)) for A € U, = {\ €
C\ (—00,0] | |A| < €} having the following properties:
(1) If we set u= Ro(N\)f and m = Ry(X\)f, then (u,m) solves the problem:
A —DivT(u,m) = f, divu=0 1in £, T(u, ) =0.

V‘Oﬂ
(2) There holds the relation: Ry(\)f = (A + A)"'P,f for any \ € U, and f € L, r(Q).
(3) There holds the estimate:
n(l_1)_
[Ro(M) fllz, @) < CpqlAl :(5-3) 1||fHLp<Q>

for1<p<gqg<oo, AeU. and f € L, r(Q).
(4) There holds the estimate:
—min(4,2
IVRoMN fll, 0y < ColAI™™ @3 £,

for \€ U and f € L, r(Q).
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(5) There holds the expansion formula:
R(\) = A2~ Y(log \)7 ™ Hy + A2~V H (\) + Ha(N)
for A€ U. on Qr = QN Bg,

where
o(n) =1 (n>4,even),o(n) =0
Hy € L(Ly (), W2 ()" x W,
Hi(\) € BA(Ue, L(Ly,r(22),
Hy(A) € BA(U.. £(Ly 1(%),
U.={NeC| |\ <e},

and BA(U, W) is the set of all bounded analytic functions on U with their values in W.

n > 3, 0dd);

S
s 2

Using Theorem 5.1, we can show (4.3) and also (4.4) under the assumption: 1 < p <
g < n (¢ # 1) in Theorem 4.4. To prove Theorem 5.1, we use the solution operator
(Ex,II) of the Stokes resolvent equation in R™, which gives the solutions © = E) f and
m = IIf of the equation:

A=—Au+Vr=f, divu=0 in R".

Since E, f is given by the modified Bessel function of order (n—2)/2, applying the Young
inequality we have

; n(1__1)_ J .
(5.1) IV7 A, oy < CpgNEGTD 7571 0 j=0,1

forl<p<g<oo(p#oo,qg#1),AeX.={AeC\{0} ||\ <m—e€}and f e L,(R").
By using the expansion formula of the modified Bessel function near the origin, we have
(5.2) Exf=X2""(log\)* ™G (N f + G2(\)f in Bg

for fe L, r(R") ={f € L,(R")" | f(z) =0for x ¢ Br} and X € U%, where

Gj(\) € BA(Uy, L(Lyp,r(R"), W (Br))).

And also, we use the solution operator (A, B) which gives solutions u = Af and 7 = Bf
of the interior problem:

—DivT(u,7) = f, divu =0 in Qg,
T(u, m)v|oq = 0,
T(u, m)wols,, = T(Eofo, Lfo)vols,,
where vy = x/|z|, Sg = {|z| = R}, Qg = QN By, 00r = 0QU Sy, fo = f (x € Q) and
fo=0 (z & Q). Since there holds the compatibility condition:
(fspj)a, + (T(Eofo,1Lfo)ro,pj)s, =0

for j =1,..., M, we can find A and B. Moreover, since D(p;) = 0 and divp; = 0, we
may assume that

(Af = Eofo,pj)e, =0,j=1,..., M.
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To define our parametrix for (2.1), we choose a cut-off function ¢ in such a way that
0<p<1 ¢)=1(z|<R-2), p(x)=0(z]=R-1)
where R is a number such that Br D Q°. As the parametrix for (2.1), we set
Orf = (1= @)Exfo+ 0Af +B[(Vo)(Exf — Af)];
Uf=(1-e)Ilfo+eBf,

where B is the usual Bogovskii operator (cf. [2], [3], [13], [7]). Then, there exists a compact
operator Ty of L, r(2) such that

AP\ f —DivT(®arfo,Uf) =T +T\)f, divPrf=0inQ,
T(®xf, ¥ f)V]on =0.
The uniqueness of the solution to the homogeneous equation:
—DivT(u,7) =0, divu=0 in Q, T(u,m)v|,, =0
in the class of functions satisfying the radiation condition:
u(z) = O(|z|~"=?), Vu(z) = O(Jz|~" V),
m(z) = O(|lz|~ ™ Y) as |z| — oo,
and Fredholm’s alternative theorem imply the existence of the inverse operator:
(I+T3)7" € BA(U., £(Ly r().
Therefore, we can define R(A) by the relations:
Ro(\) = ®\(I+T\) ", Ri(\) =V +Ty) L.
By this, (5.1) and (5.2), we can show Theorem 5.1.
5.2. 2nd step. Modification of R(\). By using the special structure of Neumann bound-
ary condition, we modify R(\) to prove Theorem 4.4, especially (4.4). In order to do

this, we use the following reduction: Given f € L,(Q)", let u and 7 be solutions to the
resolvent problem:

A — DivT(u,7m) = f, divu=0 in £,

T(u,m)v|,, = 0.

We set
u = FE)fo+vand m =1IIfy + 6.

Then, v and 6 enjoy the equation:
A —DivT(v,0) =0, dive=0 in Q,
T(v,0)v|,, = —T(Exfo,ILfo)v] -
Since

(T(Exfo,I1fo)v, ;) 50 = —(DivT(Exfo, 11f0),0j)gc = —(AEXfo,15)qe
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for j =1,..., M, there exists (w, ) which solves the equation:
Aw — DivT(w,7) = g, divw =0 in Qpg,
T(w, T)v]o0 = =T(Exfo, Lfo)V]se,
T(w, )wols, =0,

where
M

gy = Z()\E,\fo,pj)mpj~

j=1
We set
v=pw+z—B[(V-p)w] and 0 = p7 + w,
and then z and w enjoy the equation:
Az —DivT(z,w) =hy, dive=01in Q, T(z,w)v|,, =0,
where
hy = —pgx +2(Vp) : Vu + (Ap)w
— AB[(Vp) - w] + DivD(B[(Vp) - w]) — (V)T

We can divide h) into two parts : hy = h}\ + )\hi, where

supph) C Dp_op 1 ={r €R"|R—2<|z| < R-1},

(h3,pj)en =0, j=1,..., M.
Finally, we set

z= 2"+ ARo(MN)A3 and w = w!' + AR (M\)h3,

and then 2!

and w! enjoy the equation:
Mt = DivT(zh,wh) = h), dive! =0 inQ, T(HLo')y|,, =0.
Now, let us set
I={feL,(R")"|suppf C Dr_2.r—1, (f,Pj)en =0(=1,...,M)}
Since h} € Z, we consider the problem :
A —DivT(u,w) = f, divu=0 in ,
T(u,m)v|,, =0
with f € Z. Recall that
APy f — DivT(®afo, Uf) = (I +T\)f, div®,f =0 in Q,
T(®rf, U f)Vpg =0
The point is that we can divide T’ into two parts: T\ = A, + AB), where
A, is a compact operator on Z;
IAxf = Aofll,, < CINM2IIfIl,,

B is a bounded operator from 7 into L, r(£2).
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Therefore, if we set
Urf = @xf = ARo(N) B,
ONf =Vf = ARi(N)Bxf,
then we see that
AUNf —DivT(Uxf,Onf) = f+ Axnf, divUxf =0 in Q,
T(UAf, Ox)V]s0 = 0.

By using the uniqueness of the solution to the Stokes equation with Neumann boundary
condition and the Fredholm alternative theorem, we can show that there exists an ¢ > 0
such that

(I + A\~ e BA(U., L(T)).
From these consideration, by using not only (5.1) and Theorem 5.1 but also the relation:
Exf =3 (log\) ™G (Nf + GV, feT,

on Bp with some G’ (\) € BA(Uy s, L(Z,W2(Bgr)"™ x W, (Br))), we can show the fol-
lowing proposition.

PROPOSITION 5.2. There exist operators Y (X) and Z(\) such that for any f € L,(Q)"
A+ AP f=YNf+ZWN)f, AeX.NU.,
n(l_1)_
1Y)y < CralAEGTD TS

n(l_1\_1
IVY (N f e < Coa MEGD 21111,

forany 1 <p<q<oo (p#c0), \eU. and
Z(N)f € BA(U, L(Ly(2), W2(2))), supp Z(A)f C Bg.
If we write

T(t)f:QL/F e”(AHA)*lfdwrQi MY (N) + Z(N) f dA

s s T

where
+i6 ) i9
Iy ={se 0\6§5<oo},§<90<7r, Iy ={ee” | =0y <0 < 6y},

then by Proposition 5.2 and Theorem 3.2 we can show Theorem 4.4.
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