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Abstract. In the paper we prove a formula for the limit of the difference between the power of
the asymptotically optimal test and the power of the asymptotically most powerful test for the
case of Laplace distribution.

1. Introduction. The Laplace distribution was introduced by P.S. Laplace in 1774 as
the first law of error which states that the frequency of an error could be expressed as
an exponential function of the numerical magnitude of the error, disregarding sign, or
equivalently that the logarithm of the frequency of an error (without regard to sign) is
a linear function of the error (see [11], pp. 3-13). The second law of error (proposed four
years later in 1778) states that the logarithm of the frequency of the error is a quadratic
(parabolic) function of the error. The second Laplace law is usually called the normal
distribution or the Gauss law. E. B. Wilson noted that there are excellent mathematical
reasons for the far greater attention that has been paid to the second law, since it involves
the variable 22 (if z is the error) and this is subject to all the laws of elementary mathe-
matical analysis, while the first law involving the absolute value of the error z is not an
analytic function and presents considerable mathematical difficulty in its manipulation
(see [11], pp. 3-13). Due to this non-regularity the first law of error was forgotten for about
150 years, and in 1911 the famous economist and probabilist J. M. Keynes obtained the
first law error again from the assumption that the most probable value of the measured
quantity is equal to the median of measurements. Later in 1923 E. B. Wilson suggested
that the frequency we actually meet in everyday work in economics, biometrics, or vital
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statistics often fails to conform closely to the normal distribution, and that Laplace’s first
law should be considered as a candidate for fitting data in economics and health sciences
(see [11], pp. 3-13). Nowadays there are many applications of the Laplace distribution to
communications, economics, engineering, and finance (see [11]).

In our paper we employ the theory of testing statistical hypotheses for the case of
Laplace distribution using an asymptotic approach. The asymptotic approach is applied
when use of the uniformly most powerful test is difficult, or the latter does not exist. In
practice the main aim of this approach is to calculate the power loss of the asymptotically
optimal test which is closely related to the deficiency of the corresponding test (see [1]).
The power loss is obtained as the difference between the power of the asymptotically
optimal test and the power of the asymptotically most powerful test.

We consider a problem of testing a simple hypothesis

Ho:0=0 (1)
against a sequence of complex local alternatives

t
0= — < 2
1:0 N 0<t<C, C>0, (2)

which is based on independent identically distributed observations X,, = (X1,...,X,)
with Laplace distribution

f(@,0) = 5e e”le=0 2.6 e R (3)

For any fixed n and t € (0,C] we denote by 3(t) the power of the most powerful test
of alevel « € (0,1). Such test always exists by the Neyman-Pearson fundamental lemma
(see, for instance, [1], p. 183) and is based on the log-likelihood ratio A, (t)

An(t) = Z(IXA — | X —tn” ). (4)

Let 3,(t) be the power of some asymptotically optimal test with the same level «,
which is based on the statistic

Z sign(X -5 (5)

Denote by
07 An(t) < Cn,t7 07 Sn(t) < _n,t;
UL (An(t) = 'Yr*z,tv An(t) = e, U (Su(t) = Yrts  Sn(t) = ‘%n,t,
]., An(t) > Cn,t» ]., Sn(t) > dn,t;

the tests of level «, respectively, and
EnoVUs(An(t) = EnoWn(Sn(t) = a+ 0(7'721,)7

where 7, = n~Y/4, E, o and E,; are expectations under Hy and H,; (see (1), (2)),
respectively. Then

ﬂ:(t) = En,l\p:(An(t))a 6n(t) = En,l\Pn(Sn(t))-
We obtained the following results (see [9], theorems 2.1 and 3.3).
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THEOREM 1.1. For the power 3,(t) uniformly int € [0,C], C > 0, the following asymp-

totic expansion is valid
t2

Bn(t) =D(t —uy) — ﬁw(t — Ug)

2n 3 4
+0(n™%?),

t 23 1, )
+ —o(t — uq) ———(t—ua)—g(ua—i—uat—?)t +246,(1 = 6,) — 3)

where

n+1 NUy
+\f -

—1/2
=+ +O(n112),

Gn =

n—|—1+\/ﬁua
2 2

where [y] is an integer part of y € RL.

THEOREM 1.2. For the power (3 (t) uniformly in t € [0,C], C > 0, the following asymp-
totic expansion is valid

2
ﬁ;(t) = ‘I)(t — ua) — Gi/ﬁ(’p(t _ Ua)
t t4 t2 t3
o (g~ 5 L ua{ G e+ttt — ) £ O,

where ®(z), o(x) are the standard normal distribution function and the standard normal
density function, respectively, ®(uy,) =1 — a.

From the theorems it immediately follows that the difference between the powers has
the order n~'/2 and
: \ ¢
r(t) = lim V(G (t) = Ba()) = F(ua —1). (6)
2. Formula for the power loss. The proof of the formula (6) is based on asymptotic
expansions for the powers 3, (t) and 3} (t) (see previous section). But there is an interest
in proving the fact in general form as the theorem 3.2.1 in [1] and the theorem 2.1 in [5]
have. The interest is dictated by non-regularity of Laplace distribution and an explicit
form of the formula in the theorem 3.2.1 in [1] and the theorem 2.1 in [5]. For simplicity
we omit the dependence on parameter ¢ when the latter does not influence reasoning.
The explicit form is expressed through a conditional variance of the limit of differences
between statistics S, (see (5)) and A,, (see (4)) given the statistic A as a limit distribution
for the sequence {A,}
1
r= 5e'DIA| A = Hp(), 7
where A and A are random variables such that under Hy (see (1))

(Tn_lAnaAn) 2, (A7),
Ap=8,— A, b=3'(1-a).

Here @4 (x) is the limiting distribution function of A,, under Hy, p(x) is its density func-
tion and 7, = n~'/* for the case of Laplace distribution. Formula (7) is useful when
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asymptotic expansions just as in [9] are cumbersome to obtain. In their present form
the sufficient conditions of the formula (7) do hold for a variety of statistics of interest,
e.g. for rank statistics (R-statistics), linear combinations of order statistics (L-statistics),
and U-statistics, also in those cases, where A, does admit a stochastic expansion in
terms of sums of independent and identically distributed random variables under some
assumptions (see [5]).

All of cases mentioned above have regular properties in contrast to Laplace distribu-
tion. Due to this non-regularity the statistic S,, (see (5)) has a lattice distribution, and
consequently one of regular conditions for the statistic S,, does not hold, the analog of
Cramér’s condition (C) (see [1], theorem 3.2.1, assumption (ii)). Also the difference (6)
has order n=/2 (see also lemma 3.2 in [10]) in contrast to the order n~! as theorem 2.1
in [5] says. From our results (see lemmas 2.1, 3.1 in [10])

t2
LAy [Ho) = N (=5 ). 8)
2t3
L(r7 A | Ho) — N(O, ?), )
3 2
L7 B An) [ H) = N (0, 5,0, 5, 12), (10)

where N and N5 are univariate and bivariate normal distributions, respectively, we obtain
the non-regular stochastic expansion for A, (see (3.4) in [10])

_ e P t
A, =5, 7’1'”(7'” 1An) =5, Tn<7’n 12(271 2(X¢ - \/ﬁ>1[0,t/m(Xi))>,

i=1

1/4 1/2.

where 7, = n~"/* in contrast to regular cases when 7,, = n~

To prove the validity of the formula (7) for the case of Laplace distribution we consider
some properties of A,, and A,, (lemmas 2.1-2.3). From lemma 3.2 in [9] (see also [6]) we
have

LEMMA 2.1. For T, =n~Y* and continuously differentiable function ®(z) (independent
of n), ®1(x) having a bounded derivative p(x) = & (x) > 0, the following relations are
valid

i
X Sgp|Pn,0(An <) —®1(z)] = O(77);
(i)
ISEJ]E)O Poi(z <Ay <2+ 72P) = o(r2)
for some 3> 0 and any zo € RY,
where P,, o and P, 1 are the distributions of X,, under Hy and H,, 1, respectively.
We proved (see lemma 3.4 in [9]) the following lemma.

LEMMA 2.2. For any x > 0 the following inequality is valid
Poo(ry HAn| > 2) <Ce™®, O >0.
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From lemma 2.2 and (8) we have (see lemma 2.2 in [8])
LEMMA 2.3. For 1, = n=Y* and n,, = n='/8 the following relations hold
(i)
M En 085 1(,,00 (|An]) = o(77);
(ii)
En0€""1(y, 00 (| An]) = o(73),
where 14(+) is the indicator of a set A.
Lemma 2.1 immediately implies (see lemma 2.4 in [2])
LEMMA 2.4. For 3;; the following relation is valid
B =Pni(An>cp) + o(3).
We shall consider the following smoothed random variables
An=An+&n, & ~N(0,02), (11)
where
oy = O(r, ), (12)

[ > 0is a constant as in lemma 2.1, and the random variable £,, does not depend on X,,
under Hg. Denote by

B:; = En,Oef\"'l(cn,Oo) (An)v ﬁn = En,OeAn \IJH(STL)

the smoothed versions of the powers.
Using properties of &, (see (11), (12)), lemmas 2.1, 2.4, lemma 7.1.2 from [7], and for

X ~ N(0,0%) and any a € R! the relation Ee*X = e#, we obtained (see lemma 2.6
in [2])

LEMMA 2.5. For the powers 3, and 3 the following relations hold
Bn :Bn+0(77%)a 6:; :/5':4»0(7'5)

In lemma 2.5 we also used the fact that f(x,0) > 0 for all 2,6 € R! (see (3)) and the
relation E, ge’» = 1. The same assumptions are needed to obtain (see lemma 2.7 in [2])

LEMMA 2.6. The following relation is valid
Emo\I/:(]\n) = E7L,01(cmoo)(/~\n) =a+ 0(7'5).

From lemmas 2.5, 2.6, 3.5 (see next section) the difference 5 — 3, can be expressed

as
B = B = B — Bu + 0(72) = Eno€™ (Le, ooy (An) = W (S0)) + 0(72)
= Eno(e™ — ™) (1o, 000 (An) = Un(S0)) + 0(72) = A + By + o(72),
where
Ap = Eno(e™ — ™) (1o gy(Bn) = 1 oo,y (An)), (13)
B, = Eno(e™ — ™)1 = W (S0) = 1o g,y (An)) (14)
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Let
D, =c¢, —d,.
Lemmas 3.5-3.7 of the next section imply that
D, = —T,E[A| A =b] + o(ry), (15)
~ 1
A, = —EDiebp(b) + o(72), (16)
~ 1
By = Smae"B[A? [ A = b]p(b) + o(73), (17)

where b = ®;'(1 — a) (see lemma 2.1). From (15)—(17) we have

THEOREM 2.7. For the case of Laplace distribution the following formula is valid

i 725, — ) = 5"DIA| A = tlo(b)

3. Additional lemmas. In this section we briefly give the review of the proofs of ad-
ditional lemmas which imply the results of the previous section. The detailed proofs of
the lemmas are in [2].

We shall consider the following functions

Qn.i(z) = / zl[Pn,O (T;lAn <z } A, =x— Tnz) = 1(0,00)(2)]Pn(® — T 2)d2,
‘Z‘Snn'ﬁ?l

Q~n7l(x) = / 2 [Pno (T;lAn <z | A, =x— TnZ) = 1(0,00) (2)]Pn (7 — TH2)dz,

where [ = 0,1, and p, () is density function of A,, = A,, + &, (see (11)).
LEMMA 3.1. The following relations hold
sup’anl(x) — Qn,l(xﬂ —0, [=0,1.

Proof. Here we mainly use the following inequality

E[1 X" 1 (400 (| X]) | Y]
pWES] )

PX>z|Y)< x>0,
and lemma 2.3. =
Denote by
Qi t(B) = Puo (73 Bu(t) € B | Ralt) = w)pu(ust),
Q.(B) = P(A(t) € B| A(t) = u)p(u, 1),
measures on (R, B') depending on parameters v € R* and t € (0,C], C > 0. Here we
explicitly use dependence on t. Denote by

OES / €TQ o (d7) = Enole™™ AW [ K, () = ] pu(u,1),

gi(s) = / €50 Q7 (dz) = E[e*A0 | At) = ] plu, ),

their characteristic functions, respectively.
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LEMMA 3.2. For any s € R' and n — oo the following relation holds

sup_sup|dy . 4(s) — a4 (s)[ — 0.
0<t<C u

Proof. For any s € R! and some § > 0 we have

15 0a() — @ia(s)] < / ldne(5,5) — au(s,9)|dy = / + / 4 / ,
ly|<dy/n 5v/n<|y|<n ly|>n

where
nt(s,y) = / VUG o(8)du = Ep e An(O+ivAn(t)
— Eeiyﬁn En OeiST,;lAn(t)-i-iyAn (t)7
Qt(57y) = / zyuqz ( )du _ EeisA(t)JriyA(t).
Let
1 & 1 &
Ay ( ) = Z (X)a Tn_lAn(t) = Zgn,t(Xi)a
Vi v
where
. —t, z <0,
Bt () —\/ﬁ<|x| - I\fD ={ 2ynz —t, 0 <z<-t,
" t, x> -1,

Int(T) = ~T g & [0,t/vnl,
mt —Tn_l\/ﬁ% — 1 h/n2(x — ﬁ% x €1[0,t/v/n].

From uniform integrability of A2 ,(x) and g2 ,(x) we obtain the following statement (see
lemma 6.3 in [5]): for any sq € R! there exist Cp > 0, yo € R', ng € N and § > 0 such
that for |y| < dv/n, n > ng

— . 1
|Enoe*0Tn AnOFiwhn(] < exp{—4t2(y - y0)2}~ (18)

For the random variable h,, +(X;) we have

07 z < —t,
(@) = Po{hno(X1) <w} = b+ [ fee 3 du, ~t<z<t,
1, x >t.

The latter can be expressed as a mixture of an absolutely continuous distribution F,, ; 1 (x)
and a discrete distribution F, ¢ 2(x), (0 < by < 1),

Fn,t(x) = bn,tFn,t,l(x) + (1 - bn,t)Fn,t,Q(m)

1—e t/Vn g 14 e t/Vn
— [ e T (),
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where
2 1 et
frpa(z) =3 Tmem7Viaym© 2w e =],
0, x ¢ [—t, 1],
0, T < —t,
Foio(z) = W’ —t <z <t
1, T >t

While for « € [—t,t] we have f, 1 — 37 as n — oo, and SUPge[—t,4 frt1(2) < M/2t <
00, then from the inequality (1.16) in [6] (see [6], p. 421) and from the property of a
characteristic function for 0 < § < 7/2t there exists ¢ = ¢(§) > 0 such that for |y| > ¢

‘/ eiyan,tJ(dx)

<1-gq.

We consider the following sets
B, = {x € X : |sognt(z)] < g\/ﬁ}

We introduce the following conditional distribution
PO({hn,t(Xl) < ,T} N Bn)
Po (Bn) ’

F, (x| B,) =Po(hn(X1) <z|Bp) =

where Po(B,) > 0.

For any sg, t and g there exists ny such that for all n > n; the sets B,, coincide with X',
and the conditional distributions F, ¢(x | B;,) coincide with unconditional distributions
F, +(x). Let n > nq, then

Eoei%gn,t(X1)+iyhn.t(X1)

_ ‘EOEO(ei%gn,t(xl)-i-iyhn,t(xl) | hn,t(Xl) _ x)‘

_ ‘/eiwaO (ei%gn,t(xl) | hn,t(Xl) = x)anﬁt(x)’

From the definition of B,, and the inequality

|ei%gn,t(z) _ 1‘ < w
—_— ﬁ

we have for all n > ny

|E0(ei%yw,,t(Xl)lhmt(Xl) = gc) -1 <

)

N[

which is valid almost surely.
Then we obtain an estimate
Eoei%gn,t(xl)+iyhn,t(Xl)|

S bn,t

/eiWEO (e Vromt)  h (X)) = a:)an,t,l(x)‘ + (1~ bny)

S bn,t% + bn7t

[ @)+ (0 i) € b+ ball = ) (1= )

— e t/Vn 1+ e t/Vn
<162<1 q>++e—1—01+(9(n—1), (19)

2 N vn
where C7 > 0.

2
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Then we use (18), (19), lemma 6.3 from [5], lemma 6.3 from [4] and properties of the

random variable &, (see (11), (12)) to finish the proof. m
Let
F’rtu i(2) = Pn,O(Tn_lAn(t) <z | ]\n(t) = u)pn(wt),
Fri(z) = P(A(t) <z | At) = u)p(u,t)
be distribution functions depending on parameters u and t.
LEMMA 3.3. For any e, — 0 and n — oo

sup supL(Fn uten b F;"t) — 0,
0<t<C u
where L(Fy, Fy) is the Levy distance between distributions.

Proof. From lemma 6.1 in [4], lemma 3.2 and boundedness of ¢, we have

L(Q:17u+57“t7 QZ,t) -0

uniformly in u and ¢, because the family {Q} ;} is tight and bounded in u and t (see

lemma 6.2 in [5] and lemma 2.1). Then theorem 2.1 in [3] implies the lemma. m

For [ = 0,1 we introduce

Qi(x) = p(:c)/zl[P(A <z ’ A= 9:) — 1(0700)(2)]dz = (AHl | A =z)p(x).

l +1
LEMMA 3.4. Forl=0,1 the following relations hold

Sup|@n7l(:r) — Ql(x)| — 0.

Proof. Using lemma 2.2, we obtain the following inequality

|Qni(z) — Qu(x)]

‘/ A, <z|Ap=x—Thz 2)pn(x —z) —P(A<z|A= x)p(m))dz‘
|#l<an

+’/ pn(T — Thz) — p(x))dz} +O(e™),

where a,, = min(A, V3 entl® ,n'/8), and by lemmas 3.2,3.3 in [8] and lemma 3.3

Ky = sup sup‘pn(x) —p(x)
0<

*
Fm,t

Ap = sup SupL(
0<t<C =

LEMMA 3.5. For D, the following relation holds
D, = —TnE[A |A = b] + o(m),

)HO.I

N, TL—Tp2,t

and d,, — b.
Proof. Here we mainly use the following relation

an (33) = F]\n (-T) + Tnan,O(x) + O(Tz)’

where I} (7) = Poo(A, < z), Fg (v) = Ppo(Sy + & < 7), lemmas 2.1,2.2,3.4, and

relations (8), (10)—(12). m
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LEMMA 3.6. For A,, the following relation holds
- 1 o
A, = —§Died”p(dn) + o(73).

Proof. Here we mainly use the following relation (see (13))
Jn —
A= [ e = etyars ),
C

n

where Fi (y) = Pn,o([\n < y), integration by parts and lemmas 2.1,3.5. u

LEMMA 3.7. For B,, the following relation holds

- 1 i 7 1
B, = 5m2e™EIA? | A = duJp(dy) + o(72)

Th)-

Proof. Consider
By =Eno(e™ — ™) (1_s.q,)(Sn) = 1oy (An)) + put + pra,

A — ez 3 (Sn),

where
pr1 = Eno(e™ — e (117, 10)(Sn) = n(Sn)) = (1 = vn)En (e

pn2 = Eno(e™ —e®) (1 2,)(Sn) = 1 (oo, (Sn))-

From lemma 2.2 we obtain (see lemma 3.7 in [2])
lpnt] = o(77),  |pn2| = o(77).

Now we can express B, as
B, = En,O(eA" —e? )(1(—00 d, )(gn) - 1(—oo,¢in)(An))l[O,nn)OAnD + pn3 + 0(7—3)7

where by lemma 2.2
|pn3| = 0(7—3)'
Then for 5, =n~1/%
B, = Tne‘i" / (677"2 - 1) [PmO{T;lAn < z| A, =d, — TnZ} — 1(0700)(2)]
[2|<77 '
X Pp(dy — Tnz)dz + o(T2) + ppa,
where

le™ ™% — 1Py, o{|An| > 10 | A, =d, — T2y (dp — Th2)dz

|pnal < QTneJn/
2|<m7 b,
< 2™ TP of|An] > 0} = o(7)).

From the inequality
|s| <7,

1
e —1+s| < 5’}’267,

where s = 7,2, we can express B,, as

S 2 dn -1 A 7

B,= —7je / ) Z[Pmo{Tn A, <z|A,=dp, —Tnz}— 1(0,00)(2')]
|Z‘ST; MNn

X pn(Jn — Tp2)dz + O(TEL) + Pns,
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1 7 B - _
|pn5‘ < §Tinnedn+nn / |Z| |Pn,0{7'n 1An <z | A, =d, — Tnz} - 1(0700)(Z)|

|Z|ST7?1777L

X pp(dp — Thz)dz.

The latter integral is equal to —Q,.1(d,), and as follows from the proof of lemma 3.4.4

in [1]

Then

Pns = O(TTQL)'

By = —12e" Q1 (dn) + o(72),

and from lemma 3.4 for [ = 1 we obtain

Qn,l(d_n) - Ql(Jn)

—%E[Az (A= d]p(d,). =

4. Conclusions. In this paper we prove theorem 2.7 without an analog of Cramér’s (C)
condition for the statistic S,,. Using the theory developed in [4]-[6], we mainly use prop-

erties
that t

of A, (see lemma 2.1) and introduce a new condition on A,, (see lemma 2.2). Note
he assumptions 2 (ii), (iii) of theorem 3.2.1 in [1] (see lemma 2.3) are not sufficient

for theorem 2.7 for the case of Laplace distribution, and we use a more strict condition

(lemma 2.2). Also theorem 2.7 was proved in [8] without using lemma 2.2, when we con-

sider the critical value d,, of the asymptotically optimal test as one of values of the lattice
statistic S, that is

dy, = min{z : P, o{S, <2} >1—a+o(r))}.

The latter corresponds to the statement of the problem of testing statistical hypotheses.
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